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Definition of the model

On Zd , consider the set SAWn of self-avoiding (nearest-neighbor)
trajectories of length n starting at the origin.

Questions. How many are there? What is the typical shape of a walk?
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Hugo Duminil-Copin, Université de Genève The SAW on the hexagonal lattice: from combinatorics to CI



Definition of the model

On Zd , consider the set SAWn of self-avoiding (nearest-neighbor)
trajectories of length n starting at the origin.

Questions. How many are there? What is the typical shape of a walk?
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Enumeration of Self-Avoiding Walks on the square lattice

On Z2, |SAW6| = 720
|SAW20| = 897 697 164
|SAW71| = 419 089 302 090 393 505 461 120 005 916

Conjecture (from physics)

|SAWn| ∼

Anγ−1

µ n
c

and
1

|SAWn|
∑

γ∈SAWn

|γ(n)| ∼ Bnν

as n −→∞

where γ and ν are given by

γ =


43/32 if d = 2

1.16 . . . if d = 3

1 if d ≥ 4

and ν =


3/4 if d = 2

0.59 . . . if d = 3

1/2 if d ≥ 4

Rmk 2 On planar lattices, the prediction is due to Nienhuis (1980).

Rmk 1 Universal meaning independent of lattice of fixed dimension.
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Theorem [Duminil-Copin, Smirnov, 2010] conjectured by Nienhuis (1980)

The connective constant of the hexagonal lattice equals
√

2 +
√

2, i.e.

lim
n→∞

|SAWn|1/n =
√

2 +
√

2.

0

Cannot work with
∑
n≥0

|SAWn|µ−n because of lack of integrability.

The parafermionic operator at a mid-point z ∈ D is
defined by

F (z) :=
∑

γ⊂D: a→z

e−iσWγ(a,z)

µ−|γ|.

mid-edge

a

D

z

Definition

The winding WΓ(a, b) of a curve Γ between a and b is the rotation (in
radians) of the curve between a and b.

a b
WΓ(a, b) = 0

a

b
WΓ(a, b) =

4π
3

a b
WΓ(a, b) = −π
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F (z) :=
∑

γ⊂D: a→z

e−iσWγ(a,z)µ−|γ|.

Lemma (Local relation around a vertex)

If σ = 5
8 and µ =

√
2 +
√

2, then F satisfies the following relation for
every vertex v ∈ V (D),

(p − v)F (p) + (q − v)F (q) + (r − v)F (r) = 0

where p, q, r are the mid-edges of the three edges adjacent to v.

q

r
v p

The previous relation means
∮
T
F (z)dz = 0 along the contour T.

Proposition (

weak

Discrete holomorphicity)

If D is simply connected, then
∮
C F (z)dz = 0 for any discrete contour C.

These relations do not determine the observable from its boundary
conditions.
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0

ST,L

a

T cells

L cells

If we consider the exterior boundary of this trapeze, we obtain

When σ = 5
8 and µ =

√
2 +
√

2, for any T and L,

0 = −
∑

z∈bottom

F (z) +
∑
z∈top

F (z) + ei
2π
3

∑
z∈left

F (z) + e−i
2π
3

∑
z∈right

F (z)

The winding on the boundary is deterministic!

Last ingredient. Combinatorial arguments show that µc is the only value
µ for which the relations above could hold.
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The self-avoiding walk as a model of statistical physics

For δ > 0, we define a probability measure on self-avoiding paths
from aδ to bδ by assigning a weight proportional to µ−`(γ). When
δ → 0, the sequence converges to a random continuous curve.

Conjecture (Lawler, Schramm, Werner, 2001)

The scaling limit of the SAW is SLE(8/3)

which is conformally
invariant. (And whose properties enable one to show that γ = 43/32
and ν = 3/4.)
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The self-avoiding walk as a model of statistical physics

a

b

D
γ

Φ conformal
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Φ(b)

Φ(D)
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γ′
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Hugo Duminil-Copin, Université de Genève The SAW on the hexagonal lattice: from combinatorics to CI



The self-avoiding walk as a model of statistical physics

a

b

D
γ

Φ conformal

Φ(a)

Φ(b)

Φ(D)

Φ(γ)

γ′

For δ > 0, we define a probability measure on self-avoiding paths

from aδ to bδ by assigning a weight proportional to µ
−`(γ)
c . When

δ → 0, the sequence converges to a random continuous curve.

Conjecture (Lawler, Schramm, Werner, 2001)

The scaling limit of the SAW is SLE(8/3) which is conformally
invariant. (And whose properties enable one to show that γ = 43/32
and ν = 3/4.)

Hugo Duminil-Copin, Université de Genève The SAW on the hexagonal lattice: from combinatorics to CI



How to mathematically prove conformal invariance?

1. Consider the model on a discrete
approximation Dδ of a simply connected domain
D. Show that the parafermionic observable is a
discrete holomorphic function.

δ Dδγδ

aδ

bδ

2. Prove convergence of the parafermionic observable as δ → 0 using
Boundary Value Problems (in this case a Riemann-Hilbert BVP). The
conformal covariance follows!

Conjecture (Smirnov)

Consider a domain (D, a, b),

Fδ(·)/Fδ(bδ) −→δ→0

(
Φ′(·)/Φ′(b)

)σ
where

Φ is a conformal map from (D, a, b) to the upper half-plane sending a to
∞ and b to 0.

3. Use the convergence and the conformal covariance of the observable
to prove conformal invariance of the walk itself.

At the moment, the notion of discrete holomorphicity used in the
proof is too weak to prove convergence of the observable.
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where

Φ is a conformal map from (D, a, b) to the upper half-plane sending a to
∞ and b to 0.

3. Use the convergence and the conformal covariance of the observable
to prove conformal invariance of the walk itself.

At the moment, the notion of discrete holomorphicity used in the
proof is too weak to prove convergence of the observable.
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Conclusion

The Self-Avoiding Walk is a combinatorial model motivated by
physics considerations.

Some (weak) discrete holomorphic observables can be exhibited for
the self-avoiding walk model.

While this property is not sufficient to determine the observable
explicitly, some relevant information on the critical behavior of the
model can still be extracted.

Such observables can be found in many critical planar models,
and further applications are to be expected.
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Thank you
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