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(dQ = heat coming from the external source at temperature T.)

I principle: dQ + dW = dU

(dW = (mechanical) work done on the system by the external sources.
dU = variation of the total internal energy of the system along the transf.)
Free energy: dF = dU — TdS

,HH‘




Il principle: [ 92 < AS:= |7 (#’)

rev
(dQ = heat coming from the external source at temperature T.)

I principle: dQ + dW = dU

(dW = (mechanical) work done on the system by the external sources.

dU = variation of the total internal energy of the system along the transf.)
Free energy: dF = dU — TdS

= Reformulation of Il Princ.: dW = dU — dQ > dU — TdS = dF.
Hence we get the Clausius inequality:
AW > AF

(where = is for reversible (quasistatic) transformations.)
[m] = -
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Note: Reversible (quasi-static) transformations take oo time.
How to realize one:
1. we fix a protocol v(s) : A — B, i.e. a given path on the
space of equilibrium states in the time interval s € [0, 1];
2. we slow down the transformation by a time scale T >> 0:
we let v (1) = ~(t/T).

So, v' is a thermodynamic transformation which in the finite
(but very large) time T >> 1 goes from state A to state B, and
in the limit T — oo becomes reversible.

Then, by the Il Principle, we expect that

1

W) =AF+2B(y)+...,  B(y) =0
B(~) is the defect functional, depending on the protocol ~,
measuring the failure of the Clausius equality.



Reformulation of the Il Principle:
1
W(HT) = AF + 7B+
B(~): defect functional associated to the protocol v(s) : A — B.

To minimize the “cost” of a therm. transf. A — B, we ask:

Question 1: What is the minimal value of the defect B(v)?
Question 2: What is the optimal protocol v minimizing B(v)?
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Reformulation of the Il Principle:

W(HT) = AF + lTB(’y) +...

B(~): defect functional associated to the protocol v(s) : A— B.
To minimize the “cost” of a therm. transf. A — B, we ask:

Question 1: What is the minimal value of the defect B(v)?
Question 2: What is the optimal protocol v minimizing B(v)?

Remark:

» The questions (and the answers) are formulated within
equilibrium thermodynamics.

» To find the answer, we need to go to NON-equilibrium
thermodynamics.

The Macroscopic Fluctuation Theory [Bertini, DS, Gabrielli,
Jona-Lasinio, Landim] gives an answer to the above questions.
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Thermodynamic systems out of equilibrium

We consider a macroscopic system
in a domain V ¢ RY, in contact with
boundary reservoirs and an (electric)
external field E.

» It is described by the macrosc.var’s (density) p(x), x € V.
» |t evolves according to the hydrodynamic equation:

oip(t,x) +V -j(t,x) =0 (continuity eg.=mass cons.)
J=J(p) =—-D(p)Vp+ x(p) E (constitutive eq.)
'(p)] 5y = X (boundary cond.s)

For driven diffusive systems: D(p) is the diffusion coefficient,
and x(p) is the mobility (linear response to external fields).

Einstein relation: D(p) = x(p) f(p) (f: equil. free energy density.)
Example: perfect gas (independent particles): D = 1, x(p) = p.



Equilibrium vs stationary non-equilibrium states

e A thermodynamic (non-equil.) state is a pair (X, E): itis
specified by the boundary chemical potential A\(x), x € 9V,
and the external field E(x), x € V.




Equilibrium vs stationary non-equilibrium states

e A thermodynamic (non-equil.) state is a pair (X, E): itis
specified by the boundary chemical potential A\(x), x € 9V,
and the external field E(x), x € V.

Given the state (), E), the system thermalizes to the
corresponding stationary (non-equil.) profile py g(x),
stationary solution of the hydrodynamic eq.:

V- (=D(p)Vo+x(P)E) =0, F(p)|,y =A
In general, there is a non vanishing stationary current of
particles flowing through the system:

J(p) = —D(p)Vp+ x(P)E =0



e An equilibrium state (\, E) is such that
J(p) = —D(p)Vp + x(p)E =0

It happens for £ = VU, A(x) = U(x)|,,- The corresponding
equilibrium density profile is given by: (5, (X)) = U(x).




e An equilibrium state (\, E) is such that
J(p) = —D(p)Vp + x(p)E =0

It happens for £ = VU, A(x) = U(x)|,,- The corresponding
equilibrium density profile is given by: (5, (X)) = U(x).

e Special cases are the homogeneous equilibrium states (A, E),
where E = 0 and A = const. in x. The corresponding
equilibrium density profile is p = const. s.t. f(p) = \.




Quasi-potential

In stat.mechanics quasi-potential V) £(p) has a key role the:
if the environment is in state (A, E), the probability P of
observing the system in a fluctuation p = p(x), x € V, is:

P(p) < e NVr£(r) (Vae(re) =0, Vye(p) > 0Vp)

(This is a generalization of the Boltzmann principle.)
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Quasi-potential

In stat.mechanics quasi-potential V) £(p) has a key role the:
if the environment is in state (A, E), the probability P of
observing the system in a fluctuation p = p(x), x € V, is:

P(p) < e NVr£(r) (Vae(re) =0, Vye(p) > 0Vp)
(This is a generalization of the Boltzmann principle.)

The MFT gives a characterization of V) g(p) (cf. [BDGJL02]).
e For an equilibrium state (A, E) it is a local functional

Vie(p) = /V ox (F(p) — () — ' (Pn£) (0 — Pr))

e For a stationary (non-equilibrium) state (X, E) V g(p) is the
maximal non-negative solution, vanishing at p, g, of the
Hamilton-Jacobi equation:

/AdXX(p) [v?p/r+/Ade(p)v?p/ ~0
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Symmetric and asymmetric currents

We can split the macroscopic current J(p) = —D(p)Vp + x(p)E
in symmetric and antisymmetric part: J(p) = Js(p) + Ja(p)

Ve
op

A) In an equilibrium state (X, E): J(p) = —x(p)V

B) In an arbitrary stationary (non-equilibrium) state (A, E):

Js(p) = xOTTE L da(e) = J(p) — (o)

With respect to time reversal: J*(p) = Js(p) — Ja(p).
The Hamilton-Jacobi eq. is equiv. to the orthogonality relation:

(Ja, Js) = C/ o x(p) " Ja(p)Js(p) = 0

, Vo ,
Note: at the stationary density profile g, £, we have:

Js(rge) =0,  Ja(Grg) #0 (unless (\ E) is equil.)




Clausius inequality
Consider the following physical situation:

» at all time t < 0 the system is in a (say homogeneous)
equilibrium state A\ = \g =const. E = 0;

» attime t > 0 we switch A = A\ =const.




Clausius inequality
Consider the following physical situation:

» at all time t < 0 the system is in a (say homogeneous)
equilibrium state A\ = \g =const. E = 0;

» attime t > 0 we switch A = A\ =const.

The density:

» is p(t, x) = po =const. (s.t. f'(po) = Ao) at t < 0;
» it evolves according to the hydrodynamic eq. for t > 0;
» it thermalizes to the new equilibrium p — py for t — oo .




The total work done by the environment in [0, T] is:
Wio.1] :/ ot { /de B [ doad(p): n}

(First term = work by ext. field E; second term = work by reservoirs \.)
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The total work done by the environment in [0, T] is:
Wio.7 = / ot { /de B [ doad(p): n}

(First term = work by ext. field E; second term = work by reservoirs \.)

With simple computations, we get the Clausius inequality:

Worn = Fon~F(m)+ [ ot [ dexo) eR
> Flpr)—F(po) = AF

where F = [, dx f(p) is the equilibrium free energy.
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The total work done by the environment in [0, T] is:

/dt /de E— | do(p): }

(First term = work by ext. field E; second term = work by reservoirs \.)

With simple computations, we get the Clausius inequality:
Worn = Fon~F(m)+ [ ot [ dexo) eR
> Flpr)—F(po) = AF
where F = [, dx f(p) is the equilibrium free energy.
Note: Eqg. (1) holds both for transf’s between equilibrium states

and for transf’s between stationary (non-equilibrium) states.
BUT: there is a big difference in the two cases...
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Quasistatic transformations

A) Transf’s between (and through) equilibrium states.

» Fix a a protocol (A(s), E(S)), s € [0, 1], between (g, Ep)
and ()1, Eq) through equilibrium states.

> Let p(s) = pxs),E(s)" Stationary profile at frozen time s.
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Quasistatic transformations

A) Transf’s between (and through) equilibrium states.
» Fix a a protocol (A(s), E(S)), s € [0, 1], between (g, Ep)
and ()1, Eq) through equilibrium states.
> Let p(s) = pxs),E(s)" Stationary profile at frozen time s.
» Rescale time: A" (t) = \(t/T), ET(t) = E(t/T), t € [0, T].
For T — oo the transformation is quasi-static.
» p’(t,x): solution of hydrod.eq. with time-dep. (A7, ET).
If T — oo, then p(Ts) — p(s), J(pT(Ts)) — J(p(s)) = 0 (at
equilibrium), and

.
Wio ) — AF = /0 CJ”L/\/‘]”(x(pr)_U(PT)2 —0
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Quasistatic transformations

A) Transf’s between (and through) equilibrium states.

» Fix a a protocol (A(s), E(S)), s € [0, 1], between (g, Ep)
and ()1, Eq) through equilibrium states.

> Let p(s) = pxs),E(s)" Stationary profile at frozen time s.

» Rescale time: \T(t) = \(¢/T), ET(t) = E(t/T), t € [0, T].

For T — oo the transformation is quasi-static.
» p’(t,x): solution of hydrod.eq. with time-dep. (A7, ET).
If T — oo, then p(Ts) — p(s), J(pT(Ts)) — J(p(s)) = 0 (at
equilibrium), and
T
Won ~ &F = [ at [ diex(eT) (T2 0
0 v

Conclusion: for quasi-static transformations Clausius ineq.
becomes an equality.
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B) Transf’s through stationary (non-equilibrium) states.

If (A(S), E(S)) goes through stationary (non-equilibirum) states
we have J(p'(Ts)) — J(p(s)) # 0, and Wjp 1] — AF — oo.

Reason: to keep the stat. current J(5(s)) # 0 we need to make oo work!
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B) Transf’s through stationary (non-equilibrium) states.

If (A(S), E(S)) goes through stationary (non-equilibirum) states
we have J(p'(Ts)) — J(p(s)) # 0, and Wjp 1] — AF — oo.

Reason: to keep the stat. current J(5(s)) # 0 we need to make oo work!

Define the renormalized work (subtracting the work needed to keep J)

>
Worn = Worn-— / dt / dx x(p) " Ja(p)?
0 "4 (2)
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B) Transf’s through stationary (non-equilibrium) states.

If (A(S), E(S)) goes through stationary (non-equilibirum) states
we have J(p'(Ts)) — J(p(s)) # 0, and Wjp 1] — AF — oo.

Reason: to keep the stat. current J(5(s)) # 0 we need to make oo work!
Define the renormalized work (subtracting the work needed to keep J)
W = Won- /dt/dxx ) ()2

orel AF /0 dit /V dx x(p) WUs(p)? > AF

This is the renormalized Clausius inequality.

(@)
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B) Transf’s through stationary (non-equilibrium) states.

If (A(S), E(S)) goes through stationary (non-equilibirum) states
we have J(p'(Ts)) — J(p(s)) # 0, and Wjp 1] — AF — oo.

Reason: to keep the stat. current J(5(s)) # 0 we need to make oo work!
Define the renormalized work (subtracting the work needed to keep J)
wen = Wor - /0 o ] (o) oy

orel AF /0 ot /V dx x(p) WUs(p)? > AF

This is the renormalized Clausius inequality.

(@)

For a quasistatic transf (A" (t), ET(1)): W' — AF — 0.

Conclusion: for quasi-static transf’s the renormalized Clausius
ineq. (2) becomes an equality.
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Defect functional

Expanding the hydrodynamic eq. for T >> 0, we get (s T)
pT(t,x) = p(s, x) + Tr(s,x) + ...
where r = r(s, x) solves
9sp — A(D(p)r) + V(X'(p)Er) =0, rlapy =0
We also have the expansion (x: convolution in the space variable)

) _
Js(s,p") = —;X(E(S))V(é VA(S);(;)([)(S)) * r(s)) e
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Defect functional

Expanding the hydrodynamic eq. for T >> 0, we get (s T)
pT(t,x) = p(s, x) + Tr(s,x)+...
where r = r(s, x) solves
9sp — A(D(p)r) + V(X'(p)Er) =0, rlapy =0
We also have the expansion (x: convolution in the space variable)

) i
Js(s. ) =~ sV (“POEITEN ) i

Hence, W[rg“T] = AF + lTB + ... where B is the defect func’l:

B /0 ds /V o (7(5)) [V(52 VA(S)g’Z(;)(ﬁ(S)) - f<3))] 2

Note: this is a quantitative version of Clausius inequality.
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Optimal procotol

GOAL: find the optimal protocol (A°P(s), E°P'(s)), s € [0, 1],
minimizing the defect B, (with given ()Xo, Ep), (A1, Eq)).
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Optimal procotol

GOAL: find the optimal protocol (A\°P'(s), E°P'(s)), s € [0, 1],
minimizing the defect B, (with given ()Xo, Ep), (A1, Eq)).
Result 1
If (A, Ej), i = 0,1, are in equilibrium, then (A°P(s), Eopt(s)) is in
equilibrium for all s. Indeed:

B

el — 0 selo1] (= Jm(s)=0)

Result 2

If (\; =const.,E; = 0), i =0, 1, are homogeneous equilibrium
states, it is NOT true that (\°P', E°P') is homogeneous Vs.
Example: for indep.partic’s, we have (for (1 + \/”—7)2 <$

P1 3)

; 8 = =12 s S — 2
min {homog.equil.}B = 5 [\//T1_\//70] > B(/\ tep’ E tep) = (p1p1MJ)
where (\¥°P, E5P) is associated to the step density profile

step _ [ po for|x|+s<1
(s X) {ﬁ1 for |x| +s> 1



Optimal procotol
The optimal protocol (A°P', E°P') minimizing the defect functional
B, is obtained as follows:
D) o - .
EP' = —Vp, \P'=f(p).
where p solves the system of PDE (in p = 5(s, x), @ = 7(8, X)):

1 1
Osp+ 5 V(X(P)VE) =0, 057 + 4 X' (2)(VA)? = 0

with boundary cond’s p(0) = px,.£,» 2(1) = P, E,» T(S,£1) = 0.

16



Thank you





