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MD systems: hard-core interactions.

Physical origins: bi-atomic oxygen molecules de-
posited on tungsten (and other phenomena).

Early rigorous results: Kasteleyn, Fisher and Tem-
perley (pure dimer case, 60ies) and Heilmann and
Lieb (70ies) on analyticity of the thermodynamic
functions.

Matching problem in computer science and discrete
mathematics. The number of matching configura-
tions, as a function of their size, is related to the
entropy of the MD model. Problem is studied in
presence of randomness.



Definitions

e G = (V,FE) graph with vertex set V and edge set
E CH{uv ={u,v}|u,v €V, u #=v}.

e A Dimeric Configuration D on the graph G is a
family of edges with no vertex in common.

e \We associate to it the monomeric configuration:

M(D) ={veV|VueV uv ¢ D}.

e [ he hard-core interaction imposes the constraint

2|D| + |Ac(D)| = |V



Allowed (left) and forbidden (right) configurations.
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A monomer-dimer model on G is defined by assigning
activities to monomers and dimers, z > 0, w > 0, and
considering the measure

1 L)), D
Zg(z,w)
T he constraint between vertices, monomers and dimers
implies

MG,m,w(D) —

Zo(x,w) = w!V1/2 Z(;(\/i_ : 1) :
w

Without loss of generality we assume w = 1 and study

1 _

and the pressure

Pg(z) = InZg(z)



Among the main quantities of interest the monomer
density is defined as

ozxr |V| V|
it also useful to consider the probability of having a
monomer on a given vertex o € V:

eg(z) ‘= )Gz s

R+(G,0) = <ﬂoeﬂg>G,m e [0, 1],

whose relation with the monomer density is

1 > Ra(G,0).
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Basic property. Defining:

e u~ v two neighbours in the graph G,

e [, the set of edges which connect the vertex o € V
to one of its neighbours,

e G—0:=(V~o,E~NEy)

the Heilmann-Lieb identity holds:

Za(z) = v Zg_o(z) + Z ZG—o—uv(T).

v~0
T he identity can be used to solve any finite graph, and
some limiting cases:




e the line: the partition function for N sites is the
N-th Chebyshev polynomial of the second type.

e the p-regular rooted tree (line is p=1): the partition
function for K generations is a product of all the k-
th, 1 < k < K, Chebyshev polynomial of the second

type.

e the complete graph, related to the Hermite poly-
nomials (suitably rescaled with /N for the dimer
contribution).



Plan of the talk. Report on two mean-field (complete
graph) quenched cases:

1. Diluted random graphs (locally tree-like).

2. Random monomer activity.



1) Exact Solution for the Diluted Case

Diego Alberici, P.C.:
Comm. Math. Phys. 2014

Dilution is introduced through a random graph struc-
ture of Erdos-Rényi type: each vertex has a Poisson(c)
distributed number of neighbors.

This graph is locally tree-like and all the results were
proved for sequences of random graphs (Gp),cn locally
convergent to a unimodular Galton-Watson tree 7 (P, p)
and with finite second moment of the asymptotic de-
gree distribution P.
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Results

Consider the random variable Y (x) whose distribution
is defined as the only fixed point supported in [0, 1] of
the distributional equation

D z?

Y
v+ 5L, Y

Y

where the (Y;);cn are i.i.d. copies of Y, K is Poisson(c)-
distributed and independent of (Y;);enN-
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e The solution Y (x) is reached parity-monotonically
in the iterations.

e Starting from Y; = 1, the even iterations decrease
monotonically, the odd ones increase monotonically,
their difference shrinks to zero and their common
limit is an analytic function of x.

e the random monomer density converges almost surely,
in the thermodynamic limit, to the analytic func-
tion:

e(z) = E(Y(x))
and the random pressure to
Y (x)

T

Y1(x) YQ(CE‘))} |

p(:z:):—E[Iog }—%E[Iog (1—|—
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Upper and lower bounds for the monomer density
(c=2).
13



Proof Ideas

- Analytic control of the probability of having a monomer
in a vertex o: Rz(G,o0)

The Heilmann-Lieb identity translates into the relation

72

RCU(G? 0) - CUQ + Z’UNO Raz(G — O, ’U)

Theorem 1.
e The function z — R:(G,0) is analytic on C4

o If 2 € C4, then |R.(G,0)| < |z|/R(z)
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- Parity-alternating correlation inequalities for trees.

Let [G,0]; be the ball of radius [ and center o.

Theorem 2:
- If [G, 0], is a tree, then Rz (G,0) < Rz([G,0]o,,0) .

-If [G, 0]2,41 is a tree, then Rz (G, 0) > Rz([G, 0]2p41,0) .

Morally: we show that odd and even iterations are
monotonically convergent to analytic functions. Since
the square iterated fixed point equation is a contraction
for large values of x the two limits must coincide there
and, by consequences of analyticity, everywhere.
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Remarks

e Zdeborova and Mezard (2006) studied the problem
for sparse random graphs and proposed an exact
solution using the replica-symmetric cavity method.

e Also: C. Bordenave, M. Lelarge, J. Salez
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2) Exact Solution for the random monomer activ-
ities

Diego Alberici, P.C., Emanuele Mingione:
arxiv 2014,

In = ). (E)\DI 1T =

peay N e (D)

Preliminary result: self averaging of the pressure (under
quite general assumptions on the randomness)

Main result: exact solution with a variational principle.
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Proof Ideas

- Self averaging is obtained with concentration inequal-
ity for the random pressure

t2 N
4 g2 log2 N

IP)(|PJ\7—IE‘3[Z?J\7]| 275) < Qexp<— >_|_CN2—q’

obtained with martingale methods, HL iteration, Azuma’'s
inequality.
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- Exact solution and variational principle

1
4 |Iim —E[logZ = sup P
Aim_ yEllog Zy] = sup (¢)

2
() = o

&d reaches its maximum at a unique point £&* which is
the only solution in [0, 00[ of the fixed point equation

w
g_E[Hx]'

the limiting dimer density is

+E[log({+=z)] VE>0.

*\ 2
Jim ~E[(D]) ] = %IZ
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Technical method: correlated Gaussians representation

Zg=> 1] wi; ]I = = AU[H(&;-I-%)] ,

D iyeD i€Mo (D)

where {§;} are Gaussians with mean zero and covariance
matrix {w; ;}.

The HL formula becomes integration by parts

Zg = x; Zg_i+ ) wi;ZG_i—j-

jvi
Then use Laplace method (with care: when the Gaus-
sian £ < 0).
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Congratulations and best wishes

to the three celebrated boys

Edouard, Gianni and Giorgio

21



