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Single-Electron Tunneling and the Fluctuation Theorem



Fluctuation Theorem

• ⇒ Fluctuation-dissipation & Onsager’s theorems
• valid also in non-equilibrium, violation of 2nd law of thermodynamics for short τ, 

Evans, Cohen, Morriss 1993; Gallavotti, Cohen 1995

ΔS entropy production during measurement τ

Example: 
Entropy production of colloidal particles

Integrated  version

latex bead water

Wang et al. 2002

Lebowitz, Spohn 1999



T. Fujisawa et al., Science 312, 1634 (2006)

(1,0) → (0,1)  forward tunneling 

(0,1) → (1,0)  backward tunneling 

+q-q

Bidirectional Single-Electron Counting

transmitted charge q during time τ 

distinguish

Full-Counting Statistics

Levitov, Lesovik, Lee 93, 96



Tunnel Rate

Lead – dot  tunneling:
broadening ≈ bath temperature 

dot- dot  tunneling: 
broadening » bath temperature



Comparison with experiment Fujisawa et al. 2006

Fluctuation Theorem  
for transmitted charge

fit to experiment with   

⇔ substantially enhanced “temperature”

Deviations due to 
• nonequilibrium phonons?
• back-action of  measurement?
• environment induced transitions?
• dephasing?



Model Hamiltonian

Acoustic phonons – dot 

linear circuit analysis
Aguado, Kouwenhoven 2000

QPC current noise in read-out circuit

Electromagnetic environment



Dressing of  tunneling matrix elements

2. Electron-phonon 
coupling

3. Electromagnetic 
environment

1. Measurement 
back action

- Polaron & gauge transformations     ⇒

- tunneling matrix  element



1. Measurement back-action

- perturbation expansion in tunneling: Gurvitz  97;   Shnirmann, G.S. 98

- stronger tunneling, FCS approach: Averin, Sukhorukov 05

⇒ weak effect, although the transmission probabilities are not small! 



- Oscillation with the period 

- Super-Ohmic for small 

Coherence persists even for finite T

2. Electron-phonon coupling Bruus, Flensberg, Smith 93
Fujisawa et al. 98; Brandes, Kramer 98

Piezoelectric  phonons

Bose distribution



Dephasing by  the  environments

- Phonons have only weak dephasing effect



3. Electromagnetic environment

- Non-equilibr. electromagnetic environment

linear circuit analysis     Aguado, Kowenhoven 2000

QPC  shot  noise Khlus 87  

- In equilibrium                     : 
⇒ Ohmic dissipation



Dephasing by  the  environments

- Electromagnetic environment  may  cause large dephasing effect



Full Counting Statistics

Characteristic Function

- Real-time expansion in tunneling    Schoeller, G.S. 94

“Reduced Density Matrix”
counting field

- Coulomb interaction ⇒ 3 charge states

time evolution of density matrix
due to tunneling processes 
and a phonon emission



Bloch-Master equation

Lowest order expansion

Markov approximation

Bagrets, Nazarov 2003

Rates  are strongly 
influenced by dephasing



Tunnel rates

Detailed balance is satisfied- Transitions broadened by environments 
(“Dynamical Coulomb blockade”) 

- Oscillations due to phonon interferences

Detailed balance

QPC electrometer off



Fluctuation Theorem

Fluctuation Theorem is satisfiedBackward tunneling processes (thermal 
fluctuations) are suppressed

Full Counting Statistics

QPC electrometer off



Non-equilibrium electromagnetic environment

Transition rates broadened by    
non-equilibrium QPC current noise

QPC electrometer on

Tunnel rates

Detailed balance

- Detailed balance is violated



- Fluctuation Theorem is violated

FT reproduced with effective  temperature

for 3 state system:

Backward tunneling induced

Fluctuation TheoremFull Counting Statistics

QPC electrometer on

Non-equilibrium electromagnetic environment



Comparison with Experiment
Fujisawa, Hayashi, Tomita, Hirayama, Science 2006

- Fluctuation Theorem is violated

but reproduced with effective
temperature



1. We compare predictions of Fluctuation Theorem (FT)
with FCS of electron tunneling through a double QD coupled to

phonons,
measurement device, 
and electromagnetic environment.

2. Strong coupling to phonons and equilibrium electromagnetic environment 
strongly modify the tunneling rates, but detailed balance and FT remain valid

3. Non-equilibrium QPC current noise causes deviation from detailed balance 
and FT 

4. FT is recovered with effective heating. 

Summary





- Temperature is `enhanced’  by non-equilibrium current noise

Sánchez & Kang, PRL (2008)

- Non-equilibrium environment          → Onsager relations break down

Hashisaka, Yamauchi, Nakamura, Kasai, Ono, Kobayashi, PRB (2009)

Here: Extension to the nonlinear regime

Onsager symmetry for “system” D breaks 
down when the “environment” C is out of 
equilibrium

Related works



Parameters



Generalized Fano factor



Comparison with Experiment
Fujisawa, Hayashi, Tomita, Hirayama, Science 2006



Full Counting Statistics

Characteristic Function

Real-time expansion in tunneling on Keldysh contuour  Schoeller , G.S. 94

“Reduced Density Matrix”

counting field



Experiment

Colloidal Particle captured in an Optical Trap

Wang, Sevick, Mittag, Searles, Evans, PRL (2002); Carberry, Reid, Wang, 
Sevick, Searles, Evans, PRL (2002)

Entropy Production

latex bead
water



Experiment
Wang, Sevick, Mittag, Searles, Evans, 
PRL (2002)



Experiment
Carberry, Reid, Wang, Sevick, Searles, Evans, 
PRL (2002)



Bidirectional Single Electron Counting

Band width

Charge 
triple point

B

H

M

E

Fujisawa, Hayashi, Tomita, Hirayama, Science 2006
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