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Quantum Criticality
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Critical point λc: a point for which the ground 
(bound) state becomes absorbed or degenerate 

with the continuum
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Finite Size Scaling

In statistical mechanics, the finite size scaling 

method provides a systematic way to extrapolate 

information obtained from a finite system to the 

thermodynamic limit

Importance

The existence of phase transitions is associated The existence of phase transitions is associated 

with singularities of the free energy. These 

i l i i l i h h d isingularities occur only in the thermodynamic 

limit.

Yang and Lee Phys. Rev. 87, 404 (1952)
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In the present approach, the finite size corresponds not to the 
spatial dimension, as in statistics, but to the number of elements 
in a complete basis set used to expand the exact eigenfunction of a p p g
given Hamiltonian.

Q t M h iQuantum Mechanics
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Phys. Rev. Letters 79, 3142 (1997)



Finite Size Scaling: Quantum Mechanics
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Short Range Potentials               
Yukawa PotentialYukawa Potential
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Where          is the Laguerre polynomial of degree 
n and order 2 and          are the spherical harmonic 
functions of the solid angle
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Yukawa
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Fi i Si S li i h G i B i SFinite Size Scaling with Gaussian Basis Sets

The main idea is to use Gaussian basis sets to do FSS calculations 
for large atomic and molecular systemsfor large atomic and molecular systems.

The basis-set is an over-complete set of Gaussian functions:
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Where Cijk are the normalization constants and βis a free ijk β
parameter.



Gaussians Slater







Finite Size Scaling                  
Data Collapsep
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Two Electrons Atoms

1111 λ 1
1221

2
2

2
1

11
2
1

2
1)(

rrr
H λλ +−−∇−∇−=

Z
1

=λ

2112 rrr −= r12

e-

e-

r2

r1

e

ZC=0.911

Z
ET=-0.5

He like system H like +e-

)(λgsE H- He Z

ZC=0.911



Finite Size Scaling procedure

Hamiltonian:
11111 22 λ

Basis Set:
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097.1=Cλ

Phys. Rev. Letters 80, 5293 (1998)
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Conditional Probability
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Critical of Shannon Information Entropy

Shannon proposed that the information entropy for a system 
with a continuous probability distribution P(x) in one dimension 
could be characterized ascould be characterized as
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Electronic Structure

Shannon information entropy for electronic charge distribution 
ρ(r) is given byρ( ) g y
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S measures the delocalization or the lack of structure in the 
respective distribution.
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Critical Charges and Stable Atoms and Ions
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N 2
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S h       Surcharge      
Se=N-ZC

Int. J. Quantum Chem. 75, 533 (1999)



Do doubly charged negative atomic ions exist 
i th h ?in the gas phase?

NO
What is the smallest object that can bind two 
t l t ?extra electrons?

This is a challenge forThis is a challenge for 
experiment and theory!

The two electrons must be 
separated by at least 5 6 Åseparated by at least 5.6 Å



Stability of Dianions of 
Fullerenes

C 60EA1 = + 2.65 eV
EA2 0 3 V

_
60EA2 = - 0.3 eV

C 79R = 5.6 Ac
_ _

C84

EA1 = + 3.14 eV
EA2 = + 0.44 eV _ _

C84

Advances in Chemical Physics, Volume 125, 1 (2003). 



Stability of Linear Dianions

e- e-
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Phase Transitions and Stability of 
Three Body Coulomb SystemsThree Body Coulomb Systems
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Three Body Coulomb Systems (ABA)

Particles MassParticles Mass
e: electron     1
p: proton       1836.15
u: muon         206.76
d: deuteron    3670.5
t: tritium 5476 92

∞=D

t: tritium       5476.92

St bl)(St bl)( --- −++ Stable     )p(              Stable     )e(e ++ μμμ

S. Kais, Phys. Rev. A 62, 06050 (2000)



Phase Transitions and Stability of 
Three Body Coulomb SystemsThree Body Coulomb Systems
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Charge density probability 
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FSS for Critical Conditions for 
Stable Quadrupole Bound AnionsStable Quadrupole Bound Anions

Hamiltonian: consists of a charge q at the origin and two charges –q/2 at 
z = +1 & -1

Sl t B i S tSlater Basis Set:

Where β is the variational parameter used to optimize the numerical results 
and             is the Legendre polynomial of order l.)(2 θlP g p y)(2l

q       q=QR



Journal of Chemical Physics, 120, 8412 (2004)
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Stability diagram for two electron dipole

R=2λ2λ
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Journal of Chemical Physics, 128, 044307 (2008)



Finite Size ScalingFinite Size Scaling

Stability of Atomic and 
Molecular Systems

In Superintense Laser FieldsIn Superintense Laser Fields



Journal of Chemical Physics, 127 094301 (2007).









Statistical Mechanics

Classical Quantum

Phase Transitions

Free Energy             

Phase Transitions
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Future Work
Future Work

Combining FSS with Ab Initio and DFT
Finite Size Scaling 
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(Winton Moy and Dr. Pablo Serra)
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New Classification of Chemical Reactions New Classification of Chemical Reactions 
(Jing Zhu)

FSS and Efimov Systems 
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