Formal perturbation analysis of a
non equilibrium stationary state

by A.lacobucci, S.0Olla, G.G.

Non-equilibrium: statistics is often shown to exist:
“compactness methods”: very unsatisfactory.

Dissatisfaction: when needed: “no answers”.

E.g. for hard spheres systems regularity of correlation of a
stationary nonequilibrium distibution is not known = no
answer to simple questions like (d;p(q—¢')).

Unfortunately very few exact, most involve stochastic forces.
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Even so the study is very difficult. Here the question of
“computing” correlations for a “trivial” system. The N = 1 case

i b ...... ,

The equation of motion is the stochastic equation

.p . 3 28 .
== =-0dJdU—-71—-=2 —W
=5 F PN
W w.n. of width (5102,
U = —gV cos(q) conserv. force, T torque, & friction, J inertia

Po noise inverse temperature

Problem: find the stationary state distribution for N = 1
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It is hard to believe that this in not known ???.

F(p,q)dpdq: the stochastic equation yields the PDE .£*F =0
* p
2F=—{(La,F (0.~ 0,0(9) +)9F (@)

& (B BFa.0) + 530 Fla.p) )
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It is hard to believe that this in not known ???.

F(p,q)dpdq: the stochastic equation yields the PDE .£*F =0
* p
2F=—{(La,F (0.~ 0,0(9) +)9F (@)

_ 1
& (B '3 F(a.p)+ 59 (P F(a.p)) ) }
General results: most interesting: simulations, ILOS1: [1]
(1) There exists a smooth solution (Hormander)

(2) is exponentially approached by initial 6 (Mattingly-Stuart)

(3) it is positive: \/ﬁpf({)g =G(p)p(p,q)

Guess if : p" := <JB )z u( \/’J’—) (Wick,Hermite poly.)

p(p,q) =G(p) (X, _oPn(q) : p":), Problem: Find it
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By algebra .Z*F = 0 becomes: n > 0 (p<9 =0)

B

B~ 9pa(a) + [59pu2(a) + 1 (QU() + 2P 2(a)

F-1)Sp,(g)] =0

Go dimensionless: Gn(q)@pn(q)énn!,ndéfﬁéz/J,ﬁT, BV

(1) Recursion is linear: take the ET. 0,4

. . . dﬁf On k
(2) Recursion is second degree: take Z,, ; = (anu((q))
L) =M X 2y =Y
MLA =-— B‘Cuﬁ] + er], u[zr] = ul"]

] [r]

/
Conclusion: GOrk ,r' < rand GOrk determines everything at
given order: (at order r it must be |k| < r.)
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Conclusion: So infinitely many solutions!
However p(g,p) must be L,(G) (Olla)

Requirement (at least): |c,(q)| < \f Formal solution

- M
zZ, —anH Z n+1 M, X,
h=n-+1

-1

Infinite matrix product: for n~" small enough, let |2) o ((1))

Key: Given k, if 1 is large enough there is a sequence
Ay (ny,N) such that for all ny > 2 and all k # 0 the

def <Ck(”1,N)1

Ck(n1,N) = 1 ) = A(n,N)M, My 2)

is s.1. |G (n1,N)1| < |k| and Ge(ni) S limy—en G (n1, N) exists.

108th SMM Rutgers 17-12-2012 #7



Once more this is a problem on a Ising system controlled by y

4iagk? 1+0/1
y= U e OV 6 gy
mn ™ 2kay
def . it 143 —1.
a; = i(1 — =) and spectral decomposition of M, *:
- Vn Wn
Mnll — Z A,n’k76‘ >G>< 76‘ ,
T o=+l (Wn,o|Vno)
Ay
|vn76> ( 176)7
<Wn76 = (&’HA’}’!,G)) &n Y

B 4k2a%

The Ising model arises because M, ' --- M, '[2) is
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writing explicitly the matrix product M, ' -- -MIQI |2) as

N N v '
Z ‘V3.,63> ’ <I—!A’jvcj> H <W]7q|v]+17(’1+1>
j=

03,...,0N ]:3 <wj76]‘v]7(y]>

“expectation” of |v3 5,) in a Gibbs state. Gibbs factor?

Spin configuration = intervals of — separated +, then

_r
Ax] ]I is the Gibbs weight
i=1

) def Yp>1 X0 <<, (H?ZI IJS>
B Q>(N)

de _ _
P-L Y p(), ) =25 P_+ 25! Py
{3}eJ
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N (l’—vl i) <II_VI <Wj,+|vj+1,+>)

3 i3 Wisvig)
deg‘<H7Lj_,—> <ﬁ<wj,—|vj+1,—> (W +vj+) )
i =) (Wi vieng)
W14 Vi~ ><Wk’,—|vk’+1,+> <Wk’,+|vk’,+>
> <Wk’,+|vk’+1,+> (Wk’,—|Vk’,—>

| < W, = Y (%)J (E]_l 1) nz(/f/kj 13

Non transl. inv. but very small already for J close to the origin.

Hence the P can be computed as convergent series in /;’s as
well as the partition function exp(Qy) which amits a limit as
N — oo (no logarithm necessary).
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Fixed R then if viscosity & is large enough and 0 < r <R

Theorem: The equation .Z*F(p,q) =0

(1) admits (at most) a 1-que C” (in g) solution
nonnegative and in L;(dpdq) for g small.

(2) the coefficients F'l(p,q) of its Taylor expansion
at g =0 are uniquely determined, analytic in ¢,p,

(3) are explicitly computable.

Conjecture: The coefficients exist for all r

Question: is F analytic in g because JA, C, ¢ s.t.

, I .
pl<ArCle M= 0 c=TP
" n!
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The idea should be applicable to the evaluation of the Lyapunov
exponents of infinite products of matrices close to a hyperbolic
matrix.

In particular could yield analyticity of the leading exponent in
terms of parameters defining the matrices (a very special case of
a result by Ruelle).

[ A.Iacobucci, F. Legoll, S. Olla, and G. Stoltz.
Negative thermal conductivity of chains of rotors with
mechanical forcing.

Physical Review E, 84:061108 +6, 2011.
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