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Motivations: Fourier law J=krVT

> > > > > >

Heat flow —>»

High Low
temperature temperature

(Lepri, Livi, Politi, Phys. Rep. 2003)

@ Pure-carbon materials have extremely high thermal conductivity.
@ 1D Hamiltonian models:
e Oscillators chains (Lebowitz, Lieb, Rieder, 1967): x ~ N.

@ MD simulations of non-linear oscillators chains: k ~ N%,
O<ax<1
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@ Stochastic models
Kipnis, Marchioro, Presutti (1982):
Observables: Energies at every sites z = (zq,...,2y) € Rﬂ

Dynamics: Select a bond at random and uniformly redistribute
the energy under the constraint of conserving the total energy.

LKMPf( ):

Z / AlH(Z1, . Pz + Zit1): (1 = D) + Zis)s - 20) — (2)]

Cristian Giardina (UniMoRe)



Outline

@ Duality.

© Dual processes:

e Brownian Momentum Process (BMP).
e Symmetric Inclusion Process (SIP).

© Heat conduction.

Q A larger picture & perspectives.
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Duality

Definition
(nt)t>0 process on Q with generator L,

(&t)1>0 process on Qg4 With generator L,y
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Duality

Definition
(nt)t>0 process on Q with generator L,

(&t)1>0 process on Qg4 With generator L,y

& is dual to n; with duality function D : Q x Qqua — R if

E,(D(nt, €)) = Ee(D(n, &) V(1,€) € 2 X Qqual

nt is self-dual if Ly = L.
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Duality

Sufficient condition

LD(-,§)(n) = LawarD(n,-)(§)
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Duality

Sufficient condition

LD(-,§)(n) = LawarD(n,-)(§)

Indeed

E,(D(m,€)) = €"D(1,€)
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Duality

Sufficient condition

LD(-,§)(n) = LawarD(n,-)(§)

Indeed
E,(D(n:,€)) = e"D(n, €)
— etLdua/D(n’ é‘)
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Duality

Sufficient condition

LD(-,§)(n) = LawarD(n,-)(§)

Indeed

E,(D(nt,€)) = €*D(n, €)
— etLdua/D(n’ é‘)

= Ee(D(n, &)

Cristian Giardina (UniMoRe)



How to find a dual process?

@ Write the generator using creation and annihilation operators.
Investigate their commutation relations.

© Duality is related to a change of representation, i.e. new
operators that satisfy the same algebra.

© Self-duality is associated to symmetries, i.e. conserved
quantities.
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The method at work: Energy Diffusion

Brownian momentum process

i

SU(1,1) algebra

1

Inclusion process
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Brownian momentum process (BMP) on two sites

Given two vertices i and j

LBMPf(x;, x;) = w52 i f(xi, X;)
i i Xj) = ’8xj /8x,- is Xj
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Brownian momentum process (BMP) on two sites

Given two vertices i and j

LBMPf(x;, x;) = w52 i f(xi, X;)
i i Xj) = ’8xj /(9X,' is Xj

Think (x;, x;) as velocities, then

@ polar coordinates | BMP *
BMP —
/ 065

@ Brownian motion for angle 6; ; = arctan(x;/x;)

@ total kinetic energy conserved: r?

_ 2 2
=X X

Cristian Giardina (UniMoRe)



Brownian momentum process (BMP)

Foragraph G= (V,E) let Q = ®;cyQ; = RV
Configuration x = (xy,..., Xy|) € Q
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Brownian momentum process (BMP)

Foragraph G= (V,E) let Q = ®;cyQ; = RV

Configuration x = (xy,..., Xy|) € Q
Generator BMP
2
BMP BUP 0 0
L= 52 1817~ 5 (g )
(i,j)eE (ij)EE / !
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Brownian momentum process (BMP)

Foragraph G= (V,E) let Q = ®;cyQ; = RV
Configuration x = (xy,..., Xy|) € Q

Generator BMP

) 2 \2
BMP __ BMP __ . X
LM = > L= (X’ax,-_xfax,->

(ij)eE (i,j))eE

Stationary Gaussian (0, T) product measures.
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Symmetric Inclusion Process (SIP)

Qapal = ®icyQ?@ = {0,1,2,.. .}V
Configuration ¢ = (61 R 7€|V\) € Qqual
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Symmetric Inclusion Process (SIP)

Quuar = @icyQ@ = {0,1,2,.. 3Vl
Configuration ¢ = (51,...,§|V‘) € Qqual

Generator SIP

LSIPf Z LSle
(i.j)eE

= > 2¢i(2g+ NIf(EY) — F(E)] + (26 + 1)24[f() — f(€)]

(i,)eE

<
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Symmetric Inclusion Process (SIP)

Qapal = ®icyQ?@ = {0,1,2,.. .}V
Configuration & = (&1, .-, ¢jv|) € Qqual

Generator SIP

LSPHE) = ) LFPHE)

(i,)eE

= > 2¢i(2g+ NIf(EY) — F(E)] + (26 + 1)24[f() — f(€)]

(i,)eE

<

Reversible Negative Binomial (%, ) product measures.
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Duality between BMP and SIP

Theorem 1

The process {x(t)}>0 with generator L = LBMP and the process
{€(t)}>0 with generator Ly, = LS are dual on

X2€i

D(X’g)zg(zg,in!!
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Duality between BMP and SIP

Theorem 1

The process {x(t)}>0 with generator L = LBMP and the process
{€(t)}>0 with generator Ly, = LS are dual on

X2€i

P00 =11 g =y

Proof: An explicit computation gives

LBMPD(x, €) = L5"D(x,€)
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Duality explained

SU(1, 1) ferromagnetic quantum spin chain
Abstract operator

1
+ - — et
2= % (K + KoK - 2KeK? )
(i)€E

with {K,.+, K, K?}icv satisfying SU(1, 1) commutation relations:

(KO, K*] = =61,K* (K™ K1 = 20;,K°
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Duality explained

SU(1, 1) ferromagnetic quantum spin chain
Abstract operator

1
+ K- - K+
L = E <K,- Kj + K, Kj —2K,-°Kj°+8>
(i))eE

with {K,.+, K, K?}icv satisfying SU(1, 1) commutation relations:

(KO, K*] = =61,K* (K™ K1 = 20;,K°

Duality between LBMP e [ SIP corresponds to two different
representations of the operator .Z.
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SU(1,1) structure
Continuous representation

15 K 1 02

" = 2" =200

1/ 0 o
O _ = Ty
Ki=3 (X’ ox; 8x,-x’)

satisfy commutation relations of the SU(1, 1) group

[KP, K] = £K  [K7, K"l = 2K?
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SU(1,1) structure
Continuous representation

15 K 1 02

" = 2" =200

1/ 0 o
O _ = Ty
Ki=3 (X’ ox; 8x,-x’>

satisfy commutation relations of the SU(1, 1) group

[KP, K] = £K  [K7, K"l = 2K?

In this representation
0 0 \?
_ | BvP _ 9 .
Zz Z <XI oX; X’ax,-)
(if)eE /
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SU(1, 1) structure

Discrete representation

K 1€) <§i + ;) &+ 1)
Ki1&) = &il&i — 1)

ey = (64 1) e
Ki‘§/>—<§/+4> |§/>
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SU(1, 1) structure
Discrete representation

K 1€)

y
<fi+2) &+ 1)
Ki1&) = &il&i— 1)

oy = (¢4 1Y e
’Ci‘fi>—<§/+4> |§/>

In a canonical base

FNEN
Ao

NI
Bl
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SU(1, 1) structure

(6+3) 1+

K€ = &ilgi — 1)

KPlE) = ( l) [€i)

Discete representation

K1)

In this representation

21(€) = LPH(¢)
= > 26i(2¢ + NIF(EY) — ()] + (26 + 1)24[f(&) — 1(€)]

(i,j)eE
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Self-duality of the SIP process

Theorem 2
The process with generator LS/ is self-dual on functions

_ ! r(3)
A= ,1;[/ (m—&'T (1 +¢)
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Self-duality of the SIP process

Theorem 2
The process with generator LS/ is self-dual on functions

_ ! r(3)
A= ,1;[/ (m—&'T (1 +¢)

Proof:

[LS/P7 Z ’(io] _ [LSIP7Z }(I-‘r] — [LSIP7Z K/_] -0
i i i

Self-duality fct related to the simmetry S = K"

Cristian Giardina (UniMoRe)



Heat conduction models in 1D.
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Brownian Momentum Process with reservoirs
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Inclusion Process with absorbing reservoirs




Duality between BMP with reservoirs and
SIP with absorbing boundaries

Conﬁgurations g: (507 51 st 7§N7 §N+1) € Qdual = NN+2
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Duality between BMP with reservoirs and
SIP with absorbing boundaries

Configurations & = (£0,&1, - .., &Ny 1) € Qgyar = NVNT2

Theorem 3

The process {x(t)}=o with generator LBMP:res is dual to the process
{f(t)}tzo with generator LSIP.abs gn

_ N ¥ 26i .
D(x.&) = TE0 <H (2¢; I_ 1)”> TR

i=1
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Duality between BMP with reservoirs and
SIP with absorbing boundaries

Configurations & = (£0,&1, - .., &Ny 1) € Qgyar = NVNT2

Theorem 3

The process {x(t)}=o with generator LBMP:res is dual to the process
{f(t)}tzo with generator LSIP.abs gn

_ N x26i c
D(x.&) = TE0 <H (2¢; I_ 1)”> TR

i=1

Proof: By inspection

LBMP’reSD(X, g‘) — LSIP’abSD(X, g)
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CONSEQUENCES OF DUALITY

n-points correlation functions
for the BMP process with reservoirs
(diffusive system of N particles)

)

absorbing probabilities
of the SIP process with absorbing boundaries
initialized with n inclusion walkers.

Remark: n< N
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Proposition
Let |¢] = Zf; &; be the total number of SIP dual walkers

E(D(x,§))= > TATE Pg(éo(o0) = @ én41(00) = b)
a,b: a+b=|¢|
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Proposition
Let |¢] = Zf; &; be the total number of SIP dual walkers

E(D(x,§))= > TATE Pg(éo(o0) = @ én41(00) = b)
a,b: a+b=|¢|

Proof:

E(D(x.£)) = im / Ex(D(x..£)) dw(x)
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Proposition
Let |¢] = Zf; &; be the total number of SIP dual walkers

E(D(x,§))= > TATE Pg(éo(o0) = @ én41(00) = b)

a,b: a+b=|¢|

Proof:

E(D(x,£)) = fim / Ex(D(x..£)) dw(x)

lim Eg(D(x,&)) dv(x)

t—o0
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Proposition
Let |¢] = Zf; &; be the total number of SIP dual walkers

E(D(x,§))= > TATE Pg(éo(o0) = @ én41(00) = b)

a,b: a+b=|¢|

Proof:

E(D(x,£)) = fim / Ex(D(x..£)) dw(x)

lim Eg(D(x,&)) dv(x)

t—o0
23

N
using  D(x,&) = TS (H (2§,Xi— 1)”> e

=

—_
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Proposition
Let |¢] = Zf; &; be the total number of SIP dual walkers

E(D(x,§))= > TATE Pg(éo(o0) = @ én41(00) = b)

a,b: a+b=|¢|

Proof:

E(D(x,£)) = fim / Ex(D(x..£)) dw(x)

lim Eg(D(x,&)) dv(x)

t—o0
N i
usin =T H X e
I 25: -
i=1

_ / EE( TLfo(OO) TENM (00)) dI/(X)
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Temperature profile

£€=1(0,...,0,1,0,...,0) = D(x,£) = x2
site i = 1 SIP walker (X;);>0 with X = i
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Temperature profile

£€=1(0,...,0,1,0,...,0) = D(x,£) = x2
site i = 1 SIP walker (X;);>0 with X = i

E(X,-z> =T Pi(Xe =0) + TR Pi(Xc = N+ 1)
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Temperature profile

£€=1(0,...,0,1,0,...,0) = D(x,£) = x2
site i = 1 SIP walker (X;);>0 with X = i

E(X,-z> =T Pi(Xe =0) + TR Pi(Xc = N+ 1)

i i
T =T (1-
i L<1 N+1>+TR(N+1>

Tg—T.\ .
=T,
L+< N+ >'
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Energy covariance

If¢=(0,...,0,1,0,...,0,1,0,...,0) = D(x,{) = x?x?
sitei ~ sitej 7
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Energy covariance

If¢=(0,...,0,1,0,...,0,1,0,...,0) = D(x,{) = x?x?
sitei ~ sitej 7

In the dual process we initialize two
SIP walkers (Xt, Yi)i=0 With (Xo, Yo) = (/,)
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Inclusion Process with absorbing reservoirs
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Energy covariance

= (+£7) ~B ()= () = (s s e~ T =0

Remark: up to a sign, covariance is the same in the boundary driven
Exclusion Process.
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A larger picture

1. Brownian Energy Process (BEP)

2. Kipnis-Marchioro-Presutti (KMP)
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Brownian Energy Process: BEP

The energies of the Brownian Momentum Process
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Brownian Energy Process: BEP

The energies of the Brownian Momentum Process

evolve with
Generator
o  9\? 1 )
| BEP _ (Y 9N Y. _N[Y 9
D Z’Z’<8z,- 64) g Z’)<8z/ 8Zf>
(i))eE

Stationary Chi-squared (T) product measures
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Generalized Brownian Energy Process: BEP(m)

o 2
BMP
LBMP() _ 5™ Z (x,a 5 x,-ﬁaxi’a)

(i,j)€E a,p=1
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Generalized Brownian Energy Process: BEP(m)

5 \2
| BMP(m Z Z (x,a %5 Xj’ﬂaXia)

(i.j)€E a,B=1
The energies Zi(t) = Yoz X5o (1) evolve as
Generator
o 0\2 m o 0
BEP(m) _ (9 oN m _ (0 J
L Z ZIZ] <62,- aZj> 2 (ZI Z/) <82,' 8zj>

. . _ oV m
Stationary measures: vy, 1 = ®;_; Gamma; (g, T)
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Adding-up SU(1,1) spins

2

(m) _ g ol o m

Lm>_(§) (IC,ICj +lc,icj+2/<;;’/cf+8)
ij)eE

{KF K, K9} satisfy SU(1,1)

ieVv
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Adding-up SU(1,1) spins

2

(m) _ g ol o m

Lm>_(§) (IC,ICj +lc,/cj+2/<;;’/cf+8)
ij)eE

{KF K, K9} satisfy SU(1,1)

ieVv

K=z KHgh) = &G+ 3)1&6+1)
K; =z 0% + 20, Ko1&) = &l&i— 1)
KO =zd,+ T KPl&i) = (& +m) &)
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Generalized Symmetric Inclusion Process: SIP(m)

Generator

LSIP(m) f(ﬁ) _
> 2gi(2¢ + m[f(E) — f(E)] + 2¢(2¢ + m)[f(E) — £(€)]

(i,))eE

Reversible product measure Negative Binomial (3, \)
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Duality between BEP(m) and SIP(m)

Theorem 4

The process {z(t)};>o with generator LBEP(™ and the process
{&(t)} >0 with generator LS'P(M) are dual on

D(z,¢) = Hz

eV

N\S
—|— N\E
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Kipnis-Marchioro-Presutti model
Generator
LKMPf( )_

> / Oplf(z1.. ... Pz + 2i11). (1~ D)@+ 2is0). - 2n) — £(2)]

KMP model is an instantaneous thermalization limit of BEP(2).
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Kipnis-Marchioro-Presutti model
Generator
LKMPf( )_

/dp[f(z1,... Pz + Zi1). (1 — P)Zi + Zist)s - 2n) — F(2)

KMP model is an instantaneous thermalization limit of BEP(2).

Conditioning two i.i.d. Gamma(% ,6) random variables (Z;, Z;,1) to
Zi+ Zi.1 = E, one has a conditional density

97(¥|Zi+ Zii1 = E) = cm(E) (y(E — y))2
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Perspectives

Diffusion dual to SEP(n).

ASIP4(m) and ABEP,(m) asymmetric version —
Deformed quantum group SUy(1,1).

Condensation in the SIP/BEP model.

Explicit matrix solution for models with reservoirs.
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