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Experimental motivation:
Lattices of ultracold atoms or ions

Bloch et al., RMP80 (2008) 885

After the cooling is switched off:

conservation of energy

conservation of particle number

=⇒ Closed-system dynamics
=⇒ Equilibration in closed quantum systems?
=⇒ Statistical description in the microcanonical ensemble

It will depend on the type of system studied whether there aresignificant
differences to the standard open-system, canonical situation.

=⇒ Long-range makes a big difference!
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Experimental realization of long-range interactions
Beryllium ions in a Penning trap

J. W. Brittonet al., Engineered two-dimensional Ising interactions in a
trapped-ion quantum simulator with hundreds of spins, Nature 484, 489
(2012).

2d Coulomb crystal on a triangular lattice

Valence-electron spin states as qubits (Ising
spins)

Spin–spin interactions mediated by crystal’s
transverse motional degrees of freedom

Effective (anti-)ferromagnetic Ising
Hamiltonian H =

∑

i6=j

Jijσ
z
iσ

z
j −

∑

i

B ·σi

D. Porras and J. I. Cirac, Phys. Rev. Lett.96, 250501 (2006).

Jij ≈ − J
|i−j|α with 0.05. α . 1.4
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Long-range Ising model

Spin-1/2 particles on a latticeΛ in a magnetic fieldh

HΛ = −
J
2

∑

i,j∈Λ
i6=j

σz
iσ

z
j

|i − j|α
− h

∑

i∈Λ

σz
i

Everybody’s favorite comment:But isn’t this modelclassical?
No, it’s not. . .

Schrödinger time-evolution

use observables and/or density operators that do not commute
with HΛ

dynamics can create entanglement
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Time evolution of correlation functions
Goal: Study time evolution of spin–spin correlation functions

〈σu
i σ

v
j 〉(t) = Tr

[

eiHΛtσu
i σ

v
j e−iHΛt̺(0)

]

Simplification:̺0 is diagonal in theσx
i -eigenbasis[G. G. Emch, JMP7, 1198 (1966)]

〈

σx
i σ

x
j

〉

(t) = P−
i,j + cos(4ht)P+

i,j

with

P±
i,j =

1
2

〈

σx
i σ

x
j

〉

(0)
∏

k 6=i,j

cos[2(Jk,i ± Jk,j) t]

Spin precession irrelevant for relaxation=⇒ seth = 0

Goal’: Study relaxation to equilibrium ofP±
i,j

FiniteΛ: P±
i,j is quasi-periodic

=⇒ Equilibration at best in aweak(=probabilistic) sense
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Upper bound on〈σx
i σ

x
j 〉(t) in the thermodynamic limit

2〈σx
i σ

x
j 〉(t)

〈σx
i σ

x
j 〉(0)

=
∏

k 6=i,j

cos

(

2Jt
|i − k|α

−
2Jt

|j − k|α

)

+
∏

k 6=i,j

cos

(

2Jt
|i − k|α

+
2Jt

|j − k|α

)

6 exp
[

−C−
i,j(α)t

d/(1+α)
]

+ exp
[

−C+
i,j(α)N

max{0,1−2α/d}tmin{2,d/α}]

valid in the thermodynamic limit and for larget
M. van den Worm, B. C. Sawyer, J. J. Bollinger, M. K., arXiv:1209.3697

α < d/2 α > d/2
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Discussion

Prethermalization,∞ separation of timescales
Α=1� 2
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α → ∞: extremely stretched exponential decay
(different from exponential decay for nearest-neighbor interactions)

Relaxation times scale likeτ ∝ Nq(α)

with a threshold atα = d/2

Generalizations
Arbitrary dimension and lattices
More general couplings,Ji,j ∼ J|i − j|−α for large distances
Higher-order correlation functions

More general initial conditions?
More general (non-integrable) models?
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Universal long-range threshold atαth?

quantumIsing model
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J

2Np
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z
j

|i − j|α
− h

∑

i

σz
i

p = max{0,1− α/d}

classicalXY model

H =
∑

i

p2
i

2
−

J
2Np

∑

i,j

cos(φi − φj)

|i − j|α

p = max{0,1− α/d}

R. Bachelard, M. K., submitted to PRL
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Equilibration in closed quantum systems
experimental: cold atoms and ions
theoretical: foundations of statistical
mechanics

Exact results (upper bounds) on correlation
functions of long-range Ising model
Dynamical long-range peculiarities

Prethermalization
∞ separation of timescales

Dynamical long-range threshold atα = d/2
(quantum and classical)

Outlook: experimental measurements with /
benchmarking of ion-trap quantum simulator
on the way (NIST Boulder)
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