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Abstract

We study composite open quantum systems with a finite-dimensional state space Hap =
Ha ® Hp governed by a Lindblad equation %p(t) = L,p(t) where L,p = —i[H, p] +vDp. Here,
H is a Hamiltonian on Hap while D is a dissipator D4 ® 1 acting non-trivially only on part
A of the system, which can be thought of as the boundary, and ~ is a parameter. It is known
that the dynamics may simplify as the Zeno limit, v — oo, is approached, so that after a initial
time of order 47!, p(t) is well approximated by 74 ® R(t) where w4 is a density matrix on
Ha such that Dama = 0, and R(¢) is an approximate solution of %R(t) = LpR(t) where
Lp~R:=—i[Hp,R] + 'ylepR with Hp being a Hamiltonian on Hp and Dp being a Lindblad
generator acting on density matrices on Hg. We give a rigorous proof of this holding in greater
generality than in previous work; we assume only that D4 is ergodic and gapped. Moreover, we
precisely control the error terms, and use this to show that the mixing times of £, and Lp
are tightly related near the Zeno limit. Despite this connection, the errors in the approximate
description of the evolution accumulate on times of order 42, so it is difficult to directly access
steady states py of £ through study of Lp. In order to better control the long time behavior,
and in particular the steady states p,, we introduce a third Lindblad generator Dga that does not
involve 7, but is still closely related to £, and Lp. We show that if Dg, is ergodic and gapped,
then so are £, and Lp for all large v, and in this case, if p, denotes the unique steady state
for £, then lim,_, py = T4 ® R where R is the unique steady state for Dgp. We further show

oo
that there is a trace norm convergent expansion g, =14 @ R+~"" Z'y_kﬁk where, defining
n_1:=7a® R, Dy = —i[H,nx—1] for all k > 0. Using properties of ;):13 and D%, we show that
this system of equations has a unique solution, and prove convergence. This is illustrated in a

simple example for which one can compute p,, and can carry out the expansion explicitly.
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1 Introduction

In this paper we describe new exact results about the time evolution and steady states of a quantum
system strongly coupled to a Markovian external reservoir. The reservoir acts only on part of the
system, e.g. on its surface. More generally we consider a system consisting of two parts, A and B
with finite-dimensional Hilbert space Hap = Ha ® Hp, whose density matrix p evolves according to

the Lindblad equation

%p@) = Kp+7Dpl(t) =: Lyp(t) . (1)

Here,

Kp := —ilH, p] (2)



describes the unitary evolution of the isolated system due to its time-independent Hamiltonian H on

Hap, while D is a dissipative Lindblad generator of the form
D:=Dy®1p,

where D 4 acts only on H 4, here 1 g is the identity super-operator on H g, and -y is a coupling constant.
By Lindblad’s Theorem [22], a super-operator D4 is such that P4 is a completely positive trace

preserving (CPTP) operation if and only if D4 can be written in the form

T

Dap=> (2Lijj —LiL;p— PL§LJ') —i[Kp, p]
j=1
for some operators L1, ..., L, on H 4, often called jump operators and some self-adjoint operator Ky,
on H 4. We refer to such super-operators as Lindblad generators.

We always assume that D 4 is ergodic so that there is a unique density matrix w4 on H 4 satisfying
Dama = 0. We also assume that Dy is gapped, meaning that the real parts of all of its nonzero eigen-
values \; satisfy $(\;) < —a, a > 0. Since D, is a Lindblad generator, the two assumptions together
are equivalent to 0 being a non-degenerate eigenvalue of Dy, and D4 not having any eigenvalues that
are purely imaginary.

Without loss of generality, a constant has been added to the Hamiltonian so that TrH = 0 ,
H=H,®1p+ Hsp+14® Hp ; here 14 and 1 are the identity operators on those subspaces,
Hy=(1/dp)TrgH, Hg = (1/da)TraH, and d4 and dp are the dimensions of H4 and Hp.

In a recent paper [9, Theorem 1], we proved that for such systems, if p is a steady state solution
of (1) and [p, H] = 0, then necessarily p is a product state of the form p = 74 ® wp for some density
matrix 75 on Hp. It then follows [9, Corollary 2] that a steady state p can be a Gibbs state Ziﬂe’ﬁH
for the system Hamiltonian only if SH4p = 0. In particular, when the system Hamiltonian does
couple the two parts of the system so Hap # 0, no steady state of (1) will be a Gibbs state with
B # 0. The question then arises: What is the nature of the steady-state solutions of (1), and what
can be said about the approach to them in the limit ¢ — oco?

We study these questions for large . The limit v — oo is known as the Zeno limit. In this limit,
there is a reduced description of the dynamics that has been investigated in [25, 26, 27, 35].

Because D, is ergodic and gapped, every density matrix p on Hap satisfying Dp = 0 has the

form p = 74 ® R for some density matrix R on Hpg. Define M, the steady-state manifold, by

M:={ms @R : Ris a density matrix on Hgp} . (3)



Moreover, for all density matrices pg on H g, tlim e'P py exists and belongs to M. The super-operator
—00

P := lim P (4)

t—o0

is a projection, though not necessarily an orthogonal projection. Its range consists of all operators
on H ap of the form m4 ® Y for some operator Y on Hpg.
Under these assumptions, it was shown in [35] that after a relaxation time ¢, of order v~ !,

p(t) = e*“7py has the form

p(t) =7ma®R(t) + O(y7") (5)

uniformly in ¢ > ¢, , where R(¢) = Trap(t) is a density matrix on Hp. That is, solutions of (1) for a
general initial state pg and large v rapidly approach M and then stay close to M, uniformly in time.
In Section 3 we give simple proofs of results of this genre in which “closeness” is measured in terms
of the trace norm, denoted by || - ||1; see Section 2. In particular, we prove in Theorem 3.1 that for

all pg =14 ® Ry € M, there is a constant C' > 0 independent of v such that for all ¢ > 0,

||et£77r,4 ® Ry — Pet“17m4 ® Ryl <

, (6)

=21Q

which quantifies the sense in which solutions of (1) with initial data in M stay close to M. A result

of this type, in a more general framework but with a more complicated proof may be found in [35].
To deal with general initial data, we must take the initial relaxation time into account. Define

ty = 2127%7)

where a is the spectral gap of D4. We prove in Theorem 3.3 that there is a constant

C > 0 independent of v such that for all ¢ > ¢, and all po,

log(1+7)

€757 po — e"“7Ppoll1 < C. (7)

Note that in (7), the projector P is applied before e'*+ while in (6), P is applied after e'“+. These
complementary results from Section 3 are important for the study of approximate equations of motion,
to which we now turn.

It was shown in [35] that, after the initial relaxation time, R(¢) satisfies

CR() = ~ilHp, RO +0(7) )

where

Hp = Tra|(ma ® 15)H] (9)

is a self-adjoint operator called the projected Hamiltonian. The coherent evolution equation obtained



by neglecting the O(y~1) term in (8) cannot be expected to give an accurate description of the
evolution of R(t) on long time scales of order v since by then the error terms may accumulate to an
effect of order one, and we expect to see dissipation on long times scales.

A description of the evolution of R(t) on time scales of order v was obtained in [25]. The approx-

imate equation obtained there is

%R(t) = —i[Hp, R(t)] = v~ Tra[KSK(ma ® R(t))] + O(v7?) (10)

where S denotes a certain generalized inverse of D that will be precisely defined in Section 2 below.

Define the super-operators Kp and Dp acting on operators on Hpg by
KpR:=—i[Hp,R] and DpR:=—-Try[KSK(ms ® R] . (11)

These operators are studied in Section 4. It is evident that Kp generates a CPTP evolution. Under
additional assumptions, the most important of which is a certain positivity condition, it was shown

in [25] that Dp is a Lindblad generator. In this case, Lp ., defined by
,Cp,,y =Kp +’7_1le (12)

is a Lindblad generator, and hence etfr.~ is also CPTP for all ¢ > 0.
We show here that under only the assumption that D4 is ergodic and gapped, the positivity con-
dition required in [25] is always satisfied, so that Dp is always a Lindblad generator; see Theorem 4.4.

Thus we may re-write (10) as
d

TR = Lea RO +0(72) (13)

and the equation %E(t) = ,Cpﬁé(t) describes a CPTP evolution that closely tracks the projection
onto M of the evolution generated by L£,. We prove the following precise expression of this: Let R
be any density matrix on Hp and define R(t) := Tr et* 714 ® Ry so that P(e?* ma®@Ry) = ma @ R(t).
Making essential use of the fact that £, generates a CPTP evolution, we prove in Theorem 5.1 that
there exists a constant C' depending only on D4 and the operator norm of H such for all T > 0,

1
IR() — e Rollx < 2T (14)

forall 0 <t <T.
The generator in (12) contains only the first order corrections to the coherent evolution. At the

end of Section 5, we derive the explicit form of the next order corrections, yielding the approximate



equation

d
h= KpR(t) + v 'DpR(t) + v 2BpR(t) . (15)

(See equation (87) for the explicit form of Bp). However, a simple 2 qubit example (See Example 6.1)
shows that it can be the case that (15) does not describe a CPTP evolution for any v > 0. That is,
Kp +~v"'Dp +~v2Bp cannot be put in Lindblad form for any v > 0.

We are particularly interested in stationary states of (1); that is density matrices p, on Hap that
satisfy £,p, = 0. These may be realized in the long time limit: p, = lim;_ p(t), when L, has no
purely imaginary eigenvalues, and always by p, = 711_r>n00 7! /0 ' p(t)dt.

We may apply (14) to study the long time behavior of solutions of (1) on account of (6) and (7):
Let pg be any density matrix on Hap, and define Ry := Tra[pg] so that Ppy = 74 ® Rg. Then by

the triangle inequality,

€7 pg — ma @ e P Roll1 < [e™7po — €A ® Ryl
+ ||etLW7rA QRy—TaA® R(t>||1

+ |ImAa®R({t) —7maA® etﬁpﬁRoHl .

Using (6), (7) and (14) to bound the three terms on the right leads to the proof of Theorem 5.2 which

gives a tight relation between the evolutions governed by £, and by Lp,.

log(1+~)+1+T

e pg — ma @ P Ry1 < C (16)
uniformly on [e,7T] for any 0 < e < T for all v such that zl%i("’) < e. In particular, for all ¢ > 0,
Jim 1" py — ma @ P Roll1 =0 . (17)
Then since for large v, Lp, does not differ much from Kp, it follows that (see Theorem 5.3)
lim e py = 14 @ X7 R, (18)

y—>0o0

where the convergence is uniform on € < ¢t < T for any fixed 0 < e < 7. In other words, in the Zeno
limit, all of the dissipation takes place instantly during the initial passage from pg to Ppg = m4 ® Ry,
and from then on the evolution is coherent.

The situation near, but not at, the Zeno limit is more interesting, and then there is dissipation on
time scales of order v, and the more precise bound (16) can be used to realte the rates of approach
to stationarity for £, and Lp,. However, the analysis of both of these Lindblad generators is

complicated because in both the coherent and dissipative effects operate on different times scales.



For instance, with L£p, the coherent evolution due to Kp acts on time scales of order one, while the
dissipative evolution due to Dp acts on time scale O(7).

To overcome this we introduce a new Lindblad generator Dgg, which is independent of ~. The
new Lindblad generator ng is derived from Dp and Kp through an averaging operation introduced
by Davies [12] in his derivation of Lindblad evolution equations in the weak coupling limit. The

notation is Davies’. More specifically, for any super-operator 7 on Hpg, define
1 (7T
THX) = lim —— / e P T(e™r X)dt . (19)

This limit always exists, and the rate at which convergence takes place in (19) can be bounded in
terms of the spectral properties Hp. Davies’ averaging operation is studied in Section 6, and we
apply these results in Section 7.

—tKretlry Ry in the Zeno limit, ¥ — oo, for general initial data Ry.

In Section 7 we study e
We run the initial data forward under the dissipative time evolution governed by Lp. , and then
backwards under the coherent evolution generated by Cp . In the language of scattering theory, we
are passing to the “interaction picture” to compare the coherent evolution and its perturbation by a
weak dissipation. This is what Davies [12] did in his derivation of Lindblad equations in the weak

coupling limit, and hence it is no surprise that his averaging operation introduced there shows up

again here.

1 ~tKp,

Since Kp and Lp, differ by a term of order v~*, we expect e tLry to differ significantly
from the identity only for times of order 7. It is therefore natural to introduce the rescaled time 7
given by

t=~1. (20)

‘We shall then show that

- :
lim e YkPeITEPy = ¢"PF (21)
Y—00

The rescaling of time (20) is different than in Davies’ work because the Zeno limit is not the weak
coupling limit, but as in [12] we use the elementary theory of perturbation of Volterra integral
equations to compare the evolutions.

The precise version of (21), Theorem 7.1, says that when D, is ergodic and gapped, then for all

T > 0 there is a constant C independent of T" and ~ such that for all density matrices Ry on Hp,
1
He—’yTK:Pe'YTLP,»yRO _ eTDuPROHI < ;CT@CT (22)

forall0OL< T <T.

This does not directly refer to the evolution governed by L., but we use this and (16) to prove



Theorem 7.3 which says that there are finite constants Cy and C; independent of « such that for all

T > 0, and all density matrices Ry on ‘Hp,
1
HefT”’CPTrAeWLWﬂ'A ® Ry — eTDg’R()Hl < ;CoTeclT . (23)

The results (22) and (23) allow us to study the evolutions governed by £, and Lp in terms of
the evolution governed by Dg,. In particular, we use (22) and (23) to show that is Dgg is egodic and
gapped, then so are £, and Lp for all sufficiently large v, and moreover, we prove a tight relation
among the rates of aproach to stationairty for all three generators.

This is best done in terms of the mizing time, which plays an important role in several recent
investigations of open quantum systems [14, 32, 33, 34]. We recall the relevant definitions:

For any two density matrices pg, p1 on H, define their total variation distance

1
drv(po,p1) = 5”/’0 —pill s (24)

and hence drvy (pg, p1) < 1 with equality if and only if pg and p; are supported on mutually orthogonal
subspaces of H.
Let £ be a Lindblad generator acting on operators on H a finite-dimensional Hilbert space, and

let 0 <e< % The e-mizing time of L is defined here by
tmix (L, €) 1= inf{ t>0 : dpy(epo,e“p1) < e for all density matrices po | pl} , (25)

with the convention that t,; (L, €) = oo if there is no finite time ¢ such that dpy (et po,et“p1) < €
for all pairs density matrices pg, p1. It is known that if ¢, (L, €) < 0o for some 0 < € < %, then this
is true for all such €; see Theorem E.3.

This definition does not require £ to be ergodic, but tmix(L, %) < oo if and only if £ is ergodic.
We will use comparison of mixing times to prove ergodicity, hence this definition, which does not refer
to a putative unique steady state m, is the one adapted to our applications. In our finite dimensional
setting, a spectral gap implies finite mixing times, but the mixing times do not depend on the spectral
gap a and € alone . For these facts and more on mixing times, see Appendix E.

Returning to £, Lp~ and D&,, we prove in Theorem 7.5 that for all but at most contably many

values of ¢ € (0, %),

tmix ‘C’ B} . tmix [' 5
lim M — lim M — tmix(Dga,ﬁJ) )

y—00 ¥ ~y—00 ¥

This has the consequence that if ’Dgg is ergodic and gapped, then so are £, and Lp, for all sufficiently



large . See Theorem 7.5, which complements spectral results of [26], for a precise statement.

This shows one way in which Dgg governs the long-time behavior of the evolution described by
both Lp~ , and by £, , near the Zeno limit. For another, suppose that Dga is ergodic and gapped.
and let R be the unique density matrix on Hp such that D%R = 0. Let p, be the unique (for v
sufficiently large) density matrix on H 4 p satisfying £p, = 0. Then we prove that

lim p, =A@ R. (26)

y—o0

Note the difference with (17): here we first let ¢ — oo to obtain p, and then take v — oo, rather
than the other way around. By (18), if we first take v — oo, after an initial dissipative projection
onto M, the motion is coherent, and lim, P = 14 @ e”CPTrApO has no limit as ¢t — oo.

In Section 8 we turn to the computation of non-equilibrium steady states (NESS) for (1). Even
in the general setting of open quantum systems, boundary driven or not, there are few cases in which
NESS can be computed for all but the smallest of systems. Extremely valuable examples in which
this has be done are given in the work of Prosen [29, 30] and Popkov and Prosen [28]. However, in
most cases, to understand the natures of currents in NESS, one must use perturbation theory.

There is a large literature on the perturbative approach; see [19, Section III.D]. The simplest cases

concern a Linblad equation of the type

d

ap(t) = (Lo +eLy)p(t) (27)

in which L is ergodic so that there is a unique denisty matrix py satisfying Lopp = 0. One then
assumes that for e sufficiently small, there is a unique density matrix p. satisfying (Lo + €£1)p. =0

and moreover (the key assumption), that p. has an expansion
Py =po+ed> ey (28)

Inserting this expansion into the equation (27), and equating terms with like powers of ¢ leads to the
system of equations

Long = —Ly1pg and, for k > 1, Long = LinAg_1 - (29)

When L is ergodic, its range consists of all traceless operators, and hence if £; is also a Lindblad
generator, so that everything in its range is traceless, each of the equations in (29) is solvable, and
there will be a unique traceless solution. If one can then prove that the series converges in the trace
norm, and can prove that Ly + e£; is ergodic for all sufficiently small ¢, one will have justified the
expansion (28), from which p. can now be confidently computed.

Our problem is more complex. Here, D plays the role of £y and it is far from ergodic. Therefore,



there is no obvious candidate for py. A related problem arises in [20] for a boundary driven spin
chain model (but not near the Zeno limit). In that case, a conjectured ansatz [20, eq. (6)] based on
exact calculation for short chains provides starting point pg, but there is no proof that is the correct
starting point of the expansion.

In our setting, the Lindblad generator ng provides an equation for pg, at least when Dgg is ergodic
and gapped. Then by (26), lim, o, py = T4 ® R, where D%R =0, and thus we take 74 ® R as the

starting point of an expansion

o0
P~ :77,4®R+77127*kﬁk .
k=0

Now the equations to be solved are

Ditg = K(14 @ R) (30)

and then for each k > 1,

Dny, = Kng_1 . (31)

On account of the large null space of D, and correspondingly small range, the solvability conditions
are not so simple as they were for (29), and even when these equations are individually solvable, they
will have infinitely many solutions. Nonetheless, under the conditions described above, we show the
existence of a unique solution of the hierarchy (30) and (31). Moreover, for finite constants Cy and
C1, ||nx]l1 < CoCF for all k so that the series converges in trace norm for all v > Cj, and one can
easily estimate the remainder if the sum is truncated. These results are the content of Theorem 8.3
which presents them in a more explicit form.

The final section of the paper discusses an analogy with the theory of hydrodynamic limits that
provides an interesting perspective on the relations between the evolution equations specified by £,

]Cp, £P,'y and Dg;.

2 Notation and some mathematical preliminaries

Let H be any finite dimensional Hilbert space. Then H will always denote the Hilbert space consisting
of operators on H equipped with the Hilbert-Schmidt inner product (X, Y>ﬁ = Tr[X*Y]. For X € H,
I X|loo denotes the operator norm of X which is the largest singular value of X, || X||; denotes the
trace norm of X, which is the sum of the singular values of X, repeated according to their multiplicity.
The Hilbert-Schmidt norm of X is denoted by ||X||2.

Let H and K be two finite dimensional Hilbert spaces. Let T be a linear operator from H to le;
that is, a super-operator from H to K. The adjoint operator from KtoH (a super operator from K

to H) will always be denoted by 7.

10



Let Y be an operator on I and X be an operator on H. Then we may regard Y and X as vectors

in the Hilbert spaces K and H respectively, and define the super-operator |Y)(X| from H to K by
V) (X|Z=(X,2)Y (32)

for all Z in H. In our analysis, this plays the role of the “vectorization” discussed in [19, Section
ITL.B], but avoids identifying H with H ® H and K with K ® K which requires a choice of basis.
The symbol 1 will be used both for the identity operator on H and the identity super-operator
on ﬁ; which is intended will always be clear from the context.
Define
[Tl1m1 = sup{IT(X)[ = [ X[ =1} (33)

This is a norm on the space of super-operators from H to K; in particular, it satisfies the triangle
inequality. We refer to it as the super-operator trace norm For example, with H = H ap, let K be the

super-operator defined by (2). Then for all X € Ha B,
IKX | = [|HX — XH|: < [HX|: + | XH|y < 20 H]ol X
where the last inequality is Holder’s inequality for traces. (See e.g. [8, Section 6.3].) Therefore,
K- < 2 H|o - (34)

It is known that if 7 is completely positive and trace preserving (CPTP), then || 7|11 = 1; see
e.g. [8, Theorem 6.26]. In other words, CPTP maps are contractive (non-increasing) in the trace

norm, and this figures in the next lemma which will be used repeatedly in what follows.
Lemma 2.1. Let H be a Hilbert space and let L be a Lindblad generator acting on the trace class

operator on H, so that for all t > 0, e'* is CPTP. Let p(t) solve

Seolt) = Lo(t) + F (1 (35)

with p(0) = po, and where for allt < T, fg |F(s)|lids < €. Then |[p(t) —e“polly < € for allt < T.

Proof. Writing (35) as a Volterra integral equation and using a Picard iteration shows that this

t
initial value problem has a unique solution given by p(t) = e'*py + / e'=9)L (s)ds. By the triangle
0
t
inequality, the fact that [ =*)%| ;1 < 1, and (33), ||p(t) — e“poll1 < / | F(s)|l1ds. O
0

Now let D4 be an ergodic gapped Lindblad generator acting on H A, and let m4 be the unique

11



steady state. Because of the gap, as in the definition (4) of P,

Py = lim P4 (36)

t—o0

exists in the super-operator trace norm — or any other norm in this finite dimensional setting. As a
limit of CPTP maps, it is CPTP. In fact, it is easy to see that for all X € 7-7,4, PaX = Tr[X]ma, and
that P4 is a projection onto the subspace of H A that is spanned by m4. One readily computes that
forall Y € ﬁfh P;Y = Tr[m4Y]1, so that while P is a projection, it is not an orthogonal projection
on H4 . In the notation (32), P4 = |74)(1| and Pl = |ra)(1].

Define the complementary projection Q4 by

Op:=1—-Py . (37)
Because of the spectral gap,
Sp = — / e'PAQ dt (38)
0
exists and satisfies
SaDa =DaSa=Qa , (39)

so that S, is a generalized inverse of D4, though it is not the Moore-Penrose [23, 24] generalized
inverse since Q4 is not an orthogonal projection.

Because D = D4 ® 1, e'P = e!P4 @ 1. Therefore, the projection P defined by (4) satisfies

P=Pax1.

Define

0=0,®1 and S:=84®1. (40)

Then Q and P are complimentary projections, and it follows from (39) that
SD=DS=Q, (41)

so that S is a generalized inverse of D. Since P4 X = Tr[X]mya, if follows that for all Z € ﬁAB,
PX =74 ® TryZ where Tr, denotes the super-operator from H AB to ﬁB sending Z to its partial
trace over H 4, Tra[Z]. As is well-known, Try is CPTP. Define the super-operator V from Hp to
Hap by

V(X)=m4a®X . (42)
This is also CPTP; if X is a density matrix, it corresponds to adding ancilla in the steady state of

12



D 4. Therefore, we have the factorization P = VTry4.

3 Bounds on the projected evolution of p(t)

Recall that M denotes the steady state manifold (3). As noted in the introduction, it has been shown
in [35] under very general conditions that solutions of (1) with general initial data py approach M in
a time of order 1/v, and then stay close to M, within a distance of order 1/+, uniformly in time. In
this section we derive results of this type under the assumption that D4 is a Lindblad generator that
is ergodic and gapped with stationary state m4. Using this additional information on the generator,

we derive more precise bounds in a simple manner.

Theorem 3.1. Let Dy be ergodic with spectral gap a > 0. There are positive finite and calculable
constants Cy and and Cy depending only on Da and ||H |l (but not on the dimension of Hp) such

that for allt > 0,

C
Qe |11 < Coe™7/2 4 =1 (43)
and
C
Qe “v P11 < 71 : (44)

Remark 3.1. Let py be any density matrix on H 4 g, and define p(t) := e*“7 py. Then as a consequence

of (43) and Q =1 — P, ||p(t) — Pp(t)||s < Coe 7%/? + g For ¢ > 2](;7%7(”, this simplifies to
v

lo(t) — Po)ls = [|Qo(ll < LT

This is a precise trace norm version of the result (5) of [35]. The proof below, which makes crucial
use of the fact that the CPTP super-operator e**7 is a contraction in the trace norm, is much simpler

than the analysis in [35] which however is not restricted to CPTP evolution equations.

Proof. By Duhammel’s formula,
t
otln — D Jr/ et=5Dyceslyqg (45)
0
By the triangle inequality and the fact that [Q, D] = 0 (see (39) and (40)),
t
1Qe™ [[151 < [[€"PQlhn +/ et =172 QKCe* 7 |11 ds - (46)
0
By the definition of the super-operator trace norm,

e P Qe |15 < ([ Qe Py L[| K1 [le*E 1o
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Since e*47 is CPTP, |[e*57||11 = 1, and by (34), |K[li51 < 2||H|l~. By Theorem C.2, for a

finite constant C' depending only on Dy, ||Qe!"P ||, 1 < Ce *7%/2. Using these estimates in (46),
oo
Qe 1001 < o192 4 2o [ -0 20,
0

which yields (43) with Cp = C and €y = €Ml The proof of (44) is even simpler: Since P and

a

Q commute with e~ Qe*=*)PP =, and the contribution of the term involving K is no larger

than before. O

Crucially for what follows, the projected evolution is globally Lipschitz, and after a relaxation

1

time of order v+, so is the full evolution.

Lemma 3.2. For any density matriz pg on H, define p(t) := e*“ py and R(t) := Trap(t). Then for
allt>s>0,

[R(t) = R(s)l| < IKl1s1(t =) - (47)

21
Moreover, for allt > s > %(7),

() = p(s)lls < L(t —s) (48)

where L = (||K|l1=1 + Co + C1), with Cy and Cy as in Theorem 3.1. If pg € M, then (48) is valid

forallt > s> 0.

Proof. Since D =Dy ® 1, and since TraD4 = 0,

d
ER(t) =Tra(K +9D)p(t) = Traklp(t) .
Then since [|[Trap(t)]l1 < | Trallis1IKllis1llp(®)]l1 = [|K]]i—1- This proves (47).

d
—tetﬁ“/p = L. (e%p) = K(e“7p) + D Qe p.

Next, using the fact that D = DO, we compute 3

Therefore, by Remark 3.1, for ¢t > t, = 21‘;73;(”

o]

C C
<IKh=1+v— = Klh-1+— .
ya a

Now integration yields the bound. When py € M, the condition ¢ > ﬂ%g’y(v) is superfluous. O

The next theorem says that near the Zeno limit, we may replace general initial data pg by its

projection onto M, Ppy, and after a time of order v~ !, the trace norm difference between the two

1

solution is (essentially) of order y~*, uniformly in time.
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Theorem 3.3. Let D be ergodic with spectral gap a > 0. There is a constant C > 0 independent of
v such that for allt > t, := 21%5,57),

log(1+7)

I p — e Pl < . (49)

Proof. Fix t > 0, and let 7y be sufficiently large that ¢ > ¢,. Then
et£~rp — e(t—tw)ﬁw (’P + Q)et“rﬁ“rp — e(t—tw)ﬁw Pp + e(t_tw)ﬁw Qetwﬁwp .

By the definition of ¢,, Theorem 3.1, and the fact that elt=1)L~ is a contraction in the trace norm,
ety QetrErp||y < % By Lemma 3.2, |[e*=#)52Pp — et£9Pp||; < Lt.,, and now (49) follows

by the triangle inequality. O

4 The super-operators p and Dp

Recall the that the super-operator V acting on Hp has been defined in (42) by VX = 74 ® X.
The super-operator Kp defined in (11) can be expressed in terms of V which is how it shall arise
in expansions considered here. The following lemma is due to [35]; its simple proof is included for

convenience.

Lemma 4.1. For all density matrices R on Hp,
TI‘A]CVR = *i[Hp, R} = /CPR (50)

where Hp := Tral[(ma @ 15)H] as in (9).

Proof. By the definition (42) of V,

KpR=PKrs® R —iP (H(ma ® R) — (14 ® R)H)

= —iP(H(?TA@]lB)(]lA®R)—(ﬂA®R)(ﬂA®1B)H)

—i(mAR@Tra[H(ra ® 1)(1a @ R)] —ma @ Tra[(14 ® R)(ma @ 15)H])

—1 (7TA ®TI“A[H(7TA ®]IB)]R—7TA ®RT1“A[(7TA ®]IB)H]) .

By the partial cyclicity of the partial trace, Tra[H (74 ®15)] = Tra[(ma ®15)H] = Hp, which shows

that Hp is self-adjoint, and proves (50). O

For future use, note that since Tr4 and V are CPTP hence hence trace norm contractions,

IKpll1—s1 < K11 < 2[[H ||
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where the final inequality is from (34).
As an immediate consequence of Lemma 4.1, Kp generates a coherent CPTP evolution. We now
turn to Dp as defined by
Dp := —TraKSKV . (51)

It was shown in [25] that under certain conditions, Dp is a Lindblad generator so that Dp generates

a CPTP evolution, and therefore so does

1
ﬁpﬁ =Kp+ ;'Dp . (52)

We show that Dp is a Lindblad generator assuming only that D4 is ergodic and gapped. This
was shown in [25] under the additional assumptions that D4 is diagonalizable, and more important,
that a certain matrix determined by D4 is positive semidefinite, but conditions for this matrix to be
positive semidefinite are not discussed in [25].

The next lemma presents the argument of [25] adapted to remove the assumption that D4 is
diagonalizable. Apart from the small changes needed to avoid assuming that D 4 is diagonalizable, we

closely follow the argument in [25]. For background on Jordan bases and dual bases, see Appendix B.

Lemma 4.2. Let Dy be ergodic and gapped with the unique steady state wa. Let {Yp,..., Y, ,} be a
Jordan basis for Dy such that Yy = wa, and let {Xo, ..., X, } be the dual basis. Define the operators
{Go,...,Gn,} on Hp by

na
H=Y X;®G;. (53)
j=0
Define an ny X na matriz M by
My = —(Sh X, X;7a) (54)

and define A = %(M + M%) and B := %(M — M"Y, Suppose that A is positive semidefinite so that
it has an spectral decomposition

Ajk = Z ny)”/(f) (55)
=1

where T is the rank of A, and each i, is strictly positive.

Then Dp, defined in (51), is a Lindblad generator, and for all operators R on Hp,

DpR=Y_ (21/51%1/5T ~V/ViR —~ RV[W) —i[Hp, R] (56)
(=1
where
na __ na
V= \/;Tzng)Gk and Hp := Z Bj,kGEGj . (57)
k=1 Jik=1
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na na
Proof. Since H is self-adjoint, (53) can be extended to H = Z X, ®G; = Z X} ® G;. Using both

j=0 7=0
of these expression for H,
na
KVR = ~i(H(ta ® R) — (ta @ R)H) = ~i y (ijA ®G;R—msX] ® RG}) :
7=0

na
and since S(Yp ® (GOR — RGE) =0,SK(ra®R) = —i ZS (XjFA ®GjR — FAX]T ® RG}). Using

J=1

na
the expression for S provided in Theorem C.1, namely S = Z Vi) (STX,|.
k=1

naA nA
S(X;ma®GiR) = > (STXp, X;mA) Vi @GR =Y M ; Vi ® G;R .
k=1 k=1

Using the same expression for S, but now for the dual bases {Y, ..., Yl } and {(xi,... X5 T

na
S(raX! @ RGH =S (ST(X)), (X;7)NY @ RGT .
J J J
k=1

By cyclicity of the trace, <etDLX;£, (Xjma)Ty = Tr[(XjWA)TetDL (Xk)] = <€tDLXk,Xj7TA>. (For z € C,

z denotes its complex conjugate.) Integrating in ¢, <ST(X,1), (Xjma)") = (STX}, Xjma). Altogether,

na
SK(ra®R) =iy (Mk,jyk ®G,R -, ® RG}) .
g k=1

Therefore,

na na
KSK(ra@R) = >3 My (X[Vi @ GlG;R-YiX] ® G;RGY)
£=0 j,k=1
na na
- 35 T, (XZYJ © GRG! - Y1 X, ®RG}G5) .
£=0 j,k=1

Taking the partial trace over H 4, which produces a factor of d; ¢ in each term,

~TrA[KSK (4 @ R)] = i My; (GiRG]. - GG R) + i Mij (GLRGY ~ RGIGY) . (38)

Jk=1 Jk=1

naA nA na
Note that Y M ;GrRGI = Y M;xGRGL = > M[ ,GyRGY. In the same way,
J,k=1 j,k=1 j,k=1
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na

na naA
Z MkJ»RG;L-G;C = Z M,I’jRGlGj = Z (A— iB)L’jRGLGj. Therefore, (58) becomes

Jk=1 Jk=1 jok=1
na
~TralKSK(ma @ R) = Y Ay, (QGJRGL ~ GlG,R - RGLGJ») —i[Hp,R] (59)
jk=1

na
where Hy, := Z Bj,kGLGj. Now assuming that A is positive semidefinite, it has a spectral decom-
Jik=1
position of the form (55) where uy > 0 for £ =1,...,r. Substituting this into (59) yields (56). O
It remains to prove that the self-adjoint part of the matrix M defined in (54) is positive semidef-
inite. We use the Gelfand-Naimark-Segal (GNS) inner product associated to w4, defined as follows:

Let H be a finite dimensional Hilbert space, and let p ve a density matrix on H. For operators

X and Y on H, their GNS inner product (X,Y’), is given by
(X, Y )y o= T [X*Yp] = (Xp' 2, Yl ?) (60)

If £ is a Lindblad generator acting on H with invariant state m, it is said to satisfy the GNS detailed
balance condition with respect to 7 if its Hilbert-Schmidt adjoint £ is self-adjoint with respect
to the GNS inner product associated to w. In the quantum setting, as in the classical, detailed
balance corresponds to microscopic reversibility [5]. In the quantum setting, there are other way
to weight the inner product, for example (u'/* X /4, u1/4Y,u1/4>ﬁ, which defines the Kubo-Martin-
Schwinger (KMS) inner product and another notion of detailed balance [13]. The GNS notion of
detailed balance is the most restrictive [2], and a theorem of Alicki [4] gives the form of all Lindblad
generators satisfying this condition, which is very helpful [10] when studying the rate of approach to
stationarity.

It is easy to see that when DL is self-adjoint with respect to the GNS inner product induced
by 74, which is the case in the example considered in [25], the matrix A specified in Lemma 4.2
is diagonal with non-negative entries and Hy, in (56) will always be identically zero. The following

general inequality will be shown to yield the positivity of A without any extra assumption on Dy.

Theorem 4.3. Let D4 be an ergodic and gapped Lindblad generator on Ha with steady state ma.
Define Pa, Qa and S in terms of D as in (36), (37) and (38). Then for all Z € H 4,

(St 2,08 2) . + (212,81 2) ., <0

where the inner products are taken in the GNS inner product associated to w4, as in (60).

tD,

Proof. Since e*”4 completely positive and etPhl A = 14, an inequality of Lieb and Ruskai [21] (a

slightly more general form was proved by Choi [11, Corollary 2.8], but we only need the original;
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;
see [8, Section 5.6]) says that for all operators W on H., (etDLW) (etDLW) < ePh(Wiw).

Differentiating in ¢ at t = 0 yields
DI (W)W + WIDL (W) < DA(WiW) . (61)

The inequality (61), derived in this manner, also appears in Lindblad’s work [22, (3.1)] on the gen-
erators of CPTP semigroups. Now apply (61) as follows:
Define W := 8%, Z, so that D{W = @I, Z. Then

(S1(2),Q42)r, +(QLZ.S\(2))ry = (W.DLW)r, + (DLW, W)z,
- Tr [(WTDL(W) + DL(WT)W) M}
< Tr[<Dj4(WTW))7rA}

= (74, DY(WIW)) = (Da(ma), WW) =0,

where the only inequality is (61). O

Theorem 4.4. Let Dy be gapped and ergodic, and let Dp = —TrsKSKV as in (51). Then Dp is
the Lindblad generator given by (56) and (57).

na

Proof. By Lemma 4.2 it suffices to prove that for arbitrary (z1,...,2,,) € C™4, Z Z5Ak jz; = 0.
k=1
1 <
By (54) and cyclicity of the trace, Ay ; = —5 ((STXk, Xjma) + (X}, 8" Xpma)). Define Z := > 2 X;
j=1
and note that Z = Q'Z. Then
na 1 naA
Z ZikAk’ij = 3 (<ZjSTXj, ZkaT('A>HS + <Zij, ZkSTXkTrA>HS)
k=1 k=1
1
= —5 ((8"(2),Q"Zn4), +(Q'2,8"(Z)ma),,) - (62)
By Theorem 4.3 the left side of (62) is non-negative. O

5 Approximate equations of motion

In this section we present a simple and rigorous derivation of the approximate equations of motion

of [35] and [25] that provides explicit error estimates. We first consider initial data in M.

Lemma 5.1. Suppose that D4 is ergodic with steady state wa and spectral gap a > 0. Let Ry be any

1
density matriz on Hp. Let Lp, = Kp+ —Dp as in (52). Then there exists a constant C' depending
2
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only on Dy and the operator norm of H such for all T > 0,

1
| Traet“ ma @ Ry — “77 Ry ||y < ?CT (63)

forall0 <t LT,

Proof. Let Ry be any density matrix on Hp. Define R(t) := Trae'* 74 ® R so that P(e?* ma@Ry) =
74 ® R(t). Define Y (t) = e 74 ® Ry so that R(t) := TraY (¢). By Duhammel’s formula (45), and
e"Pry ® Ry =74 ® Ry,

Y(t) =Y (0) + /O t e=PLY (s5)ds . (64)

Since D =D ® 1 and TraD4 = 0, taking the partial trace over H 4 throughout (64) yields

t
R(t) = Ro —|—/ TrA/CeSL“*?TA ® Rods . (65)
0

Since P+ Q =1 and P = VTry, 7714 @ Ry = VR(s) + Qe**7 714 @ Ry. Inserting this in (65),

and using Lemma 4.1,
t t
R(t) = Ro +/ KpR(s)ds Jr/ TraKQY (s)ds . (66)
0 0

Applying Q to both sides of (64), and making a simple change of the integration variable,

t
Qv (1) = i/w ePOKY (¢ — 7 /y)dr .
0
1 vt 1 vt
Define W (t,r) ==Y (t —r/y) =Y (t). Then QY (t) = ;/ e"PQKY (t)dr + ;/ e"P QKW (t,r)dr.
0 0

Inserting this in (66) yields

t t vs vs
R(t) = Ro +/ KpR(s)ds +/ TraK <i/ (e"PQKdr) Y (s) + %/ P QKW (t, r)dr> ds .
0 0 0 0

In the first double integral, we again use Y (s) = PY(s) + QY (s) = VR(s) + QY (s) to obtain
t 1 ys t
R(t) = Ro —|—/ (ICP + —/ TrAICeTDQICVdr) R(s)ds +/ Fo(s)ds (67)
0 7 Jo 0

1 [
where Fy(s) = — / TraK (e"PQK(QY (s) + W (t,r)) dr.
Y Jo

By Lemma 3.2, |W(t,r)|s < Lr/y. By Theorem C.2 in the appendix, there is a constant C

depending only on D4 such that ||Qe'P||;_,1 < Ce*%/2. Therefore,

vs
Hl Ke™P QKW (t,r)dr

CL [~
S A
Y Jo 7" Jo

1
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and again by Theorem 3.1, ||K e"PQK(QY (s)1 < 4||IC||%_>1%. Altogether there is a constant C

depending only on D4 and ||K|l1—1 such that for all s > 0,
C
[ Fo(s)llr < el (68)

1 1 [
Define Fi(s) := (’YDP - ;/ TrAICeTDQICVdT> R(s), so that with F(t) = Fy(t) + Fi(t), (67)
0

becomes

t t
R(t) = Ro + / (/cp + ipp) R(s)ds + / F(s)ds . (69)
0 0
Since —SQKV = / e"PoKvdr,
0

o0

vs
HDP—/ TraKe'P QK Vdr HeTDQHl%ldr
0

/ TraKe™P QK VdAr
Eied

<2K)2, /

1—1 ‘ 1—1 s

Again by Theorem C.2 proved in the appendix, for a finite constant C' depending only on Dy

4K, C
7*a

¢
erP Q|11 < Ce~™%/2, Therefore, / [I1F1(s)]l1ds < . Combining this with (68) yields
0

¢
/ |E(s)]l1ds < % for a constant C' depending only on D4 and ||K||1—1. Now differentiate (69) and
0 v

apply Lemma 2.1 and (34). O

d
Remark 5.1. Since differentiating (69) yields aR(t) = Lp~,R(t) + F(t). The estimates obtained

LR = (Kp + 4 "Dp)R(t) + O(y2), which by (12)

above show that F(t) = O(y~2). Therefore, &

is the same as (13).

While Lemma 5.1 applies to initial data in M, we may extend its domain of application to general

initial data using Theorem 43 and Theorem 3.3, yielding the following theorem:

Theorem 5.2. Suppose that D, is ergodic with steady state w4 and spectral gap a > 0. Let py be
any density matriz on Hap, and define Ry := Tra[po] so that Ppy = ma @ Ry. Let a denote the

spectral gap of Da. For any € >0 and any T > 0,

log(1 14+T
€7 po — ma ® "7 Rolly < C sl 7)1+ ; (70)
uniformly on [e,yT) for any 0 < e < T for all v such that zloa%g,ym < e
Proof. By the triangle inequality,
e po —ma @ P Ry < [l po — erma @ ol (71)
+ ||€tL“’7TA®R0—7TA®TrA6t£77TA®RO||1 (72)
+ [Ima®Trae” ma © Ry — ma ® €“P7 Rol|1 . (73)
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Fix 0 < € < T, and consider ¢t such that 0 < ¢t < 7. Using (49) of Theorem 3.3 the term on
the right in (71) is bounded by WC for all v such that 21?172?(7) < €. The term in (72) equals
etcrma @ Ry — Pet“rma @ Ro)|l1 < % where the inequality is (44) of Theorem 3.1. The term in
(73) equals

CcT

Hﬂ'A ® (TrAew”wA ® Ry — et’CP”RO) = ||TrAet£77rA ® Ry — eMPWROH1 < ? ,

Iy

where the inequality is (63) of Lemma 5.1. This last inequality holds for any T > 0, and then all

0 <t <T. Now replacing T by 4T, and putting all of the estimates together, yields (70) O

The following simple consequence of Theorem 5.2 relating the evolution generated by L, to the

approximate coherent evolution generated by Kp.

Theorem 5.3. Let pg be any density matriz on Hap, and define Ry := Tralpo] so that Ppy =

T4 ® Rg. Let a denote the spectral gap of Da. For any € >0 and any T > 0,

log(1+~)+14+T
e pg — 4 ® P Ro|l1 < C 81 +7) /ry’

2log(y)

uniformly on [e,T] for any 0 < e < T for all v such that o

< €. In particular,

Jim, Trae'“rp=e™rTrap

where the convergence is in the trace norm, and for any 0 < € < T, it is uniform on e <t < ~T.

Proof. We first show that for all T > 0 and all v > 0, there is a finite constant C independent of T’

and ~ such that for all 0 <t < T,

1
[P Ry — "7 Ry||y < ;THDPHHl : (75)

d
To see this, define R(t) := e**P7Ry. Then evidently, &R(t) = KpR(r) + F(t) where F(t) =
Y IDpR(t). Then |F(t)|l1 < v | Dp|li=1, and then (75) follows from Lemma 2.1.

By the triangle inequality and the fact that |74 ® (e!47 Ry —e*PRp)||; = ||e*“P Ry —e*PRo||1-

[ po — ma @ e™P Ry |1 < [[€"7 pg — ma @ €577 Rol|1 + [[e"77 Ro — ™" Ro||1 (76)

log(1 14T
By Theorem 5.3, |7 pg — 74 ® 77 Ryl|; < C ogl+7) +1+T/y

uniformly on [e, T for any
0 < e < T for all v such that 21‘;7357(” < €. Using this to bound the first term on the right in (76), and

using (75) to bound the second, and then harmonizing constants proves (74). O
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While the proof of Theorem 5.2 contains a rigorous derivation of the equation %R(t) = Lp,R(t),
there is another simple and natural but formal approach that not only produces this equation, but
provides an infinite sequences of higher order “corrections”. The approach is based on the Hilbert
expansion from kinetic theory [17, 18].

For a solution p(t) of (1), define R(t) by ma ® R(t) = Pp(t) as before, and then define n(t) by
1
p(t) =ma ® R(t) + ;n(t) . (77)

Equivalently, n(t) = vQp(t), and hence Pn(t) = 0 and Q(ra ® Z) = 0 for all operators Z on H 4.

Inserting (77) into (1),

d 1 1d
SR@t) = D - =S .
TA® dtR(t) K(ma ® R(t)) + Dn(t) + 7lCn(t) 5 dtn(t) (78)
Since D and P commute, applying P to both sides of (78) yields
d 1
TA® ER(t) =PK(ma ® R(t)) + ;”PICn(t) . (79)
Since D and Q commute applying Q to both sides of (78) yields
1d 1
;an(t) = OK(ma ® R(t)) + Dn(t) + gQICn(t) . (80)

Apply S to both sides of (80) and use the fact (41) that SD = Q to obtain

n(t) = —SK(ma ® R(t)) — %SICn(t) 4 %%sn(le) . (81)

Following Hilbert [18], assume that n(t) has an expansion in inverse powers of ~:
n(t) =Y v 7n(t) . (82)
§=0

Inserting the expansion into the equation and then applying P and Q to both sides, yields two coupled
equations.

Inserting this into (81) and equating like powers of 7 yields

S
S
—

~
=

—SK(m4 @ R(t)) (83)

n;(t) = —Slanfl(t)—f—S%nj,l(t) for 7>1. (84)
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Using (83), and replacing n(t) by no(t) in (79) formally yields

TA® %R(t) =PK(ra @ R(t)) — %P’CS’C(“ ®R(1)) +0 (712> ’

and then taking the trace of this over H 4 yields

%R(t) — TralK(ra ® R())] - %m[/csm(m @ R(H)] +0 (712) . (85)

The Hilbert expansion provides a systematic method for computing corrections to (85) at any
order. To go to the next order, all one needs to do is to use ng(t) + %nl(t) in place of n(t) in (79).

Using (84) to determine nq(t) then yields

mt) = —~8Knot) + Lot
= SKSK(ma® R(t)) — S2K(ma ® %R(t))

= SKSK(ma® R(t)) — S’K (PIC(wA ® R(t)) + iPlCn(t))

1
= (SKSK — S*KPK)(ra ® R(t)) — ;SQICPICn(t) . (86)
Now combine (79), (82) and (86) and then take the trace over H,4 to obtain

1
aR(t) = Tru[K(ma ® R(t))] — ;TrA[lCS/C(WA ® R(t)]
1 9 1
+ ?TrA [IC (SKSK — S*KPK) (74 ® R(t)))] +0 =)
It is clear at this point that the corrections of every order can be expressed in terms of K, S and

‘P. Define the super-operator Bp by
Bp(R) :=Tra [K (SKSK — S’KPK) (14®))] - (87)
We have then formally derived the approximate equation

d
h= KpR(t) + v 'DpR(t) + v 2BpR(t) .

The utility of this equation is in doubt. As mentioned in the introduction, an exact calculation for
the model in Example 6.1 shows that there are simple cases in which Kp 4+~ 'Dp+~"2Bp cannot be
put in Lindblad form for any v > 0. Nonetheless, it still may be that the assumption of an expansion
as in (82) could be rigorously justified. Later, we shall prove convergence of a stationary form of the

Hilbert expansion for steady state solutions of (1).
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6 Davies’ oscillation averaging operation

As in [12], for any super-operator 7 on Hp, define 7* by
1 T
THX) = lim — / P T (=P Xt (88)

We are mainly interested in D%, where Dp is a projected Lindbladian generator on H p. However,
many properties of Davies’ coherent averaging operation are valid for all super-operators 7 on Hpg.
It is also useful to define the f operation on operators as well as super-operators. For an operator
X on Hp define
1 /T
X* = lim — / efrxdt . (89)

Lemma 6.1. For all super-operators T on H, | T*|151 < [|T |11
Proof. This is immediate from the definition of 7% and the unitary invariance of the trace norm. [J

An alternate expression for 7%, also figuring in Davies’ work [12], will be useful. The operator
iKp is self-adjoint on Hp. If Hpo, = po, and Hpo, = v¢,, then iKp|o,) (o, = (1 —v)|du) (o]

Therefore, the spectrum of ifCp, o(ikp), is related to the spectrum of Hp, o(Hp), by
o(ikp)={p—v : p,veo(Hp)}. (90)

Let Hp = Z;LEO’(HP)MPN be the spectral decomposition of Hp. For u,v € o(Hp) define the

orthogonal projections @, on H by
Quuv(X)=P,XP, . (91)

(One readily checks that Qiﬁy = Qu, and QL#’ = Qu,, so that @, is indeed an orthogonal

projection.) Then

iKp = Z (v—p)Qu, sothat e*r = Z Q. (92)

p,veo(Hp) w,veo(Hp)
The first equation in (92) is not exactly the spectral decomposition of Kp since for w € o(Kp), the
corresponding spectral projection of Kp is Zﬂ,UGU(Hp) R Q.- However, this somewhat finer

decomposition will be useful.

T o
By (88 t_ 5 co i (=)= =t') 4t and h It t
y (88), T E Qu.TQu, A o /_Te and hence an alternate
pop v € (Hp)
expression for T is
Tﬁ = E §(V—u)—(V’—u’)Q/LaVTQlt/W/ . (93)

p! v €o(Hp)
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The next theorem bounds the rate at which % fTT e P T (et*P X)dt converges to T*. This rate

depends on

bi=min{|(v—p) = (V' = )|+ pp'vv €o(Hp), (v—p)# @ —4)}. (94)

Evidently b > 0, and in fact b is the spectral gap of |[Kp|. In fact, we need a slightly more general

bound that depends only on the length of the time interval and does not require it to be centered.

Theorem 6.2. For all s € R and all T > 0,

1 [T 3m
HX) - — ke (P X)dt <lo(Hp)|'= = 95
HT )=gp [ T ) o(Hp) 7 (95)
1—1
where |oc(Hp)| denote the number of distinct eigenvalues of Hp.
Proof. By (93), for all X € Hyp,
f 1 T —tKp tKp
T (X) - ﬁ e T(e X)dt = Z Cu,;ﬂu,u’ (T)QH,VTQH’,V/ (X)
-T wp'vv' €o(Hp)
where
1 /T
. it(v—p)— ' —p’
v (T) = ﬁ/—Te =0t — 50y
Then C, vy, (T) =0 for all T if (v — p) = (V' — '), and for (v — p) # (V' — 1),
27 /b ™
v’ T < o T a1t
G () < 2B = T
Moreover, for any s € R, and (v — u) # (V' — 1),
T T+

i/ Gt -0/ _ L[ -y | ¢ T

or |, o | . bT
By (91), for each p,v, [|Qu.v|l1»1 < 1. This proves (95). O

The next theorem says that if & is a Lindblad generator acting on H B, then so is 2¢, and yields
an explicit formula of 2* in terms of the spectral decomposition of Hp and the Lindblad form of 2.
We are mainly interested in the case that 2 = Dp, but this spacial choice of 2 does not enter the

proof.

Theorem 6.3. Let IR = Z (QVZRV[Jr — VJV/;R — RVJVg) —i[Hp, R] be any Lindblad generator
=1

on ’;QB. Let 9% be defined in terms of 9 through (93). Let Hp = ZAGU(HP)AP)\ be the spectral
decomposition of Hp so that Py is the orthogonal projection on the the eigenspace with eigenvalue X,

and o(Hp) is the spectrum of Hp.
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Then 2% has the form

na
PR= 3 Y (MwRV, — Vi ViR~ RV Vo) = il(HL)o, F] (96)
weo(iKp) j=1

where for any operator Z on Hp and any w € o(iKp),

Zy = > P,ZP, . (97)

wp'€oc(Hp) @ p—p'=w

Proof. For V € 7:[\3, consider the Lindblad generator ZR :=2VRVT —VIVR — RVIV. We now
compute 2% term by term. First consider 7(X) = VXVT. Then by (91) and (93),

THX) = Z 5(V—u)—(V’—u’)PuVPu’XPu’VTPV )

jt! v € (Hp)

For w € o(Kp), define V, by (97). Then T#(X) = Y V,XV]. If for the same V, T(X) = VIV X,
weo(Kp)

Tﬁ(X) = Z (5(1,_@_(”/_#/)PMVTVPH/XPV/P,,
wp'vv'€o(Hp)
= > S0P VIVPyXP, = > PVIVPX.
wop'viv'€o(Hp) uEo(Hp)

We must show that Y VIV, = Y P,VIVP,. Define Py, =0if \+w ¢ o(Hp). Then
weo(ikp) peo(Hp)

VIV, = > P,ViP,P,VP,
pp'vv'€o(Hp) @ p—p'=v—v'=w

Z Py VIP\V Py
A€o (Hp)

If Payow #0, w=p— A\ for some p € o(Hp). For all A\, € o(Hp), there is exactly one w € o(iKp)
such that A4+w = p. To see this, note that wy := p— A € o(iKp), so that there is at least one such w.
But every other w € o(iK) satisfies either w > wp or w < wy. Therefore, for every other w, A+ w > p

or A+ w < u, and hence

Yoovive= > Y PwViRVPL,= > PRVRVP = Y PVIVP.

wea(ikp) wea(iKp) A€o (Hp) \,u€o(Hp) neo(Hp)

The same reasoning applies to T (X) = XVviv.
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Finally, define 7(X) := —i[H, X|. Then

THX) = =i Y Sw—w——-w) (PuHLPwXP,P, — P,PuXP,HLP,)
wp'vv'€o(Hp)
> (P,HLP,XP,— P,XP,H.P,)

wvEo(Hp)

- (Zueo(Hp) PHHLP“) X=X (Z#GdHP) P“HLP”) '

Putting together the pieces yields the claim for the general Lindblad generator as stated. O

Lemma 6.4. Let T be any super operator on Hp. For all X € ker(T*%), X* € ker(T*) where X*
is defined in (89). In particular, if Dgg is ergodic, then the unique density matriz R satisfying D%R

commutes with Hp.

Proof. For any real s, and any X € ker(Kp),

1 T
sKp — : (t+s)ICP —tKp
eMPTHX) Th_rgo T /_Te T(e X)dt
T
_ lim 1 / (t+5)ICP7-( —(t+s)Kp 6)CPX) Tﬁ( 5ICPX)
T— o0 -7

Therefore, if T#(X) = 0, then T#(e**7 X) = 0 for all s, and hence T#(X*) = 0. Taking 7 = Dp, we
see that the null space of Dﬁp is invariant under that map R +— R, and hence if Dgg is ergodic, the

unique density matrix in its null space commutes with Hp. O

Example 6.1. We consider a very simple 2 qubit system. Let H4 and Hp both be C? with the
0 1

usual inner product. Let |0) := and |1) := . Let 01, 02 and o3 be the Pauli matrices, and

define

1
o_ = 5(01 —ioy) =0)(1] and oy =0l

1 .
5(01 +iog) = |1){0] .
For 8 € R, define the jump operators V; and V5 by

e—B/2 eB/2

V=G ot ad Vaim g —po (98)
and then define the Lindblad generator D4 by
2
=3 (2virV) ~VjV;R- RV[V;) . (99)

Jj=1

As we now show, D4 is ergodic and gapped, and the unique steady state is a Gibbs state for H4 = o3.
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1 1
Define w4 := 5]1,4 -5 tanh(3/2)o3. Then with Ha := 03, 74 = ﬁ/ze‘(ﬁ/Q)HA. Simple calcula-

tions show that
Da(ma) =0, Dulc_-)=—-0_, Dpoy=-04 and Dy(os) =—2(03) . (100)

Therefore, D4 is ergodic with unique steady state 74, and its spectral gap is 1. Let {Xo, X1, X5, X3}
be the dual basis to {Yy, Y1, Y2,Y3} := {ma,04,0_,03}. Using properties of the Pauli matrices, it is
easy to see that

{Xo0, X1, X2, X3} = {14,04,0_, 1(tanh(B/2)14 + 03)} . (101)

By (100) and Theorem B.4,
DL(Xo) =0, DL(X))=-X,, Di(Xy)=-X, and D} (X3)=—2X3. (102)
Take H:=Hs®1p+ Hap + 14 ® Hg where H4 = o3 as above,
Hyp=0_Q®oy+0rRo_

and Hp is a self-adjoint operator to be specified. To compute the projected Hamiltonian and the
projected dissipator, the first step is to write the Hamiltonian in the form H = Z?:o X; ®Gj asin

(53) of Lemma 4.2. By (101) and simple computations, H4 = 2X3 — tanh(8/2) X, and then
H=2X3014+X1®04+Xo®0_ 4+ Xo® (Hp —tanh(8/2)1) .

This gives the expansion H = Z?:o X; ® G where
Go=Hp —tanh(8/2)1, Gy =0+, Go=o0_ and G3=21. (103)

By Lemma 4.1,

Hp :=Tral(ma ®1p)H] = Go = Hp — tanh(8/2)1 . (104)

To complute Dp, we use Lemma 4.2 (or the corresponding formulas in [25]). First, we work out
the matrix M; 1= 7<SLXk,Xj7rA> in (54) where 1 < 7,k < 3. Then defining \; = A2 = —1 and
A3 = —2, it follows from (102) and S Df, = Q', that

1
M; = _)\7;@<Xk’ Xj>7rA
where the inner product is the GNS inner product determined by 74 as in (60). Simple computations

29



show that (Xx, X;)r = §; s Tr[X JT X,;ma). Therefore, M is diagonal and positive definite. The decom-
position M = A+iB is then trivial with B = 0, so that H;, = 0 by (57). Since A is already diagonal,
it follows also from (57) that the jump operators are multiples of G1, G2 and G3. But since G3 is a
multiple of the identity, which would make a trivial contribution to Dp, we need only consider the
jump operators that are multiples of G; = o4 and G2 = o_. Since

o—B/2 /2

<X17X1>71—A = m and <X25X2>7TA = m ’

these are exactly the jump operators V; and Va given by (98). That is,

Dp(R):= Y (2v;RV) ~V]ViR - RV]V;) . (105)

j=1
This is true independent of the choice of Hpg; by (103), Hp only figures in Gp, and Dp does not
depend on Gj.

Comparing this with (99), we see that Dp has the exact same form as D4, which we already know
to be ergodic and gapped with unique ground state 7 4.

Moreover, simple computations show that if Hg = 0, or more generally if Hp commutes with o3,
then [H,ma @ ma]| = [Hap,ma @ 4] = 0 for all 8. Therefore, with such a choice of Hp, m4 ® w4 is
the exact steady state for IC +~D4 for all values of . It will be no surprise that in this case, simple
computations show that DL = Dp. (The may be checked by following the procedure implemented
just below.)

The situation is more interesting when we choose Hp so that Hp does not commute with 3. By
(104), for an appropriate choice of Hp we can arrange that Hp is any self-adjoint operator on Hp,
and we have seen that Dp does not depend on the choice of Hp.

In the rest of this example, we consider the case in which Hpg := oo +tanh(8/2)1 so that Hp = o3,
and Dp is given by (105).

We now turn to the computation of Dgg for this model, illustrating the application of Theorem 6.3.
The spectrum of Hp is {—1,1}, and the spectral projections are given by P; = %(]l + 09) and
P, = %(]l — 02). By (90), the spectrum of iKCp consists of differences of eigenvalues of H,, so that

it is {—2,0,2}. From (97), for any Z € ”;QB, we have the following expressions for Z,,, w = —2,0, 2.
Z_o=PZP 1, Zy=P 1 1ZP_ 1+ PZP, and Zy=P_1ZP; .

We now appply this for Z = V; and Z = V5 with V4, V5 given by (98). Define ¢ := ,/eﬁ/‘;;% and

s = ,/eﬁ/f_i% so that V] =coy and Vo = so_.

Simple computations yield Pio1P_1; = %(01 —i03) and Pyoy Py = P_101P_1 = 0. Likewise,
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PioyP_1 =0, PiogP; = P; and P_109P_1 = —P_. Therefore, define

1
a:= 5(01 —i03) , (106)

and note that a®> = 0 and afa + aa’ = 1. We compute

Vie = ga , Via= EaT and Vio= %Cag
Voo = ;a , Vo _o= gaT and Vpg = %802 ;
and then by (96),
Di4(R) = %aRaT + %aTRa + %0—2302 - R, (107)
independent of 8, where a is given by (106). It follows that
DL(1) =0, Dha)=—a, Dhla')=—al, Dhios)=-30s. (108)

Therefore, the normalized identity, %IL, is the unique steady state for Dg,, independent of 8. Note that
D?D is self-adjoint with respect to the GNS inner product for its unique steady state, and therefore it
satisfies the detailed balance condition, which makes it a much simpler generator to work with than
Kp 4+~ 'Dp for any finite 7.

Finally, simple but tedious computations with the Pauli basis yield the explicit form of the operator
Bp defined in (87), and hence the explicit form of the operator Kp +~1Dp +~v 2Bp. A convenient
necessary and sufficient condition for a super-operator to generate a CPTP evolution due to Gorini,
Kossakowski and Sudarshan [15] may be applied to show that this operator does not generate a CPTP

evolution for any v > 0.

7 Oscillation averaging and the projected evolution

The main result of this section relates the semigroups generated by Lp . and by Dgg.

Theorem 7.1. There are finite constants Cy and Cy independent of v such that for all T > 0,
1
le=™ kP ™ern _ ¢mPh||, 1 < = CoTeXT . (109)
Y
Lemma 7.2. For any T > 0, define YISY)(T) = e TKPe™ Py Then for all T,

IS ()l < 1 (110)
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and as a function of T, Ylﬁ”) is globally Lipschitz, uniformly in . More specifically, for all ™" > 7 > 0.
IYE" (@) = Y ()11 < [Dpllion (7' = 7) (111)

Proof. The bound (110) is a consequence of the fact that ngv)(r) is CPTP for all 7. Next, by

-
Duhammel’s formula, e77 Py = ¢77KP —|—/ TP D Le?7LP d and hence
0

Y}gy)(T) =1 —|—/ e KPP Le P e=oKP o LP s = 1 —|—/ ef"'YKPDpeW’CPYp)(G)da . (112)
0 0

Therefore, for 7/ > 7 > 0, using the fact that Kp generates a group of unitary conjugations and the

trace norm is unitarily invariant,

’

YO Yo < [ e peey )| do

1—1
'T/
< /
T
’

< HDP”1—>1/ HeW’CPYI@(T)Hldg:||Dp||Hl(Tf_T),

’Dpe'y"’cp YF(,V) (1) H do

1—1

which proves (111). O

The proof of Theorem 7.1 takes advantage of the perturbation theory for Volterra integral equa-
tions. In fact, in (112) we have already written YIS’Y)(T) is the solution to a Volterra integral equation.

The relevant definition and results are recalled in Appendix D.

Proof of Theorem 7.1. With YIQ) defined as in Lemma 7.2, we must bound ||Y1§7)(T) - eTD§=|\1_>1.
We do this by showing that YIS’) arises as the solution of two Volterra integral equations, which we
then compare using Theorem D.1.

Define € to be the space of continuous functions form [0,7] into Hp equipped with the norm

Y (1)l = maxo<r<r{[[Y (1) 1-1]}-

First, define ) to act on € by

AY (1) = /e_”KPDpe"”’CPY(a)dU
0

= Z QM,VDPQ;J/,V’ / ei’Y(w—w’)Jy(U)do , (113)
0

pv,p' v eo(Hp)

where w = p—v and W’ = p' —v'. Define Z(7) = 1 for all 7. Then by (112), YIQ) solves Y = Y +Z.

Second, define A to act on € by
AOY (1) = / DLY (0)do |
0
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and define
ZO(r) =1+ AV (1) = AV (7).

Then YF(,A’) solves the Volterra integral equation ¥ = AY + 7). Since 17}9) .= ¢"PF satisfies

3719) = j’iz("’)f/lt(ﬁ) + Z where again Z(7) = 1 for all 7, it follows from the second part of Theorem D.1

that
IV =¥ le <267 sup { AV (7) = AV ()]l | -
0<7<T
By (113),
AV (7) = AV () = > T A e
0

vt v €o(Hp) |, wh!

Then since for w # W/,

/T 6iry(w—w,)a‘Y1g'Y) (O_)da _ % /T (617((&'7&) )G‘ 7:')/(0-)*(4)’)((74”_\{(“)7“/)) Y('Y) (O.)do.
0 0
1 T
= 3 ] e (w—w)o (Y(W)(a) Y}g“f) (0- — V(wiw,)>> do (114)
Y(w—w’)
1 m iy(w—w’)o )
+ 3 ), e Yo" (0)do (115)
- } 7—+7(ij/) ei’y(w—w/)oy(’Y) (0‘ _ 7r )da (116)
2 /. P Y(w=w’) ’
By (111) of Lemma 7.2,
() () P il 4
HYP (0) = Yp (U‘*;@:zﬂ)"<|ﬂhﬂhelaﬁjjzj[<|ﬁhﬂhal;g

where b is the gap for Kp as defined in (94). Therefore, the super-operator trace norm of the integral

in (114) is no more than %||Dp||1_)1%. By (110), ||Y1(3’Y)(0')||1_)1 < 1 for all o, and hence for all

0 < 7 < T, the super-operator trace norm of each of the integrals in (115) and (116) is bounded by

By (91), [|Qu.v|li1 < 1 for all g, v, and hence for each p, v, i/, v/, [|QuPpQu |11 < | Dpllis1.

% %. Altogether,

1 T
< <||Dp||m ; 1) _ T
1—1 2 'Y‘w —w |

/0 ei'y(w—w’)a }(D'Y) (J)do’

The cardinality of the set {u, v, ', € o(Hp) , w # w'} is evidently no more that |o(Hp)|*, where

|o(Hp)| is the number of distinct eigenvalues of Hp. Therefore,

— 1 T
1Y (1) = AV ()11 < Jo(Hp)[*| D1 (2H1h4h—n<+1>7b
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where b is the gap for Kp as defined in (94). This proves (109). O

Combing Theorem 7.1 with Theorem 5.1 yields tight intertwining relation between the semigroups

§
e’ and e7Pp.

Theorem 7.3. There are finite constants Cy and Cy independent of v such that for all T > 0, and

all density matrices Ry on Hp,
1
e~ ™ P Tr 4™V Ry — e7PP Ryl < —CoTe'T . (117)
Y
Proof. Replacing ¢ by y7 and T by 4T in (63) of Theorem 5.1
1
||TI‘A€FYT£'YVR0 — ele:P"YRo”l < -CT (118)
Y
for all 7 < A4T. By the unitary invariance of the trace norm,
A 0— T Rollr = [le” ™ A 0o—e” 7 Roll1 -
| Trae’™ VR — Y477 Ryl|y = |le” ™" P Trae? ™ VRy — e TKPITEra Ry | (119)

By Theorem 7.1,

1
le=™KP ITRLRy _ oTPh RO < ;COTGCHT : (120)

By (118), (119) and (120) together with the triangle inequality, we obtain (117) after harmonizing
the constants. O
We now apply Theorem 7.1 and Theorem 7.3 to mixing times. The next theorem relates tmix(Dgg)

tmix(»CP,'w el) and tmix(»c'yv 6/) )
v v

to

Lemma 7.4. (1) Forall0 <e<¢€ <1,

7tmix£ 7/ ftmixﬁvl
lim M < tmiX(Dgg,e) and lim M

f
< . .
y—o0 Y y—00 vy = tmlx(DP’ 6) (121)

In particular, when DfD is ergodic and gapped, for all sufficiently large v, Lp, and L. are ergodic

and gapped.

(2) For all0 <e<¢€ < 31,

t ix L ) . t ix L 5
tmix (Db, ¢) < lim tmix (£, €) and (Db, ¢) < lim tmix(£,€)
~y—00 Y y—r00 Y
— tmix(L s —— tmi L )
In particular, if for some 0 < € < %, etther lim M < o0 or lim M < 00, then
y—00 ¥ y—00 ¥

D?D 1s ergodic and gapped.
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Proof. Let Ry and Ry be any two density matrices on Hp. Then since
8 # #
e’y'rICp (E’YTﬁP”RO _ e’y‘rL‘p,.le) _ (e'rDPRO _ ETDPR1) — (ewrlee'y'rﬁp_,y _ GTDP)(RQ _ Rl) ,

2
it follows from Theorem 7.1 that ||e'YTLPW Ry — eVTLPﬂR1||1 — ||6TD§’R0 — eTDg’R1||1 < 20oTe T,
0
Therefore

1
dTv(e’yT’CP’VRQ, €’YT£P‘”’R1) — dTv<€TD§’R0, eTDﬁP Rl) < *CoTeclT . (122)
v
It follows that for 7 > tix(Dh, €), so that dry (€7 Ry, e™PP Ry) < e,

1 (Dt
drv (€757 Ry, 17 Ry) < €+ —Coltumix (D, €))e 79
v

Hence for all v such that (¢ — €)y = Co (tmiX(DfD))eclt"“X(D}u’), dry (e77EPY Ry, e7TEPa Ry ) < €. This
proves the first inequality in (121). The second is proved in exactly the same way using Theorem 7.3
in place of Theorem 7.1. The final statement now follows from Theorem E.1. This proves (1).

To prove (2), suppose that 7, := lim M

y—00 Y
large 7 such that tmix(Lp) < ve. By (122), for such 7 and 7,

< 00. The for 7 > 7, there exist arbitrarily

1
drv(e"PF Ry, PP Ry) < e+ —CoTeT
v

For sufficiently large v, the right side is less than €/, while the left side is independent of . This
proves the first statement, and the second is proved in exactly the same way using Theorem 7.3 in

place of Theorem 7.1. The final statement now follows from Theorem E.1. O

A point of continuity of tmix(DfD(e)) isavalue 0 < ¢y < % such that lim ¢y (D?D, €) = tmix (’Dg,, €0)-
€E—>€Q

1

'3

1

Since tmix(’Dgp(e) increases monotonically on (0, 5), all but countably many ¢ € (0, 5

) are points of

continuity.

Theorem 7.5. Suppose that tmix(ng, €) < oo for some, and hence all 0 < € < 0o. Then at all points

tomix (£ L (L .
of continuity eg of tmix(ng,e), lim M and lim M and satisfy
y—00 v y—00 v
timix (L, . tmi(Lpa,
i fmix(£y2€0) o tmix(Lpas€o) _ fonin (D, o)
y—ro0 ol y—ro0 ¥

Proof. For any point of continuity €g of tmiX(DﬁP(e)), and all 6 > 0 such that 0 < ey — 6 <e+0 < 3,

tmix L ) Era tmix L s
tmix(Dp, €0 — 6) < lim twix(£y,€0) - tmix(£5,€0)

< tmix(D, €0 + 0)
H—00 ¥ y—00 ¥

where we have used the bounds from Lemma 7.4. Now take the limit § — 0 to conclude that
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tmix (L, € . . .
lim M exists and equals tmiX(Dgp,eo). The statement for Lp, is proved in the same
"{—>OO ’Y
way. O

8 Application to the computation of steady states

In this section, we make the additional assumption that Dgg is ergodic and gapped so that it has a
finite mixing time. Let R denote the unique steady state for ng. By part (1) of Lemma 6.4, R = Rf,
or what is the same thing, XpR = 0. Moreover, L. is also ergodic with a finite mixing time. Let p,
denote the unique steady state for L.

As we have seen, for large enough v, p, ~ 74 ® R. To get a better approximation to p., we

assume an expansion of the form

)
Py =TaA® R+ lﬁ where 7 = ny_kﬁk . (123)
v k=0
We shall show that is formal assumption leads to a system of equations for the ng, k£ > 0, that has a
unique solution. Moreover, we then show with this choice of the 7y, the sum in (123) converges for
sufficiently large ~, producing the unique steady state of £,. This finally proves that p., does indeed
have the expansion in (123).

Inserting (123) into £,p, = 0 and equating like powers of 7 leads to the equations
Dig = —K(r ® R) (124)

and for k > 1,

Dy, = —K(ng—1) (125)

Throughout this section, X denotes the space of traceless operators on H g, V denotes ran(Kp) and
W denotes ker(Kp) N X. Since Kp is skew adjoint, its kernel and range are orthogonal complements
in H B, and evidently every operator in the range of Cp is traceless. That is, V C X. It follows that

X is the orthogonal direct sum of V and W:
X=Vow; (126)

Let P,y denote the orthogonal projection in Hz onto ker(Kp) and note that its restriction to X is

the orthogonal projection in X onto WW. By the von Neumann Ergodic Theorem,

1 T
Py = lim —/ Pt .
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It follows that Py is a CPTP operation, and hence || Py|1-1 = 1.

In solving the equations (124) and (125), the following lemma will be essential.

Lemma 8.1. (1) For all X € ker(Kp), X € ker(Dgg) if and only if Dp(X) € ran(Kp).

(2) for all V' € V, there is a unique V €V such that KpV = V', and ||V||1 < b~ Y|V’||y where b >0
is the spectral gap of |Kp|; see (94).
(8) Under the further hypothesis that Dgg is ergodic, for every X € X there exist uniquely determined
VeVandW e W such that

X=Kp(V)+Dp(W) . (127)

Moreover, there are finite constants Cy, and Cyy such that |V]1 < Cy|| X |1 |W]l1 < Cwl| X1

1 (T
Proof. Suppose that Kp(X) = 0. Then 7#(X) = lim ﬁ/ e™PT(X)dt. Since K is skew-adjoint,
-7
T(X) has a unique decomposition 7(X) =Y + Z where Y € ker(Kp) and Z € ran(Kp), so that

d
Z = Kp(W) for some operator W. Then e*?T(X) =Y + &et’CPW and consequently

1
THX) =Y + lim ﬁ(eT’CPW —e TReyy =y .

T—o0

Therefore, 7#(X) = 0 if and only if Y = 0, which is the same as 7 (X) € ran(Kp). This proves (1).
For part (2), since Kp is skew-adjoint, it is invertible on its range, and hence there is a unique
V €V such that KpV = V'. By the Spectral Theorem, ||V < b~ ||V’].
For part (3), we first show that when Dg, is ergodic, Dp(W) has the same dimension as W.
Suppose that W € W satisfies Dp(W) € V. Then by part (1), ’DfD(W) = 0. Since Dﬁp is ergodic and
W is traceless, this implies that W = 0. Therefore, Dp(W) NV = 0.

By standard linear algebra, and then (126),

dim(Dp(W) +V) = dim(Dp(W)) + dim(V) — dim(Dp(W)NV)

dim(W) + dim(V) = dim(X) .

Since Dp(W) +V C X, and since dim(Dp(W) + V) = dim(X), so that every X € X has a decom-
position X = Dp(W) + V. The decomposition is unique since Dp(W) NV = 0. This proves that
every X € X has a unique decomposition X = V' + Dp(W) with V/ € ¥V and W € W. By part
(2), V! = Kp(V) for some uniquely determined V. At this point we have that (127) is satisfied with
uniquely determined V' and W. It remains to bound ||V||; and ||W]||; in terms of || X]||;.

Applying Pyy to both sides of X = KpV +DpW yields Py X = PwDpW. Since Dp(W)NV =0,
ker (PiwDplyy) = 0, the operator sending W/ € W to PyDpW' € W is invertible. Let Cy denote

the super-operator trace norm of its inverse. Then [|[W|; < Cw||PwX|1 < Cw || X |1, with the final
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inequality coming from || Pyy|1-1 = 1.
Let Py be the orthogonal projection onto V. Since Py, =1 — Py, ||Py|j1—1 < 2. Applying Py to
both sides of X = KpV + DpW yields Pp.X = PyDpW + V', and hence

VIl < [Py Xl + [[PvDpWllt < 2[[ X1 + 2| Dpllisa W] -

Then deﬁning CV = 2(1 + Cw||Dp||14,1), ||V||1 < CV”XHI O
Lemma 8.2. Under the assumption that ’D§3 is ergodic, the equation Dng = —K(m @ R) for ng is
solvable. The general solution such that the equation Dny = —Kng is also solvable has the form
np=-SK(r@R)+ma®@Vo+ma0 W (128)
for a uniquely determined choice of Vo € V and arbitrary Wy € W. For this choice of Vy, define
Mo == —SK(mr @ R) + 74 ® Vo (129)
so that the general solution of Dng = —K(m ® R) for which the Dny = —Knq is solvable is

ﬁ0:m0+7TA®W() (130)

for arbitrary Wo € W. Then
IDrp Rl

il < SK 11 + 4

(131)
b is the spectral gap of |Kp|.

Proof. Since the range of D is precisely the space of operators Z € H Ap such that Try Z = 0, for (124)
to be solvable, it is necessary and sufficient that Tra[K(7® R)] = 0, and since Tra[K(r® R)] = KpR,
the condition for solvability of (124) is that KpR = 0. As noted above, when Dga is ergodic, this is a
consequence of part (1) of Lemma 6.4. Then —SK (7w ® R) is a particular solution of (124), and the
general solution is

np=-SK(r@R) + 74 ® X . (132)

Since Tr[ng] = 0 and Tr[SK(m ® R)] = 0, it must be that Tr[X,] = 0, so that X, € X. By (126), X,
has a unique decomposition Xy = V) + Wy where Vy € V and Wy € W.
The equation (125) is solvable for k =1 if and only if Tr4[Kng] = 0. By (132)

TrA[Kng] = Tra[-KSK(r @ R)] + Tra[Kma ® Xo] = DpR +KpXo = DpR + KpVy .
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Therefore, there is no constraint at this point on Wy, but ;) must be chosen so that KpVy = —DpR,
and this proves the first claim concerning the formula for 7y in (128).

Then with g defined by (129), (128) becomes (130). By part (1) of Lemma 8.1, since R €
ker(Kp) N ker(Dgg)7 Dp(R) € ran(Kp), and then by part (2) of Lemma 8.1, there is a unique V, € V
such that KVy = —DpR, and ||Vo||1 < b Y| DpR|1, from which (131) follows. O

Now let g = mg + ma4 ® Wy as in (130) of Lemma 8.2, so that Dy = —Kny is solvable. The

general solution has the form
n=—-SKng+7ma@Vi+ma@W; =—-SKmg—SKnga@Wo+m4aVi +m4 QW7 .
for arbitrary V4 € ¥V and Wy, W7 € W. The solvability condition for Dny, = —Kn; becomes
0 =Tra[Kn] = —Tra[KSKig) + DpWy + KpVi (133)

the choice of W; does not enter here.

We do not know much about Tr4[KSKmg] except that it is traceless, but this is all we need.
Under the assumption that Dﬁio is ergodic, by part (8) of Lemma 8.1, Tra[(SKmy] can be written
in the form DpW + KpV for some unique choice of W and V. Hence there is a unique choice of Wy
and V4 such that (133) is satisfied. Moreover, by part (3) of Lemma 8.1, since ||Tr4[KSKmyg]|j1 <
ICSKl1-1llmolls,

[Villh < Cv[[KSKlis1llmollr  and  [[Wollr < Ow|[[KSK][11(70ll1 - (134)

Definemy := —SKng+m4 ® V43 = —-SKmg + 14 ® Wy + m4 ® V5. For any choice of W € W, Dng =

—K(m1 + W) is solvable, and

[mallr < (IISKl[1-1 + (Cy + Cw)[IKSK|[151) 770l - (135)
where we have used ||Trs[KSKmo]|l1 < |IKSK||1-1]|mol|1. Altogether,

Inollx < llmolly + [[Wolly < (1 + CwlLSK[[151)[[mollx

where ||| is bounded by (131). From here the pattern repeats, and we may make a simple

induction.

Theorem 8.3. Under the assumption the Dgg is ergodic, there are is a uniquely determined sequence
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{7k} k>0 in Hp such that the equations (124) and (125) are all satisfied, and moreover for all k > 0,

DpR
Iy < 201Kl + (€ + ¥ (15K + P5EL) (136)

where b is the spectral gap of |KCp| and the constants C\y and C\y are defined in Lemma 8.1.

Consequently for v > (||SK||1—1+ (Cy +Cw)), Z y~*ny converges in the trace norm, and hence
k=0
Py = 7TA®R+7_1ZV_kﬁk (137)

k=0

satisfies Dpy = 0, and is the unique steady state for D.

Proof. Let ng be the unique solution of Dng = —K (74 ® R), such that Dii; = —Kfig is solvable, and
has solutions such that Dng = —/n4 is solvable. Fix an integer k£ > 1. Suppose that for all 1 < £ < k,
the system of equations Dny = —Kng—1 1 < £ < k, is solvable, and for ¢ < k the solution is unique
and has the form

ng=-—SKny_1+maQ0Vy+m4 W, .

for uniquely determined V; € V and W, € W, while for ¢ = k, the general solution such that
Dn = —Kny is solvable has the same form for a uniquely determined Vj, € V and arbitrary Wy € W.
For 1 < ¢ < k, define my := —SKny_1 + 74 ® Vy, so that ny = my+ 74 ® Wy, and let mg be given

as in Lemma 8.2. Suppose that for all 1 < ¢ < k,

Il < (S + (Cv + CW)IKLSK[11) 17201 ][4 (138)

and

Well < CwlILSK[1s el - (139)

All of this has been proved for k = 1; see (134) and (135) and the paragraphs leading up to them,
and we already know by the inductive hypotheses that Dn = —Kny = —K(my + 74 ® W) is solvable

for all W, € W. It follows that the general solution has the form

Npr1 = —SKmy, —SKra @ Wi + 74 Q@ Vg1 + 14 @ Wiga

for arbitrary Vi1 € V and Wy, Wi11 € W. The condition for solvability of Dn = —Knyy1 then is

—Trs[KSKmg] + DpWi + KpVietq -

Since Try[KSKng] € X, by part (3) of Lemma 8.1, there is a unique choice of Wi and Vi
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that solves this equation and moreover, since | Tra[KSKmi]|l1 < |KSK|1s1lmkll1, [Wi-1l1 <
CwlIKSK|[1sllfkllr, [[We-1lli and Vi < Ov[[KSK[[isal[mwllr, [[Wek-1]l1. Then with gy, =
—SKmy — SKma @ Wi, + 14 ® Viy1, (138) and (139) are satisfied also for £ = k + 1. This completes
the proof of the inductive step and hence the inductive hypotheses are valid for all £ > 1.

Now using the validity of (138) and (139) for all 1 < ¢ < k,
7kl < (ISK |11 + (Cy + Cw)* [lio]lx

and

Wil < [ISK =1 (|SK 11 + (Cy + Cw)* ™ Hlring 1 -

Then since |71 < |7l + |Well1,
[7k]l1 < (ISK[l151 + (Cy + Cw) 2|1

and using the bound (131) on ||7ig]|1 yields (136), form which the convergence of the sum in (137) read-
ily follows. Then the sum in (137) is self-adjoint, traceless and satisfies £, = 0. Since tmix(Dgp) < o0
implies that tmix(L£) < oo for sufficiently large v, and then it follows from Lemma E.1 that this sum

is a density matrix in the kernel of £,, and hence it can only be p,. This proves (137). O

Theorem 8.4. Suppose that Dgg is ergodic and gapped so that for large vy, the unique steady state p.

of L has a convergent expansion of the form (123). Then Trgng = 0, so that
Trplpy] =14+ 0y %),
if and only if [ma, Ka] = 0 where
Kp:=Hjs+Trp[(14® R)Hap| (140)

where R is the unique steady state of D?D.

Proof. By (132), g = —SK (74 ® R) + 74 ® Xo where TrX, = 0, and hence Trpng = SK(74 @ R).
Since S =S4 ®1, TrgS = SaTrp. By (155), for all X € ”)QA, 94X = X if and only if TrX = 0, and

hence S, is one-to-one on traceless operators on Ha. Since Trp[K(7m4 ® R)] is a traceless operator
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on H 4, Trpng = 0 if and only if Trg[K (74 ® R)] = 0. Exactly as in the proof of Lemma 4.1,

Z'TI‘B[IC(T('A@R)} = TI‘B[H(WA(@R)}—TI‘B[(TFA(X)R)H]
= Trp[H(1a® R)(1a ® 1p)] — Trp[(1a ® R)H(1a @ 1p)]

= Trg[H(1a @ R)|ma —maTrp[H(rs ® 1))

where we have used cyclicity of the trace in the second equality. By cyclicity of the partial trace
Trp[H(1a ® R)] = Trp[(1a ® R)H], and this operator is self-adjoint. This shows that Trp[fg] = 0
if and only if Trp[(14 ® R)H] commutes with 74. Then since (14 ® R)H = H4 ® R+ Hap ® R+
14 ® HpR,

Trp[(la ® R)H] = Ka + Tr[HgR]15 ,

and hence Trp[(14 ® R)H] commutes with 74 if and only if K4 commutes with 7 4. O

Example 8.1. We continue with the model introduced Example 6.1 in the particular case in which
Hp = 05. We have seen in Example 6.1 that independent of the choice of Hg, Dp is given by (105),
which is the same as D4 except that it acts on Hp.

From (100) and (105), it follows that Dp(m4) = 0, and
DP(Ul) = —01 , DPUQ = —02 and DP(Ug) = —2(03) s

with ¢ denoting tanh(8/2), Dp(1) = 7503. It follows that the matrix representation of the projected

Lindblad generator Kp +~~1Dp in the {1,071, 02,03} basis is

0 0 0 0
1
0 -5 0 2
1
0 0 -5 0
t 2
=5 2 0 =5 ]

For all v > i, the eigenvalues of Kp + %Dp are

1 3+i/167%2 -1
0, —= and -2V 72 (141)
Y

2y
The eigenvectors are easily calculated and one finds that the steady state Rw is

_ 1 vt t
=-1- — 142
R’y 2 472 + 201 8’)/2 +4J3 ) ( )
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which has the expansion

t
—o1 =7 2o+ 0( ). (143)

1 -
Ty 8

2

In Example 6.1 we have also computed the explicit form of Dfp which is given by (107). We can

also write (108) as
3
DL(1)=0, Dh(o))=—-01, Di(os)=—03 and Dh(oy) = ~502 - (144)
Therefore, the unique steady state for the Lindblad generator Dii:,, R, is given by
1

and this is the unique steady state for the Lindblad generator Dgg, independent of 8. In particular
D?D is ergodic. Therefore, in this example, the ergodicity assumption of Theorem 8.3 is satisfied.

Comparing (141) and (144), note that the real parts of the non-zero eigenvalues of vLp ., are —1
and —%, which are exactly the non-zero eigenvalues of Dup. This is consistent with, but does not
imply, the relation between the mixing times in Theorem 7.5. Comparing (142) and (145), note that
R= limy RA,.

This example is simple enough that one can exactly compute the unique steady sate of £,. In the
basis consisting of tensor products of operators in {1,071, 09,03} its coeflicients are rational functions
of v with a common denominator that is 2% 42372464, and in which the numerators are polynomials

in vy of degree between 1 and 4. While all 16 coefficients can be computed exactly, for our purposes it

is best to give the expansion of the steady state in inverse powers of . With ¢ denoting tanh(5/2),

Py = 7rA®%]1

t ¢
+ ,7—1 <_4(]1®0'1—|—0'1 ®0’2—O'2®0'1)+40'3®0'1)

t t 3t 12 t t
e <8U1®]l—8]l®01—211®02—402®]1+8]1®03+403®]1>

ot t 3t2 t 3t2 3
+ 7 —501 ® o1 — 502 ® o9 — ?03 ® o3 — 102 @03+ 703 ®U2) + 0(7 ) (146)

In particular,

o[t t? t _
Tl"B[ﬁw] =TaA+Y 2 (401 - 502 + 203> + O(y 3) (147)
and
1 Lt Lt t L
Tralpy] = 51 —1 501 + iche 3tog + 193 +0(H77). (148)

Note that (148) agrees with (143) at first order in y~!, but not beyond. The result (147) is consistent

with Theorem 8.4, as it must be: Since in this example R is a multiple of the identity, and Trg Hsp = 0
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by definition, the operator K 4 defined in (140) is simply H4 = 0, which commutes with 74, so that,
by Theorem 8.4, Trg[py] = 74 + O(y72).
Such a direct computation of p, is not feasible in all but the simplest systems. We now show how
to recover (146) using the Hilbert expansion for steady states that is justified by Theorem 8.3.
Again with ¢ denoting tanh(3/2), one computes K (14 ® 31) = fi(ol ® 09 — 02 ®01). There-
fore (124) becomes

t
Dﬁozi(ffl ®oy—02®@01) . (149)

In accordance with Theorem 8.3, the partial trace over H4 of the right hand side of (149) is zero,

and hence (149) is solvable, and the general solution is
_ t
ng = 1(01(802 702®Ul)+7TA®XO

for some traceless and self-adjoint Xj.
We then compute Tr4[Kiig] = —tos —i[oa, Xo]. Decompose Xo = Yo+ Z where Yy € ran(Kp) and
Zy € ker(Kp). In this example, the range of Kp is span({o1,03}) while the kernel is span({1, o3}).

Hence the spaces W and V in the proof of Lemma 6.4 are V = span({o1,03}) and W = span({o2})

and the unique unique choice for Yy € V is Yy = —%al, and hence
_ t t
nyg = —1(01@)02—02@01)—§7TA®01+7TA®Z0
t t t?
= —1(0'1®0'2—0'2®0'1>—1ﬂ®01+203®01+7TA®Z0
= ﬁ’LQ + TA ® ZO .
To go on to compute the next order corrections, and to determine Zj, we must solve Dy = —Kng

subject to Tr4[Kfi1] = 0. We compute

N t t 12 1
ICmoz2(—a1®01—02®02+03®]1)—02®03—(03®03+202®1)

4 2
Then Tr4[Kfip] = 0, and Diiy = —K7g is solvable, and the general solutions is

ﬁ1:SKm0+S]C(7TA®ZQ)+7TA®X1

for some self-adjoint and traceless X; that we decompose as X; = Y1 + Z; with U; € V and Z; € W.

Then the condition Tr4[K7i1] = 0 becomes

TrA[K:SICﬁ”Lo} + TYA[K:SK:(TFA ® Z())] + TYA[K:TFA ® Yﬂ = TI“A[K:SICWL()} —DpZy+ KpY7 .
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’r_Ll = —SIC?TL0+7TA®X1
2

t 1 t t
= 5(—01@01—02®02+§U3®]1)—102@)03—Z(U3®U3+02®]1)+7TA®X1,

We compute

t2 2

5t Tt 3t t t
—ICSICﬁLOZZO'1®O'2—ZUQ@O'l—70’3@0’1—30'1@0'3—11[@0'1—'—50'1@]1 .

Therefore, TrA[LSKmp] € V, and we take Zy = 0 and Y; = tos. At this point, 7y is completely

determined, and the result is

2

t t t
ffLO:—1(01@)02—02@01)_1]1®0'1+ZO—3®01

which is consistent with (146). Continuing the expansion, in the next stage we find a non-zero value

for Zy, and the result for 717 is consistent with (146), as it must be.

9 Hydrodynamic limits

An interesting perspective on the relation between the evolution equations involving the generators
Ly, Kp, Lp, and Dgg is provided by an analogy with the theory of hydrodynamic limits in classical
kinetic theory. The Boltzmann equation for the phase space density f(v,x,t) of a dilute gas has the
form

2 et = v Vaf(v.2.8) +1CF (0,2, (150)

where the first term on the right describes the effects of the free motion of molecules between collisions,
while C is the collision kernel, an operator describing the effects of binary collisions between molecules.
The parameter 7 is then the inverse of the Knudsen number which gives the ratio of the microscopic
times scale (the mean time between collisions) and the macroscopic time scale (the time for a molecule
to travel a macroscopic distance).

In the analogy with the boundary driven quantum systems discussed here, our starting point

d

p(t) = —ilH, p(t)] + ¥Dp(t) (151)

corresponds to the Boltzmann equation. The space Ha accounts for the degrees of freedom cor-
responding to the the velocity variables in (150), while Hp accounts for the degrees of freedom

corresponding to the spatial variables. The parameter v corresponds to the inverse Knudsen number,
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and D corresponds to the collision operator.
When the Knudsen number is small, and hence  is large, this formal similarity between (150) and

(151) is brought out more clearly by noting that the phase space densities densities f(v,x) satisfying

_ P jmu@)2T(e)
2rT(2))"2
u(z) and T(x) are the hydrodynamic moments of f(v,z). The analog of M as in (3) is then the

Cf(v,x) = 0 are precisely the local Mazwellian densities where p(z),
space of all local Maxwellian densities, and when + is large, one expects solutions of (150) to quickly
become, and then remain, approximately locally Maxwellian. To describe the further evolution after
this initial layer, one need only keep track of the evolution of the hydrodynamic moments, which
correspond physically to the density, bulk velocity and temperature. Hydrodynamic equations for
the evolution of these quantities, such as the Euler equations or the Navier-Stokes equations, had been
derived before the Boltzmann equation, not starting from molecular dynamics, but in the framework
of continuum mechanics.

The problem of deriving equations for the hydrodynamic moments from molecular dynamics was
discussed by Hilbert in his follow-up [17] to the famous list of problems that he proposed at the
International Congress of Mathematicians in 1900. His original Sixth Problem was, briefly put,
to axiomatize mechanics and probability. In [17] he expounded more, and highlighted the specific
problem of deriving the hydrodynamic equations of continuous mechanics from the kinetic equations
of Maxwell and Boltzmann, and deducing expression for, e.g., the viscosity, in terms of the microscopic
interaction of molecules. Later, he took up this problem himself and proposed an expansion method
[18] that yields a hierarchy of systems of equations for the hydrodynamic moments. The expansion
leading to this hierarchy is known as the Hilbert expansion.

The first system of equations in the hierarchy is the Euler equations, and it does not contain .
The Euler equations are formally reversible and conservative, and their analog here is the leading
order coherent approximation %R(t) = KpR(t).

The remaining systems of equation in the hierarchy do contain . The first of these corresponds
to the equation %R(t) = Lp~R(t). This next term in Hilbert’s hierarchy is not the Navier-Stokes
equations themselves, but rather a precursor to them. The Navier-Stokes equations do not contain the
Knudsen number, 1/+. To obtain the Navier-Stokes equations, one rescales space and time depending
on v so that all terms in the precursor equations are multiplied by a common power of v that can
then be cancelled out, leaving a negative power of ~ in the remainder terms. One then takes v — oo.
For a more complete discussion, see [6, 7].

In our quantum setting, one can rescale time, but there is no really direct analog of spatial scaling.
To cancel v in this setting, we must rescale time and make a suitable unitary transformation which,
%R(t) = DL R(t). This equation,
not involving 7, may be regarded as the counterpart of the Navier-Stokes equations in this analogy.

as in [12], is the passage to the interaction picture. This leads to
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It is unclear whether some analogous procedure, possibly involving a restriction on the initial
data, may be used to extract an analog of the Burnett equations from the next equation in our
quantum hierarchy, (15). However, given that (15) may not describe a CPTP evolution, and given

the problematic nature of the Burnett equations, there may be little point in pursuing this.

A Bounding [[PQ||;; in terms of ||eP41Q 4|11

A generalization of the super-operator trace norm plays an important role in quantum information
theory because of its connections with quantum entropy. For 1 < p < co the Schatten p-norm on H

is defined by | X |, = (Tx[(X*X)?/2))"/?

. For p = 2 this is simply the Hilbert space norm associated
to the Hilbert-Schmidt inner product. For p = 1, this is the trace norm. For all X, || X||,, is monotone
non-increasing, and lim,_,o || X ||, = || X||cc Where || X ||« is the operator norm of X, which is equal
to its largest singular value of X.

Let H be a finite dimensional Hilbert space, and let 7 be a linear operator on H For 1 < p < oo.

Recall the definition (33) of the super-operator trace norm:
[T1h—p = sup{[T(X)llp : [ X[1=11}.

Now let H4 and Hp be two finite dimensional Hilbert spaces, and let 74 and 7p be super-
operators on H4 and Hp respectively. For five years it was an open conjecture [3] that if both T4
and 7p are CPTP, then for 1 < p < o0, ||Ta @ Talli=p = |Talli=pl| Tell1=p. It was shown [31] that
this conjecture, at least for p sufficiently close to 1, would have a wide range of applications. While
the conjecture was eventually proved to be false for all p > 1 in [16], there is a positive result in the

orignal paper [3], where it is proved that if 75 = 1, multiplicitivity does hold for T4 CPTP:
1Ta @ Lll1isp = [[Tallisp - (152)

We need a result of a similar nature. Let D4 be a Lindblad generator on ’;QA7 andlet D :=D,®1p,
as in the introduction. Let Q4 and Q be the projections onto the ranges of D4 and D respectively

defined in (37) and (40). We need to know that when [[e!P4 Q|11 is small, then so is

1ePQall1o1 = |eP4Qa @ 15151 -

While e!P4 is CPTP, e!P4 Q4 is not; it is instead the diference between two CPTP maps, /P4 and
e!PaP,. Thus we cannot apply the bound (152) to conclude that ||e!P Q|11 = [|e!P4 Qa1 1.

The following lemma will however allow us to transfer a certain bound on ||e!P4 Q|11 directly
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to ||e!P? Q|1 1, thus bounding the latter that is independent of the dimension of Hp.

Lemma A.1. Let H,K be finite dimensional Hilbert spaces. Let X,Y € H, and define |Y)(X| as in

(32). Then the super-operator |Y){(X|® 1 on H ® K satisfies
Y )X @D 1o1 = [[Y){X 1 = Y21 X -

Proof. Let Z be any operator on H ® K with || Z|; = 1. Then (|[Y){(X|®1)Z =Y @ Try[(XT®1)Z],
and hence ||(|[Y)(X| @ 1)Z|l; = V|1 |Trx[(XT @ 1)Z][1 < [Y|1][II(XT @ 1)Z]|; since the partial
trace is a CPTP map and hence a trace norm contraction. By Hélder’s inequality for operators,

I(XT21)Z|1 < | XT@1]|oo||Z]1, and || XT @ 1]|c = || X ||oo- Altogether,
(Y)Y X[@1)Z]1 <Y1 X oo = 1Y) X 151 -

This proves that |[|[Y){(X]| ® 1|11 < [||[Y){(X]|l1—1 and the opposite inequality is trivial. O

B Dual bases and Jordan bases

In this section H is any Hilbert space of finite dimension n with inner product (-,-). We begin with

some elementary facts about dual Jordan bases for which we do not know a convenient reference.

Lemma B.1. Let {x1,...,x,} and {y1,...,yn} be two sets of vectors in H such that for all j, k,
(X7, ¥%) = 05k - (153)

Then both {x1,...,Xn} and {y1,...,yn} are linearly independent, and hence are bases, not necessarily

orthogonal, of H.

Proof. Suppose that Zﬂjxj =0. Then 0 = <Z;:1 ﬁjxj7yk> = Z;Zlﬁijéj’k = B). Since this is

j=1
true for each k, {x1,...,%x,} is linearly independent. Since the dimension of H is n, {x1,...,X,}
spans H, and hence is a basis for H. By symmetry, the same is true of {y1,...,¥n}- O
Lemma B.2. Let {y1,...,yn} be any basis of H, not necessarily orthonormal. Then there exists a
uniquely determined set of vectors {x1,...,X,} such that (153) is satisfied.

n
Proof. Every 1 € H has an expansion @ = Z a;y; with uniquely determined coefficients. For each
j=1
n
j=1,...,n, define a linear functional A; on H by A; Z o;y; | = a;. By the Riesz Representation
j=1
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Theorem, there is a uniquely determined x; € H such that

(xj,9) = Aj(¢) . (154)

Taking 1 =y}, yields (153). Conversely, given any set {x1,...,X,} such that (153) is satisfied for all
J, k, then (154) is satisfied where A; is given by (154). Hence the uniqueness of {x1,...,x,} follows

from the uniqueness in the Reisz Representation Theorem. O

Definition B.3. Let {y1,...,yn} be any basis of H. Then the unique basis {x1,...,X,} of H such
that (153) is satisfied for all j,k is the dual basis to {y1,...,¥n}

It is clear that {x1,...,x,} is the dual basis to {y1,...,y.} if and only if {y1,...,y,} is the dual
basis to {x1,...,x,}.

Let A be any operator on H. Then A may or may not be diagonalizable, but there always exists a
direct sum decomposition of H = @}, Vy into subspaces (not in general mutually orthogonal) that
are invariant under A, with each V, contained in a generalized eigenspace of A for some eigenvalue
A¢ of A, and finally such that within V, the eigenspace corresponding to ) is one dimensional. Each
of these spaces V;, corresponds to a block in a Jordan normal form matrix representation of A. There
are two of these normal forms, upper and lower, which we need to distinguish. Let d;, denote the

dimension of Vy. A basis {y1,...,ya,} for V; is an upper Jordan block basis in case

Ay1 =XNy1 andfor j=2,...,d;,Ay; = \y; +yj-1 -

For dy = 3, the matrix representing the action of A on Vy in an upper Jordan block basis is

A1 0
0 X 1
0 0 A
A basis {x1,...,xq,} for Vg is a lower Jordan block basis in case
Axg, = Mxq, andfor j=1,...,dy—1,Ax; = X\xj +Xj41 .

For dy = 3, the matrix representing the action of A on Vy in a lower Jordan block basis is

A0 0
1 A0
0 1 X
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The distinction between upper an lower Jordan block bases is minor; reversing the order of the basis
elements changes from on to the other. However, the distinction maters when considering dual bases.
Concatenating bases for each Vy yields a basis for H. A basis for H is an upper Jordan basis in case
it is the concatenation of upper Jordan block bases for each V,, and is a lower Jordan basis in case it

is the concatenation of lower Jordan block bases for each V.

Theorem B.4. Let {yi1,...,yn} be an upper Jordan basis for an operator A on H. Then the dual
basis {X1,...,%X,} is a lower Jordan basis for At. Furthermore, if for some j, Ay; = \y;, and X is

an eigenvalue of A of algebraic multiplicity one, then ATx; = Ax;.

Proof. Consider first the case m = 1 so that there is only one Jordan block. Then A has only one

eigenvalue A and for each 1 < j, k < n, (X, Ay;) = Ad;, + 0j_1,,. Therefore,
(v, ATxp) = (xi, Ay;j) = Xj 1 + 01,6 = Ak + 0j st

so that Afx,, = Ax,, and for k = 1,...,n — 1, Afx; = Ax}, + xp,1. The general case follows easily by
concatenation.

For the final part, A is an eigenvalue of A of algebraic multiplicity one if and only if the generalized
eigenspace of A for A coincides with the eigenspace for A, and the latter is one dimensional. Therefore,
Ay; = A\y; where A has algebraic multiplicity one if and only if {y;} is an upper and lower Jordan
block basis for the single Jordan invariant subspace of A with eigenvalue A. It then follows from the
first part that {x;} a Jordan upper and lower basis for the single Jordan invariant subspace of Af

with eigenvalue X. In particular, ATx; = Ax;. O

C Generalized inverses of Lindblad generators

We apply the results of the previous subsection to the Hilbert space H A consisting of operators on
Ha. Let ng + 1 denote the dimension of ﬁ 4. Let Dy be a Lindblad generator acting on operators
on H 4. Because Dy generates a semigroup that is contractive in the trace norm, all eigenvalues of
D4 have a non-positive real part, and for any that are purely imaginary, the algebraic and geometric
multiplicities coincide. As always, we suppose that D, is ergodic and gapped with unique steady
state m4.

Let {Yp,...,Y,,} be a Jordan basis of H for D4 in which Yy = 4. Let {Xo, ..., X, ,} be the dual
basis. By Theorem B.4, DLXO = 0. Since DL generates a semigroup of completely positive unital
operators, DL]I 4 = 0, and hence 14 spans the eigenspace of Dy corresponding for the eigenvalue

zero. Since (1 4,m4) = Tr[na] =1, Xo = 1 4.
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Since D4 is gapped, so that for some a > 0, all non-zero eigenvalues A\ of D4 satisfy R(\) < —a,
na
P =3 MY (X
j=0

and hence

Pa = Jim e = [Yo)(Xo| = [ma)(Lal (155)

Then DYy = 0 and DT Xy = 0, DyPs = 0 = PaD4. In particular, [Da,Pa] = 0 and hence the
complementary projection Q4 = 15 — P also commutes with D 4. Evidently, Q4 = Z;L;‘l 1Y) (X;].

Since P4 and Q4 are complementary projections, so are ’PL and QL. Evidently PL = |1a){(ma|
and QL = 252 1X;)(Y;|. Since both P4 and Q4 commute with Dy, it follows that both ’PL and
QB commute with DZ.

An operator Z on H 4 belongs to ran(Q,), the range of Qg4, if and ounly if P4Z = 0, which is
the case if and only if Tr[Z] = (14, Z) = 0. Therefore, ran(Q,4) is the subspace of H4 consisting
operators whose trace is zero. Likewise, Z belongs to ran(Qil) if and only if Tr[raZ] = (w4, Z) =0,
so that ran(QL) is the subspace of H 4 consisting operators whose expected value in the state w4 is
zero.

Recall that the generalized inverse of D4 is the super-operator S4 given by

00 oo na
Sa== [ erad=— [ Yoyl (156)
0 o \iZ

Then since D4 commutes with Q 4,
DsSa=854Da=0Qa . (157)
Taking adjoints in (157) yields ’DLSL = SLDL = QL so that S:[1 is a generalized inverse to DL.
One gets a formula for SL from (156) by taking adjoints, but there is another approach yields a useful

alternate formula. Since Q4 and e'P4 commute, (e/P4Q4)" = (QaetP4) = etPh QL. Therefore,

since DL has the same spectral gap as D4,

[e%e] [e'e] na
St ::/ emlgfdt:/ 3 lePax;) (Y] | dt (158)
0 0 =

Lemma C.1. Under our assumptions on Dy and the dual bases {Yo,...,Y,,} and {Xo,..., Xn,},

the generalized inverse S of D4 is satisfies
(e’ nA N
Sa=[ [ merh) . (159)
0 -
j=1
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Proof. The formula (159) follows directly from (158) by taking adjoints. O

Theorem C.2. Let Dy be an ergodic Lindblad generator on H 4o with invariant state ma and a spectral
gap a > 0. Let D =Dy ® 1 be the corresponding Lindblad generator on Hp. Define the projection
P by P(X) :=ma @ TraX, and define the complementary projection Q by Q = 1 — P. Then there
is a finite constant C' that depends only on D4, and in particular is independent of the dimension of
Hp such that

[€P Q|11 < Ce™'/2 (160)

oo . 2
Consequently S := fo e!PAaQ 4dt is well-defined and ||S||1-1 < —C
a

Proof. Let {Yy,...,Y,,} be a Jordan basis of H for D4 in which Yy = m4. Let A; be the eigenvalue
of D4 such that Y; is a generalized eigenvector of D4 with this eigenvalue. Let {Xo,..., X, ,} be
the dual basis, so that in particular, Xo = 1. For each j, there is a natural number d; < n4 such

4
that (Da — A;)%Y; = 0 but (Da — ;)% 1Y} # 0. Then e'P4Y; = e/ P Vy; = ¢ H 7 Yotk
k=0

It follows that for some finite constant C,

c
le®2 Y1111 X;]lo0 < i vE (161)
By the triangle inequality
P4 Qalliy < C2 . (162)
Since e'PQ = Z eP4Y)(X;| @ 1, it follows from (161), the triangle inequality, and Lemma A.1
j=1

that

Na
1P Qllim1 < D P2V {111 oo -
j=1

Now (160) follows from this and (161). The second part of the theorem is an immediate consequence

of the first. N

Remark C.1. It is easy to see that for all 0 < € < 1, one may replace Ce*%/2 with C.e~*(1=9)¢ in
(161), but then the constant C. will diverge as ¢ — 0 if D4 is not diagonalizable. However, if Dy4 is
diagonalizable, the factor of % is superfluous.

In any case, by (155), @ =1 — |m4)(1], and then by (162), for all density matrices py on Ha,
[ p0 = malli < Ce™*/2, (163)

so that (162) gives a uniform bound on the rate of approach to stationarity. Note however that since
letP4apg — mall1 < for all choices of py and all ¢, if C' is large, the bound (163) will be trivial for

t < 2log(20).
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D Volterra integral operators and the comparison of evolu-
tion equations

In what follows, we wish to compare various evolution mechanisms for density matrices and for super-
operators. A powerful method for doing this involves writing the equations governing the evolution
mechanisms as Volterra integral equations. The elementary Theorem D.1 stated below will be applied
a number of times. We give the short proof for convenience.

In this section X’ denote an arbitrary Banach space with norm || - ||. In the application made here
his will always be the space of operators on a finite dimensional Hilbert space H equipped with the
trace norm || - ||1, or else the space of super-operators on H equipped with the super-operator trace
norm || - |l1-1.

Let 7 > 0 be given and define % to be the space of continuous functions A : [0,T] — X equipped

with the norm ||A| := sup | A(7)||. For an operator ¢ on %, define
T€[0,T)

|7 ]|¢ e = sup{[|A°A|| : [A]l <1} .
The operator 7 is a Volterra integral operator on € in case it has the form
HY(T) :/ G(r,0)Y (o)do (164)
0

where G(7,0) is a continuous function of 0 < o0 < 7 < T with values in the space of operators on X.

Define G(7,0)||x—x :=sup{||G(r,0)] : || X| < 1} and then

G:= sup [[G(1,0)|xmx (165)

0Lo<TT

and then ||#]|¢—¢ < TG.

We will work with perturbations of Volterra integral operators. Let let # be another bounded
Volterra integral operator defined in terms of G(7, o) as in (164). Then J# — J is a Volterra integral
operator and (JZ — %7)5”(7) = /T((](T, o) — G(r,0))Y (0)do. Therefore,

0

|5 — Hllgoe < sup { / ||g<T,a>§<T,o>||X%Xda}.
0

0<T<T
For given Z € ¥ and Volterra integral operator ¢, the equation
Y(r)=s0Y(1)+ Z(7) . (166)
is a Volterra integral equation of the second kind, and it may be solved by iteration. The following
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theorem collects the elementary results we need.

Theorem D.1. For all bounded Volterra integral operators Jf on €, and all Z € €, the equation

(166) has a unique solution Y € € which is given by Y (7 Z " Z(T) where the sum converges

n norm in €. Moreover, let S be another bounded Volterm mtegml operator defined in terms of
G(7,0) as in (164). Let C := max{G, G} where G and G are given by (165). Let Z be an element of
€, and define Y to be the solution of (166) with A in place of I, and Z in place of Z. Then

~ 1 — ) ~ ~
1Y =Yl < 757 = DA = H g min{|| Z]|s, | Z]w} + e N2 = Z]] - (167)

Proof. Tteration of (166) yields, for each N € N,

Y(r) = #NY (1) + Z%ﬂ" (168)
T2
Note that s#%Y / / G(1,02)G(02,01)Y (01)doadoy, and hence ||%” le—e < 5 G2
Likewise, one finds that for all n € N, || " ||¢—e < Tn rG". Likewise, ||%” oz < T:,l G". There-
fore,
n N/I'L Tn n
max{ [ A" [g—e , |27 leme } < O

and Y (7 Zj‘f” 7) is well-defined since the sum converges ¥. One readily checks that it

satisfies (166) and by (168) it is the unique solution. For the second part,

Y(r)=Y(r) =Y (A" — A Z(r)+ Y A" (Z(r) - Z(7)) .
n=1 n=0
By the telescoping sum formula, (22" — (0" = Z(%(V))”*I*j(%(“’) — A (ADY and
j=1

therefore

[ — (AN e < YN ADNGLGNHD — Ao AN

n—1 1 N

< — (7)) — ||
2" —~

< (@O THAD = AD |ss

Therefore,
~ 1 — ~ ~
1Y = Ylle < ﬁ(eﬂc D)) = A Z 6|1 Z + 7N Z - Z|s -
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By the symmetry in Y and 17, we have the same bound with Z and Z swapped, and this proves (167)
O

E Mixing times

Let £ be a Lindblad generator acting on #,  a finite dimensional Hilbert space. By (163), and the
definitions (24) and (25), if £ is ergodic and gapped with unique steady state 7, tmix(L,€) < oo for

all 0 < e < % The next lemma provides a converse.

Lemma E.1. Let £ be a Lindblad generator acting on H. Assume only that tmix(L, €) < 0o for some
0<ex< % Then L has a unique steady state 7, and ker(L) is spanned by w. Moreover, L has no
purely imaginary eigenvalues so that in our finite dimensional setting L is ergodic and gapped. In

particular, if Lp =0 and Tr[p] =1, then p = 7.

Proof. Every Lindblad generator acting on H has at least one steady state, and since tyix (L, €) < 00,
there is a unique steady state 7. Since for all X, £(XT) = £(X)1, if X € ker(£) then XT € ker(L).
Hence if m does not span ker(£) there would be a self-adjoint X € ker(£) that is linearly independent of
7. Subtracting an appropriate multiple of = from X and normalizing, we may assume that Tr[X] =0
but || X ||y = 2. Let X = X, — X_ be the spectral decomposition of X into its positive and negative

parts. Then X, and X_ are both density matrices. Since £LX = 0, for all £ > 0,
X=e*X=e%X, —e*X_ .

Therefore, 2 = || X|; = [[e¥* X} — X |1 = 2drv(e* X4, et*X_). By (25), for t > tmi(L,€),
drv(e* X1, et* X_) < e. This contradiction proves that m span ker(L).
Likewise, suppose that X € H satisfies £X = iwX for some non-zero real w and that X £ 0.

Since £(XT) = £L(X)T, LXT = —iwXT. Since Tr[£X] = 0, Tr[X] = 0. Define A = (X + XT),

1
2
and note that A # 0 since w # 0, but Tr[4] = 0. Let ¢t := 2mw. Then e**4 = A. Rescaling
A, we may assume ||All; = 2. Then 2 = ||A||; = ||e"*A|; and exactly as in the first part of the

proof, limy_,o ||€¥**Al|; = 0. This contradiction precludes the existence of any purely imaginary

eigenvalues. O

We next show that when ¢,,;, (£, €) < 00, so that there is a unique stationary state m, dpy (eFtmix(£))
decreases to zero exponentially fast in k. For ¢t > 0, let P, := e**. In preparation for this, define
the super-operator II by IIX := Tr[X]x. Then II is a CPTP map. It easy to write down an explicit
Kraus representation showing this, but also IT = lim;_,, P, and each P, is CPTP. A super-operator
T is said to be Hermitian in case T(X)T = T(X') for all X € . Since all CPTP operations are

Hermitian (see e.g. [8, Lemma 5.2]), and hence P; — II is Hermitian.
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In this appendix, let X denote the space of self-adjoint operators on H equipped with the trace

norm, and let X denote the space of Hermitian super-operators on H equipped with the norm
I71 = sup{|T(X)[lL : [X]1=1 and X =XT}. (169)
This is closely related to the super-operator trace norm || - |[1—1, but may be smaller because of the

restriction that X must be self-adjoint.

Lemma E.2. For allt > 0,
| P; — II|| = sup{||Pip — 7||1 : p a density matrix on H} . (170)

Proof. For any density matrix p, since ||P;p — ||y = ||[(P; — II)p||; and since p = p! and ||p|; = 1,
(P, —)p|ly < ||P: —I0J|. This proves that the left side of (170) is at least as large as the right side.

Next, in our finite dimensional setting the supremum in (169) is a maximum. Let X be such that
X =X" | X||y =1and |P, — 1| = ||(P. — ) X||;. Let X = X, — X_ be the decomposition of X
into its positive and negative parts, and define 0 < A < 1 by A := Tr[X] Then p := A7'X and

v:=(1—-X)"1X_ are density matrices and X = A\ — (1 — \)v. Therefore,
(P —TD)X |y < A|(Pe=ID)plls + (1= N)||(Pr—1)v||; < sup{||Pp—m]||1 : p a density matrix on H} .

This proves that the right side of (170) is at least as large as the left side. O

Theorem E.3. Let pg, p1 be any two density matrices on H. For all0 < € < %, and allt > tmix (L, €),

and all positive integers k,

drv (Prtpo, Prepr) < 2(2¢)" . (171)

Proof. Let py and p; be arbitrary density matrices on . For j = 0,1, Pip; —m = (P, —II)p;. Then
[Pepo — Peprlly < [[(Pe = W)pollr + [|(Pr — M)pa s - (172)

For each t > 0, since P, is trace preserving, I[1P; = II. Since P;w = mw, PII = II. That is,

PIT =11IP; = II. Therefore, by the Binomial Theorem, for any positive integer k,

k k
(P, — )k = Z(N(E) P =Py —TT+ 1Y (—1)° (’;) =P —11. (173)
0 =0

=

Then by (170), (172), (173) and the triangle inequality,

1Peepo = Pueprlly < (Pe =10 polly + [[(Pe = I)*pu [y < 2| P — 1] * (174)
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Now suppose that t > tix(L, €). By the definition (25) of ¢mix(L, €), for any density matrix p,
¢ > drv(Pip, ) = 3||Pip = Pimly = | Pip — 7|1 -

Therefore by Lemma E.2, |P; — II|| < 2e. Now (171) follows from (174). O

The e-mixing time of £ is often defined to be
min{t >0 : ||Pypo — 7|1 < e for all density matrices py } . (175)

By (163) in Remark C.1, the quantity in (175) is finite whenver £ is ergodic and gapped. Then, since

for any two density matrices pg, p1,

[1Pepo = Prpally < |Pipo = mally + | Pipr — malh

tmix (L, €) < oo whenever L is ergodic and gapped. Moreover, by Theorem E.2 the definition of mixing
time used here differs from the one defined in terms of (175) by at most a factor of 2. Our applications
require a formulation that does not refer to a putative unique invariant measure. Many variants of
the mixing time are discussed in the classical literature on Markov chains, and the classical analog of

the one considered here occurs in the foundational paper [1] of Aldous
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