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Abstract

We study composite open quantum systems with a finite-dimensional state space HAB =

HA ⊗HB governed by a Lindblad equation
d

dt
ρ(t) = Lγρ(t) where Lγρ = −i[H, ρ] + γDρ. Here,

H is a Hamiltonian on HAB while D is a dissipator DA ⊗ 1 acting non-trivially only on part

A of the system, which can be thought of as the boundary, and γ is a parameter. It is known

that the dynamics may simplify as the Zeno limit, γ → ∞, is approached, so that after a initial

time of order γ−1, ρ(t) is well approximated by πA ⊗ R(t) where πA is a density matrix on

HA such that DAπA = 0, and R(t) is an approximate solution of
d

dt
R(t) = LP,γR(t) where

LP,γR := −i[HP , R] + γ−1DPR with HP being a Hamiltonian on HB and DP being a Lindblad

generator acting on density matrices on HB . We give a rigorous proof of this holding in greater

generality than in previous work; we assume only that DA is ergodic and gapped. Moreover, we

precisely control the error terms, and use this to show that the mixing times of Lγ and LP,γ

are tightly related near the Zeno limit. Despite this connection, the errors in the approximate

description of the evolution accumulate on times of order γ2, so it is difficult to directly access

steady states ρ̄γ of Lγ through study of LP,γ . In order to better control the long time behavior,

and in particular the steady states ρ̄γ , we introduce a third Lindblad generator D♯
P that does not

involve γ, but is still closely related to Lγ and LP,γ . We show that if D♯
P is ergodic and gapped,

then so are Lγ and LP,γ for all large γ, and in this case, if ρ̄γ denotes the unique steady state

for Lγ , then limγ→∞ ρ̄γ = πA ⊗ R̄ where R̄ is the unique steady state for D♯
P . We further show

that there is a trace norm convergent expansion ρ̄γ = πA ⊗ R̄+ γ−1
∞∑

k=0

γ−kn̄k where, defining

n̄−1 := πA ⊗ R̄, Dn̄k = −i[H, n̄k−1] for all k ⩾ 0. Using properties of DP and D♯
P , we show that

this system of equations has a unique solution, and prove convergence. This is illustrated in a

simple example for which one can compute ρ̄γ , and can carry out the expansion explicitly.
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1 Introduction

In this paper we describe new exact results about the time evolution and steady states of a quantum

system strongly coupled to a Markovian external reservoir. The reservoir acts only on part of the

system, e.g. on its surface. More generally we consider a system consisting of two parts, A and B

with finite-dimensional Hilbert space HAB = HA ⊗HB , whose density matrix ρ evolves according to

the Lindblad equation

d

dt
ρ(t) = Kρ+ γDρ(t) =: Lγρ(t) . (1)

Here,

Kρ := −i[H, ρ] (2)
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describes the unitary evolution of the isolated system due to its time-independent Hamiltonian H on

HAB , while D is a dissipative Lindblad generator of the form

D := DA ⊗ 1B ,

where DA acts only onHA, here 1B is the identity super-operator onHB , and γ is a coupling constant.

By Lindblad’s Theorem [22], a super-operator DA is such that etDA is a completely positive trace

preserving (CPTP) operation if and only if DA can be written in the form

DAρ =

r∑
j=1

(
2LjρL

†
j − L†

jLjρ− ρL†
jLj

)
− i[KL, ρ]

for some operators L1, . . . , Lr on HA, often called jump operators and some self-adjoint operator KL

on HA. We refer to such super-operators as Lindblad generators.

We always assume that DA is ergodic so that there is a unique density matrix πA on HA satisfying

DAπA = 0. We also assume that DA is gapped, meaning that the real parts of all of its nonzero eigen-

values λj satisfy ℜ(λj) ⩽ −a, a > 0. Since DA is a Lindblad generator, the two assumptions together

are equivalent to 0 being a non-degenerate eigenvalue of DA, and DA not having any eigenvalues that

are purely imaginary.

Without loss of generality, a constant has been added to the Hamiltonian so that TrH = 0 ,

H = HA ⊗ 1B +HAB + 1A ⊗HB ; here 1A and 1B are the identity operators on those subspaces,

HA = (1/dB)TrBH, HB = (1/dA)TrAH, and dA and dB are the dimensions of HA and HB .

In a recent paper [9, Theorem 1], we proved that for such systems, if ρ̄ is a steady state solution

of (1) and [ρ̄, H] = 0, then necessarily ρ̄ is a product state of the form ρ̄ = πA ⊗ πB for some density

matrix πB on HB . It then follows [9, Corollary 2] that a steady state ρ̄ can be a Gibbs state 1
Zβ

e−βH

for the system Hamiltonian only if βHAB = 0. In particular, when the system Hamiltonian does

couple the two parts of the system so HAB ̸= 0, no steady state of (1) will be a Gibbs state with

β ̸= 0. The question then arises: What is the nature of the steady-state solutions of (1), and what

can be said about the approach to them in the limit t → ∞?

We study these questions for large γ. The limit γ → ∞ is known as the Zeno limit. In this limit,

there is a reduced description of the dynamics that has been investigated in [25, 26, 27, 35].

Because DA is ergodic and gapped, every density matrix ρ on HAB satisfying Dρ = 0 has the

form ρ = πA ⊗R for some density matrix R on HB . Define M, the steady-state manifold, by

M := {πA ⊗R : R is a density matrix on HB} . (3)
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Moreover, for all density matrices ρ0 onHAB , lim
t→∞

etDρ0 exists and belongs toM. The super-operator

P := lim
t→∞

etD (4)

is a projection, though not necessarily an orthogonal projection. Its range consists of all operators

on HAB of the form πA ⊗ Y for some operator Y on HB .

Under these assumptions, it was shown in [35] that after a relaxation time tγ of order γ−1,

ρ(t) = etLγρ0 has the form

ρ(t) = πA ⊗R(t) +O(γ−1) (5)

uniformly in t ⩾ tγ , where R(t) = TrAρ(t) is a density matrix on HB . That is, solutions of (1) for a

general initial state ρ0 and large γ rapidly approach M and then stay close to M, uniformly in time.

In Section 3 we give simple proofs of results of this genre in which “closeness” is measured in terms

of the trace norm, denoted by ∥ · ∥1; see Section 2. In particular, we prove in Theorem 3.1 that for

all ρ0 = πA ⊗R0 ∈ M, there is a constant C > 0 independent of γ such that for all t > 0,

∥etLγπA ⊗R0 − PetLγπA ⊗R0∥1 ⩽
C

γ
, (6)

which quantifies the sense in which solutions of (1) with initial data in M stay close to M. A result

of this type, in a more general framework but with a more complicated proof may be found in [35].

To deal with general initial data, we must take the initial relaxation time into account. Define

tγ := 2 log(γ)
aγ where a is the spectral gap of DA. We prove in Theorem 3.3 that there is a constant

C > 0 independent of γ such that for all t ⩾ tγ and all ρ0,

∥etLγρ0 − etLγPρ0∥1 ⩽
log(1 + γ)

γ
C . (7)

Note that in (7), the projector P is applied before etLγ while in (6), P is applied after etLγ . These

complementary results from Section 3 are important for the study of approximate equations of motion,

to which we now turn.

It was shown in [35] that, after the initial relaxation time, R(t) satisfies

d

dt
R(t) = −i[HP , R(t)] +O(γ−1) , (8)

where

HP = TrA[(πA ⊗ 1B)H] (9)

is a self-adjoint operator called the projected Hamiltonian. The coherent evolution equation obtained
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by neglecting the O(γ−1) term in (8) cannot be expected to give an accurate description of the

evolution of R(t) on long time scales of order γ since by then the error terms may accumulate to an

effect of order one, and we expect to see dissipation on long times scales.

A description of the evolution of R(t) on time scales of order γ was obtained in [25]. The approx-

imate equation obtained there is

d

dt
R(t) = −i[HP , R(t)]− γ−1TrA[KSK(πA ⊗R(t))] +O(γ−2) (10)

where S denotes a certain generalized inverse of D that will be precisely defined in Section 2 below.

Define the super-operators KP and DP acting on operators on HB by

KPR := −i[HP , R] and DPR := −TrA[KSK(πA ⊗R] . (11)

These operators are studied in Section 4. It is evident that KP generates a CPTP evolution. Under

additional assumptions, the most important of which is a certain positivity condition, it was shown

in [25] that DP is a Lindblad generator. In this case, LP,γ defined by

LP,γ := KP + γ−1DP (12)

is a Lindblad generator, and hence etLP,γ is also CPTP for all t ⩾ 0.

We show here that under only the assumption that DA is ergodic and gapped, the positivity con-

dition required in [25] is always satisfied, so that DP is always a Lindblad generator; see Theorem 4.4.

Thus we may re-write (10) as

d

dt
R(t) = LP,γR(t) +O(γ−2) , (13)

and the equation
d

dt
R̃(t) = LP,γR̃(t) describes a CPTP evolution that closely tracks the projection

onto M of the evolution generated by Lγ . We prove the following precise expression of this: Let R0

be any density matrix on HB and define R(t) := TrAe
tLγπA⊗R0 so that P(etLγπA⊗R0) = πA⊗R(t).

Making essential use of the fact that Lγ generates a CPTP evolution, we prove in Theorem 5.1 that

there exists a constant C depending only on DA and the operator norm of H such for all T > 0,

∥R(t)− etLP,γR0∥1 ⩽
1

γ2
CT (14)

for all 0 ⩽ t ⩽ T .

The generator in (12) contains only the first order corrections to the coherent evolution. At the

end of Section 5, we derive the explicit form of the next order corrections, yielding the approximate
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equation

d

dt
R = KPR(t) + γ−1DPR(t) + γ−2BPR(t) . (15)

(See equation (87) for the explicit form of BP ). However, a simple 2 qubit example (See Example 6.1)

shows that it can be the case that (15) does not describe a CPTP evolution for any γ > 0. That is,

KP + γ−1DP + γ−2BP cannot be put in Lindblad form for any γ > 0.

We are particularly interested in stationary states of (1); that is density matrices ρ̄γ on HAB that

satisfy Lγ ρ̄γ = 0. These may be realized in the long time limit: ρ̄γ = limt→∞ ρ(t), when Lγ has no

purely imaginary eigenvalues, and always by ρ̄γ = lim
T→∞

T−1

∫ T

0

ρ(t)dt.

We may apply (14) to study the long time behavior of solutions of (1) on account of (6) and (7):

Let ρ0 be any density matrix on HAB , and define R0 := TrA[ρ0] so that Pρ0 = πA ⊗ R0. Then by

the triangle inequality,

∥etLγρ0 − πA ⊗ etLP,γR0∥1 ⩽ ∥etLγρ0 − etLγπA ⊗R0∥1

+ ∥etLγπA ⊗R0 − πA ⊗R(t)∥1

+ ∥πA ⊗R(t)− πA ⊗ etLP,γR0∥1 .

Using (6), (7) and (14) to bound the three terms on the right leads to the proof of Theorem 5.2 which

gives a tight relation between the evolutions governed by Lγ and by LP,γ .

∥etLγρ0 − πA ⊗ etLP,γR0∥1 ⩽ C
log(1 + γ) + 1 + T

γ
, (16)

uniformly on [ϵ, γT ] for any 0 < ϵ < T for all γ such that 2 log(γ)
aγ ⩽ ϵ. In particular, for all t > 0,

lim
γ→∞

∥etLγρ0 − πA ⊗ etLP,γR0∥1 = 0 . (17)

Then since for large γ, LP,γ does not differ much from KP , it follows that (see Theorem 5.3)

lim
γ→∞

etLγρ0 = πA ⊗ etKPR0 (18)

where the convergence is uniform on ϵ ⩽ t ⩽ T for any fixed 0 < ϵ < T . In other words, in the Zeno

limit, all of the dissipation takes place instantly during the initial passage from ρ0 to Pρ0 = πA ⊗R0,

and from then on the evolution is coherent.

The situation near, but not at, the Zeno limit is more interesting, and then there is dissipation on

time scales of order γ, and the more precise bound (16) can be used to realte the rates of approach

to stationarity for Lγ and LP,γ . However, the analysis of both of these Lindblad generators is

complicated because in both the coherent and dissipative effects operate on different times scales.
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For instance, with LP,γ the coherent evolution due to KP acts on time scales of order one, while the

dissipative evolution due to DP acts on time scale O(γ).

To overcome this we introduce a new Lindblad generator D♯
P , which is independent of γ. The

new Lindblad generator D♯
P is derived from DP and KP through an averaging operation introduced

by Davies [12] in his derivation of Lindblad evolution equations in the weak coupling limit. The ♯

notation is Davies’. More specifically, for any super-operator T on HB , define

T ♯(X) = lim
T→∞

1

2T

∫ T

−T

e−tKP T (etKPX)dt . (19)

This limit always exists, and the rate at which convergence takes place in (19) can be bounded in

terms of the spectral properties HP . Davies’ averaging operation is studied in Section 6, and we

apply these results in Section 7.

In Section 7 we study e−tKP etLP,γR0 in the Zeno limit, γ → ∞, for general initial data R0.

We run the initial data forward under the dissipative time evolution governed by LP,γ , and then

backwards under the coherent evolution generated by KP . In the language of scattering theory, we

are passing to the “interaction picture” to compare the coherent evolution and its perturbation by a

weak dissipation. This is what Davies [12] did in his derivation of Lindblad equations in the weak

coupling limit, and hence it is no surprise that his averaging operation introduced there shows up

again here.

Since KP and LP,γ differ by a term of order γ−1, we expect e−tKP etLP,γ to differ significantly

from the identity only for times of order γ. It is therefore natural to introduce the rescaled time τ

given by

t = γτ . (20)

We shall then show that

lim
γ→∞

e−γτKP eγτLP,γ = eτD
♯
P . (21)

The rescaling of time (20) is different than in Davies’ work because the Zeno limit is not the weak

coupling limit, but as in [12] we use the elementary theory of perturbation of Volterra integral

equations to compare the evolutions.

The precise version of (21), Theorem 7.1, says that when DA is ergodic and gapped, then for all

T > 0 there is a constant C independent of T and γ such that for all density matrices R0 on HB ,

∥e−γτKP eγτLP,γR0 − eτD
♯
PR0∥1 ⩽

1

γ
CTeCT (22)

for all 0 ⩽ τ ⩽ T .

This does not directly refer to the evolution governed by Lγ , but we use this and (16) to prove
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Theorem 7.3 which says that there are finite constants C0 and C1 independent of γ such that for all

T > 0, and all density matrices R0 on HB ,

∥e−τγKPTrAe
γτLγπA ⊗R0 − eτD

♯
PR0∥1 ⩽

1

γ
C0Te

C1T . (23)

The results (22) and (23) allow us to study the evolutions governed by Lγ and LP,γ in terms of

the evolution governed by D♯
P . In particular, we use (22) and (23) to show that is D♯

P is egodic and

gapped, then so are Lγ and LP,γ for all sufficiently large γ, and moreover, we prove a tight relation

among the rates of aproach to stationairty for all three generators.

This is best done in terms of the mixing time, which plays an important role in several recent

investigations of open quantum systems [14, 32, 33, 34]. We recall the relevant definitions:

For any two density matrices ρ0, ρ1 on H, define their total variation distance

dTV(ρ0, ρ1) =
1

2
∥ρ0 − ρ1∥1 , (24)

and hence dTV(ρ0, ρ1) ⩽ 1 with equality if and only if ρ0 and ρ1 are supported on mutually orthogonal

subspaces of H.

Let L be a Lindblad generator acting on operators on H a finite-dimensional Hilbert space, and

let 0 < ϵ < 1
2 . The ϵ-mixing time of L is defined here by

tmix(L, ϵ) := inf
{
t > 0 : dTV(e

tLρ0, e
tLρ1) < ϵ for all density matrices ρ0 , ρ1

}
, (25)

with the convention that tmix(L, ϵ) = ∞ if there is no finite time t such that dTV(e
tLρ0, e

tLρ1) < ϵ

for all pairs density matrices ρ0, ρ1. It is known that if tmix(L, ϵ) < ∞ for some 0 < ϵ < 1
2 , then this

is true for all such ϵ; see Theorem E.3.

This definition does not require L to be ergodic, but tmix(L, 1
4 ) < ∞ if and only if L is ergodic.

We will use comparison of mixing times to prove ergodicity, hence this definition, which does not refer

to a putative unique steady state π, is the one adapted to our applications. In our finite dimensional

setting, a spectral gap implies finite mixing times, but the mixing times do not depend on the spectral

gap a and ϵ alone . For these facts and more on mixing times, see Appendix E.

Returning to Lγ , LP,γ and D♯
P , we prove in Theorem 7.5 that for all but at most contably many

values of ϵ0 ∈ (0, 1
2 ),

lim
γ→∞

tmix(Lγ , ϵ0)

γ
= lim

γ→∞

tmix(LP,γ , ϵ0)

γ
= tmix(D♯

P , ϵ0) .

This has the consequence that if D♯
P is ergodic and gapped, then so are Lγ and LP,γ for all sufficiently
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large γ. See Theorem 7.5, which complements spectral results of [26], for a precise statement.

This shows one way in which D♯
P governs the long-time behavior of the evolution described by

both LP,γ , and by Lγ , near the Zeno limit. For another, suppose that D♯
P is ergodic and gapped.

and let R̄ be the unique density matrix on HB such that D♯
P R̄ = 0. Let ρ̄γ be the unique (for γ

sufficiently large) density matrix on HAB satisfying Lγ ρ̄γ = 0. Then we prove that

lim
γ→∞

ρ̄γ = πA ⊗ R̄ . (26)

Note the difference with (17): here we first let t → ∞ to obtain ρ̄γ and then take γ → ∞, rather

than the other way around. By (18), if we first take γ → ∞, after an initial dissipative projection

onto M, the motion is coherent, and limγ→∞ etLγρ0 = πA ⊗ etKPTrAρ0 has no limit as t → ∞.

In Section 8 we turn to the computation of non-equilibrium steady states (NESS) for (1). Even

in the general setting of open quantum systems, boundary driven or not, there are few cases in which

NESS can be computed for all but the smallest of systems. Extremely valuable examples in which

this has be done are given in the work of Prosen [29, 30] and Popkov and Prosen [28]. However, in

most cases, to understand the natures of currents in NESS, one must use perturbation theory.

There is a large literature on the perturbative approach; see [19, Section III.D]. The simplest cases

concern a Linblad equation of the type

d

dt
ρ(t) = (L0 + ϵL1)ρ(t) (27)

in which L0 is ergodic so that there is a unique denisty matrix ρ̄0 satisfying L0ρ̄0 = 0. One then

assumes that for ϵ sufficiently small, there is a unique density matrix ρ̄ϵ satisfying (L0 + ϵL1)ρ̄ϵ = 0

and moreover (the key assumption), that ρ̄ϵ has an expansion

ρ̄γ = ρ̄0 + ϵ

∞∑
k=0

ϵkn̄k . (28)

Inserting this expansion into the equation (27), and equating terms with like powers of ϵ leads to the

system of equations

L0n̄0 = −L1ρ0 and, for k ⩾ 1, L0n̄k = L1n̄k−1 . (29)

When L0 is ergodic, its range consists of all traceless operators, and hence if L1 is also a Lindblad

generator, so that everything in its range is traceless, each of the equations in (29) is solvable, and

there will be a unique traceless solution. If one can then prove that the series converges in the trace

norm, and can prove that L0 + ϵL1 is ergodic for all sufficiently small ϵ, one will have justified the

expansion (28), from which ρ̄ϵ can now be confidently computed.

Our problem is more complex. Here, D plays the role of L0 and it is far from ergodic. Therefore,
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there is no obvious candidate for ρ̄0. A related problem arises in [20] for a boundary driven spin

chain model (but not near the Zeno limit). In that case, a conjectured ansatz [20, eq. (6)] based on

exact calculation for short chains provides starting point ρ0, but there is no proof that is the correct

starting point of the expansion.

In our setting, the Lindblad generator D♯
P provides an equation for ρ̄0, at least when D♯

P is ergodic

and gapped. Then by (26), limγ→∞ ρ̄γ = πA ⊗ R̄, where D♯
P R̄ = 0, and thus we take πA ⊗ R̄ as the

starting point of an expansion

ρ̄γ = πA ⊗ R̄+ γ−1
∞∑
k=0

γ−kn̄k .

Now the equations to be solved are

Dn̄0 = K(πA ⊗ R̄) (30)

and then for each k ⩾ 1,

Dn̄k = Kn̄k−1 . (31)

On account of the large null space of D, and correspondingly small range, the solvability conditions

are not so simple as they were for (29), and even when these equations are individually solvable, they

will have infinitely many solutions. Nonetheless, under the conditions described above, we show the

existence of a unique solution of the hierarchy (30) and (31). Moreover, for finite constants C0 and

C1, ∥n̄k∥1 ⩽ C0C
k
1 for all k so that the series converges in trace norm for all γ > C1, and one can

easily estimate the remainder if the sum is truncated. These results are the content of Theorem 8.3

which presents them in a more explicit form.

The final section of the paper discusses an analogy with the theory of hydrodynamic limits that

provides an interesting perspective on the relations between the evolution equations specified by Lγ ,

KP , LP,γ and D♯
P .

2 Notation and some mathematical preliminaries

Let H be any finite dimensional Hilbert space. Then Ĥ will always denote the Hilbert space consisting

of operators onH equipped with the Hilbert-Schmidt inner product ⟨X,Y ⟩
Ĥ

:= Tr[X∗Y ]. ForX ∈ Ĥ,

∥X∥∞ denotes the operator norm of X which is the largest singular value of X, ∥X∥1 denotes the

trace norm of X, which is the sum of the singular values of X, repeated according to their multiplicity.

The Hilbert-Schmidt norm of X is denoted by ∥X∥2.

Let H and K be two finite dimensional Hilbert spaces. Let T be a linear operator from Ĥ to K̂;

that is, a super-operator from H to K. The adjoint operator from K̂ to Ĥ (a super operator from K

to H) will always be denoted by T †.
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Let Y be an operator on K and X be an operator on H. Then we may regard Y and X as vectors

in the Hilbert spaces K̂ and Ĥ respectively, and define the super-operator |Y ⟩⟨X| from Ĥ to K̂ by

|Y ⟩⟨X|Z = ⟨X,Z⟩ĤY (32)

for all Z in Ĥ. In our analysis, this plays the role of the “vectorization” discussed in [19, Section

III.B], but avoids identifying Ĥ with H⊗H and K̂ with K ⊗K which requires a choice of basis.

The symbol 1 will be used both for the identity operator on H and the identity super-operator

on Ĥ; which is intended will always be clear from the context.

Define

∥T ∥1→1 = sup{∥T (X)∥1 : ∥X∥1 = 1 } . (33)

This is a norm on the space of super-operators from H to K; in particular, it satisfies the triangle

inequality. We refer to it as the super-operator trace norm For example, with H = HAB , let K be the

super-operator defined by (2). Then for all X ∈ ĤAB ,

∥KX∥1 = ∥HX −XH∥1 ⩽ ∥HX∥1 + ∥XH∥1 ⩽ 2∥H∥∞∥X∥1

where the last inequality is Hölder’s inequality for traces. (See e.g. [8, Section 6.3].) Therefore,

∥K∥1→1 ⩽ 2∥H∥∞ . (34)

It is known that if T is completely positive and trace preserving (CPTP), then ∥T ∥1→1 = 1; see

e.g. [8, Theorem 6.26]. In other words, CPTP maps are contractive (non-increasing) in the trace

norm, and this figures in the next lemma which will be used repeatedly in what follows.

Lemma 2.1. Let H be a Hilbert space and let L be a Lindblad generator acting on the trace class

operator on H, so that for all t ⩾ 0, etL is CPTP. Let ρ(t) solve

d

dt
ρ(t) = Lρ(t) + F (t) (35)

with ρ(0) = ρ0, and where for all t ⩽ T ,
∫ t

0
∥F (s)∥1ds ⩽ ϵ. Then ∥ρ(t)− etLρ0∥1 ⩽ ϵ for all t ⩽ T .

Proof. Writing (35) as a Volterra integral equation and using a Picard iteration shows that this

initial value problem has a unique solution given by ρ(t) = etLρ0 +

∫ t

0

e(t−s)LF (s)ds. By the triangle

inequality, the fact that ∥e(t−s)L∥1→1 ⩽ 1, and (33), ∥ρ(t)− etLρ0∥1 ⩽
∫ t

0

∥F (s)∥1ds.

Now let DA be an ergodic gapped Lindblad generator acting on ĤA, and let πA be the unique

11



steady state. Because of the gap, as in the definition (4) of P,

PA := lim
t→∞

etDA (36)

exists in the super-operator trace norm – or any other norm in this finite dimensional setting. As a

limit of CPTP maps, it is CPTP. In fact, it is easy to see that for all X ∈ ĤA, PAX = Tr[X]πA, and

that PA is a projection onto the subspace of ĤA that is spanned by πA. One readily computes that

for all Y ∈ ĤA, P†
AY = Tr[πAY ]1, so that while P is a projection, it is not an orthogonal projection

on ĤA . In the notation (32), PA = |πA⟩⟨1| and P†
A = |πA⟩⟨1|.

Define the complementary projection QA by

QA := 1− PA . (37)

Because of the spectral gap,

SA := −
∫ ∞

0

etDAQAdt (38)

exists and satisfies

SADA = DASA = QA , (39)

so that SA is a generalized inverse of DA, though it is not the Moore-Penrose [23, 24] generalized

inverse since QA is not an orthogonal projection.

Because D = DA ⊗ 1, etD = etDA ⊗ 1. Therefore, the projection P defined by (4) satisfies

P = PA ⊗ 1 .

Define

Q = QA ⊗ 1 and S := SA ⊗ 1 . (40)

Then Q and P are complimentary projections, and it follows from (39) that

SD = DS = Q , (41)

so that S is a generalized inverse of D. Since PAX = Tr[X]πA, if follows that for all Z ∈ ĤAB ,

PX = πA ⊗ TrAZ where TrA denotes the super-operator from ĤAB to ĤB sending Z to its partial

trace over HA, TrA[Z]. As is well-known, TrA is CPTP. Define the super-operator V from ĤB to

ĤAB by

V(X) := πA ⊗X . (42)

This is also CPTP; if X is a density matrix, it corresponds to adding ancilla in the steady state of

12



DA. Therefore, we have the factorization P = VTrA.

3 Bounds on the projected evolution of ρ(t)

Recall that M denotes the steady state manifold (3). As noted in the introduction, it has been shown

in [35] under very general conditions that solutions of (1) with general initial data ρ0 approach M in

a time of order 1/γ, and then stay close to M, within a distance of order 1/γ, uniformly in time. In

this section we derive results of this type under the assumption that DA is a Lindblad generator that

is ergodic and gapped with stationary state πA. Using this additional information on the generator,

we derive more precise bounds in a simple manner.

Theorem 3.1. Let DA be ergodic with spectral gap a > 0. There are positive finite and calculable

constants C0 and and C1 depending only on DA and ∥H∥∞ (but not on the dimension of HB) such

that for all t > 0,

∥QetLγ∥1→1 ⩽ C0e
−γat/2 +

C1

γ
. (43)

and

∥QetLγP∥1→1 ⩽
C1

γ
. (44)

Remark 3.1. Let ρ0 be any density matrix onHAB , and define ρ(t) := etLγρ0. Then as a consequence

of (43) and Q = 1− P, ∥ρ(t)− Pρ(t)∥1 ⩽ C0e
−γat/2 +

C1

γ
. For t > 2 log(γ)

aγ , this simplifies to

∥ρ(t)− Pρ(t)∥1 = ∥Qρ(t)∥1 ⩽
C0 + C1

γ
.

This is a precise trace norm version of the result (5) of [35]. The proof below, which makes crucial

use of the fact that the CPTP super-operator esLγ is a contraction in the trace norm, is much simpler

than the analysis in [35] which however is not restricted to CPTP evolution equations.

Proof. By Duhammel’s formula,

etLγ = etγD +

∫ t

0

e(t−s)γDKesLγds . (45)

By the triangle inequality and the fact that [Q,D] = 0 (see (39) and (40)),

∥QetLγ∥1→1 ⩽ ∥etγDQ∥1→1 +

∫ t

0

∥e(t−s)γDQKesLγ∥1→1ds . (46)

By the definition of the super-operator trace norm,

∥e(t−s)γDQKesLγ∥1→1 ⩽ ∥Qe(t−s)γD∥1→1∥K∥1→1∥esLγ∥1→1

13



Since esLγ is CPTP, ∥esLγ∥1→1 = 1, and by (34), ∥K∥1→1 ⩽ 2∥H∥∞. By Theorem C.2, for a

finite constant C depending only on DA, ∥QetγD∥1→1 ⩽ Ce−tγa/2. Using these estimates in (46),

∥QetLγ∥1→1 ⩽ Ce−tγa/2 + 2∥H∥∞C

∫ ∞

0

e−γ(t−s)a/2ds

which yields (43) with C0 = C and C1 = 4C∥H∥∞
a . The proof of (44) is even simpler: Since P and

Q commute with e(t−s)D, Qe(t−s)DP = 0, and the contribution of the term involving K is no larger

than before.

Crucially for what follows, the projected evolution is globally Lipschitz, and after a relaxation

time of order γ−1, so is the full evolution.

Lemma 3.2. For any density matrix ρ0 on H, define ρ(t) := etLγρ0 and R(t) := TrAρ(t). Then for

all t > s > 0,

∥R(t)−R(s)∥ ⩽ ∥K∥1→1(t− s) . (47)

Moreover, for all t > s > 2 log(γ)
aγ ,

∥ρ(t)− ρ(s)∥1 ⩽ L(t− s) (48)

where L = (∥K∥1→1 + C0 + C1), with C0 and C1 as in Theorem 3.1. If ρ0 ∈ M, then (48) is valid

for all t > s ⩾ 0.

Proof. Since D = DA ⊗ 1, and since TrADA = 0,

d

dt
R(t) = TrA(K + γD)ρ(t) = TrAKρ(t) .

Then since ∥TrAKρ(t)∥1 ⩽ ∥TrA∥1→1∥K∥1→1∥ρ(t)∥1 = ∥K∥1→1. This proves (47).

Next, using the fact that D = DQ, we compute
d

dt
etLγρ = Lγ(e

tLγρ) = K(etLγρ) + γDQetLγρ.

Therefore, by Remark 3.1, for t > tγ = 2 log(γ)
aγ

∥∥∥∥ d

dt
ρ(t)

∥∥∥∥
1

⩽ ∥K∥1→1 + γ
C

γa
= ∥K∥1→1 +

C

a
.

Now integration yields the bound. When ρ0 ∈ M, the condition t > 2 log(γ)
aγ is superfluous.

The next theorem says that near the Zeno limit, we may replace general initial data ρ0 by its

projection onto M, Pρ0, and after a time of order γ−1, the trace norm difference between the two

solution is (essentially) of order γ−1, uniformly in time.

14



Theorem 3.3. Let DA be ergodic with spectral gap a > 0. There is a constant C > 0 independent of

γ such that for all t ⩾ tγ := 2 log(γ)
aγ ,

∥etLγρ− etLγPρ∥1 ⩽
log(1 + γ)

γ
C . (49)

Proof. Fix t > 0, and let γ be sufficiently large that t > tγ . Then

etLγρ = e(t−tγ)Lγ (P +Q)etγLγρ = e(t−tγ)LγPρ+ e(t−tγ)LγQetγLγρ .

By the definition of tγ , Theorem 3.1, and the fact that e(t−tγ)Lγ is a contraction in the trace norm,

∥e(t−tγ)LγQetγLγρ∥1 ⩽ C0+C1

γ . By Lemma 3.2, ∥e(t−tγ)LγPρ− etLγPρ∥1 ⩽ Ltγ , and now (49) follows

by the triangle inequality.

4 The super-operators KP and DP

Recall the that the super-operator V acting on ĤB has been defined in (42) by VX = πA ⊗ X.

The super-operator KP defined in (11) can be expressed in terms of V which is how it shall arise

in expansions considered here. The following lemma is due to [35]; its simple proof is included for

convenience.

Lemma 4.1. For all density matrices R on HB,

TrAKVR = −i[HP , R] =: KPR (50)

where HP := TrA[(πA ⊗ 1B)H] as in (9).

Proof. By the definition (42) of V,

KPR = PKπA ⊗R = −iP (H(πA ⊗R)− (πA ⊗R)H)

= −iP (H(πA ⊗ 1B)(1A ⊗R)− (1A ⊗R)(πA ⊗ 1B)H)

= −i (πA ⊗ TrA[H(πA ⊗ 1B)(1A ⊗R)]− πA ⊗ TrA[(1A ⊗R)(πA ⊗ 1B)H])

= −i (πA ⊗ TrA[H(πA ⊗ 1B)]R− πA ⊗RTrA[(πA ⊗ 1B)H]) .

By the partial cyclicity of the partial trace, TrA[H(πA⊗1B)] = TrA[(πA⊗1B)H] = HP , which shows

that HP is self-adjoint, and proves (50).

For future use, note that since TrA and V are CPTP hence hence trace norm contractions,

∥KP ∥1→1 ⩽ ∥K∥1→1 ⩽ 2∥H∥∞
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where the final inequality is from (34).

As an immediate consequence of Lemma 4.1, KP generates a coherent CPTP evolution. We now

turn to DP as defined by

DP := −TrAKSKV . (51)

It was shown in [25] that under certain conditions, DP is a Lindblad generator so that DP generates

a CPTP evolution, and therefore so does

LP,γ := KP +
1

γ
DP . (52)

.

We show that DP is a Lindblad generator assuming only that DA is ergodic and gapped. This

was shown in [25] under the additional assumptions that DA is diagonalizable, and more important,

that a certain matrix determined by DA is positive semidefinite, but conditions for this matrix to be

positive semidefinite are not discussed in [25].

The next lemma presents the argument of [25] adapted to remove the assumption that DA is

diagonalizable. Apart from the small changes needed to avoid assuming that DA is diagonalizable, we

closely follow the argument in [25]. For background on Jordan bases and dual bases, see Appendix B.

Lemma 4.2. Let DA be ergodic and gapped with the unique steady state πA. Let {Y0, . . . , YnA
} be a

Jordan basis for DA such that Y0 = πA, and let {X0, . . . , XnA
} be the dual basis. Define the operators

{G0, . . . , GnA
} on HB by

H =

nA∑
j=0

Xj ⊗Gj . (53)

Define an nA × nA matrix M by

Mj,k := −⟨S†
AXk, XjπA⟩ (54)

and define A = 1
2 (M +M†) and B := 1

2i (M −M†). Suppose that A is positive semidefinite so that

it has an spectral decomposition

Aj,k =

r∑
ℓ=1

µℓv
(ℓ)
j v

(ℓ)
k (55)

where r is the rank of A, and each µℓ is strictly positive.

Then DP , defined in (51), is a Lindblad generator, and for all operators R on HB,

DPR =

r∑
ℓ=1

(
2VℓRV †

ℓ − V †
ℓ VℓR−RV †

ℓ Vℓ

)
− i[HL, R] , (56)

where

Vℓ :=
√
µℓ

nA∑
k=1

v
(ℓ)
k Gk and HL :=

nA∑
j,k=1

Bj,kG
†
kGj . (57)
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Proof. Since H is self-adjoint, (53) can be extended to H =

nA∑
j=0

Xj ⊗Gj =

nA∑
j=0

X†
j ⊗G†

j . Using both

of these expression for H,

KVR = −i (H(πA ⊗R)− (πA ⊗R)H) = −i

nA∑
j=0

(
XjπA ⊗GjR− πAX

†
j ⊗RG†

j

)
,

and since S(Y0⊗
(
G0R−RG†

0

)
= 0, SK(πA ⊗R) = −i

nA∑
j=1

S
(
XjπA ⊗GjR− πAX

†
j ⊗RG†

j

)
. Using

the expression for S provided in Theorem C.1, namely S =

nA∑
k=1

|Yk⟩⟨S†Xk|.

S(XjπA ⊗GjR) =

nA∑
k=1

⟨S†Xk, XjπA⟩Yk ⊗GjR =

nA∑
k=1

Mk,jYk ⊗GjR .

Using the same expression for S, but now for the dual bases {Y †
0 , . . . , Y

†
nA

} and {X†
0 , . . . , X

†
nA

},

S(πAX
†
j ⊗RG†

j) =

nA∑
k=1

⟨S†(X†
k), (XjπA)

†⟩Y †
k ⊗RG†

j .

By cyclicity of the trace, ⟨etD
†
AX†

k, (XjπA)
†⟩ = Tr[(XjπA)

†etD
†
A(Xk)] = ⟨etD†

AXk, XjπA⟩. (For z ∈ C,

z̄ denotes its complex conjugate.) Integrating in t, ⟨S†(X†
k), (XjπA)

†⟩ = ⟨S†Xk, XjπA⟩. Altogether,

SK(πA ⊗R) = i

nA∑
j,k=1

(
Mk,jYk ⊗GjR−Mk,jY

†
k ⊗RG†

j

)
.

Therefore,

KSK(πA ⊗R) =

nA∑
ℓ=0

nA∑
j,k=1

Mk,j

(
X†

ℓYk ⊗G†
ℓGjR− YkX

†
ℓ ⊗GjRG†

ℓ

)
−

nA∑
ℓ=0

nA∑
j,k=1

Mk,j

(
XℓY

†
k ⊗GℓRG†

j − Y †
k Xℓ ⊗RG†

jGℓ

)
.

Taking the partial trace over HA, which produces a factor of δk,ℓ in each term,

−TrA[KSK(πA ⊗R)] =

nA∑
j,k=1

Mk,j

(
GjRG†

k −G†
kGjR

)
+

nA∑
j,k=1

Mk,j

(
GkRG†

j −RG†
jGk

)
. (58)

Note that

nA∑
j,k=1

Mk,jGkRG†
j =

nA∑
j,k=1

Mj,kGkRG†
j =

nA∑
j,k=1

M†
k,jGkRG†

j . In the same way,
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nA∑
j,k=1

Mk,jRG†
jGk =

nA∑
j,k=1

M†
k,jRG†

kGj =

nA∑
j,k=1

(A− iB)†k,jRG†
kGj . Therefore, (58) becomes

−TrA[KSK(πA ⊗R)] =

nA∑
j,k=1

Ak,j

(
2GjRG†

k −G†
kGjR−RG†

kGj

)
− i[HL, R] (59)

where HL :=

nA∑
j,k=1

Bj,kG
†
kGj . Now assuming that A is positive semidefinite, it has a spectral decom-

position of the form (55) where µℓ > 0 for ℓ = 1, . . . , r. Substituting this into (59) yields (56).

It remains to prove that the self-adjoint part of the matrix M defined in (54) is positive semidef-

inite. We use the Gelfand-Naimark-Segal (GNS) inner product associated to πA, defined as follows:

Let H be a finite dimensional Hilbert space, and let µ ve a density matrix on H. For operators

X and Y on H, their GNS inner product ⟨X,Y ⟩µ is given by

⟨X,Y ⟩µ := Tr[X∗Y µ] = ⟨Xµ1/2, Y µ1/2⟩Ĥ . (60)

If L is a Lindblad generator acting on Ĥ with invariant state π, it is said to satisfy the GNS detailed

balance condition with respect to π if its Hilbert-Schmidt adjoint L† is self-adjoint with respect

to the GNS inner product associated to π. In the quantum setting, as in the classical, detailed

balance corresponds to microscopic reversibility [5]. In the quantum setting, there are other way

to weight the inner product, for example ⟨µ1/4Xµ1/4, µ1/4Y µ1/4⟩Ĥ, which defines the Kubo-Martin-

Schwinger (KMS) inner product and another notion of detailed balance [13]. The GNS notion of

detailed balance is the most restrictive [2], and a theorem of Alicki [4] gives the form of all Lindblad

generators satisfying this condition, which is very helpful [10] when studying the rate of approach to

stationarity.

It is easy to see that when D†
A is self-adjoint with respect to the GNS inner product induced

by πA, which is the case in the example considered in [25], the matrix A specified in Lemma 4.2

is diagonal with non-negative entries and HL in (56) will always be identically zero. The following

general inequality will be shown to yield the positivity of A without any extra assumption on DA.

Theorem 4.3. Let DA be an ergodic and gapped Lindblad generator on HA with steady state πA.

Define PA, QA and SA in terms of DA as in (36), (37) and (38). Then for all Z ∈ ĤA,

⟨S†
AZ,Q

†
AZ⟩πA

+ ⟨Q†
AZ,S

†
AZ⟩πA

⩽ 0

where the inner products are taken in the GNS inner product associated to πA, as in (60).

Proof. Since etD
†
A completely positive and etD

†
A1A = 1A, an inequality of Lieb and Ruskai [21] (a

slightly more general form was proved by Choi [11, Corollary 2.8], but we only need the original;
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see [8, Section 5.6]) says that for all operators W on HA,
(
etD

†
AW

)† (
etD

†
AW

)
⩽ etD

†
A(W †W ).

Differentiating in t at t = 0 yields

D†
A(W )†W +W †D†

A(W ) ⩽ DA(W
†W ) . (61)

The inequality (61), derived in this manner, also appears in Lindblad’s work [22, (3.1)] on the gen-

erators of CPTP semigroups. Now apply (61) as follows:

Define W := S†
AZ, so that D†

AW = Q†
AZ. Then

⟨S†
A(Z),Q†

AZ⟩πA
+ ⟨Q†

AZ,S
†
A(Z)⟩πA

= ⟨W,D†
AW ⟩πA

+ ⟨D†
AW,W ⟩πA

= Tr
[(

W †D†
A(W ) +D†

A(W
†)W

)
πA

]
⩽ Tr

[(
D†

A(W
†W )

)
πA

]
= ⟨πA,D†

A(W
†W )⟩ = ⟨DA(πA),W

†W ⟩ = 0 ,

where the only inequality is (61).

Theorem 4.4. Let DA be gapped and ergodic, and let DP = −TrAKSKV as in (51). Then DP is

the Lindblad generator given by (56) and (57).

Proof. By Lemma 4.2 it suffices to prove that for arbitrary (z1, . . . , znA
) ∈ CnA ,

nA∑
j,k=1

zkAk,jzj ⩾ 0.

By (54) and cyclicity of the trace, Ak,j = −1

2

(
⟨S†Xk, XjπA⟩+ ⟨Xj ,S†XkπA⟩

)
. Define Z :=

nA∑
j=1

zjXj ,

and note that Z = Q†Z. Then

nA∑
j,k=1

zkAk,jzj = −1

2

nA∑
j,k=1

(〈
zjS†Xj , zkXkπA

〉
HS

+
〈
zjXj , zkS†XkπA

〉
HS

)
= −1

2

(〈
S†(Z),Q†ZπA

〉
HS

+
〈
Q†Z,S†(Z)πA

〉
HS

)
. (62)

By Theorem 4.3 the left side of (62) is non-negative.

5 Approximate equations of motion

In this section we present a simple and rigorous derivation of the approximate equations of motion

of [35] and [25] that provides explicit error estimates. We first consider initial data in M.

Lemma 5.1. Suppose that DA is ergodic with steady state πA and spectral gap a > 0. Let R0 be any

density matrix on HB. Let LP,γ = KP +
1

γ
DP as in (52). Then there exists a constant C depending
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only on DA and the operator norm of H such for all T > 0,

∥TrAetLγπA ⊗R0 − etLP,γR0∥1 ⩽
1

γ2
CT (63)

for all 0 ⩽ t ⩽ T .

Proof. Let R0 be any density matrix onHB . Define R(t) := TrAe
tLγπA⊗R0 so that P(etLγπA⊗R0) =

πA ⊗ R(t). Define Y (t) = etLγπA ⊗ R0 so that R(t) := TrAY (t). By Duhammel’s formula (45), and

etγDπA ⊗R0 = πA ⊗R0,

Y (t) = Y (0) +

∫ t

0

e(t−s)γDKY (s)ds . (64)

Since D = DA ⊗ 1 and TrADA = 0, taking the partial trace over HA throughout (64) yields

R(t) = R0 +

∫ t

0

TrAKesLγπA ⊗R0ds . (65)

Since P +Q = 1 and P = VTrA, esLγπA ⊗R0 = VR(s) +QesLγπA ⊗R0. Inserting this in (65),

and using Lemma 4.1,

R(t) = R0 +

∫ t

0

KPR(s)ds+

∫ t

0

TrAKQY (s)ds . (66)

Applying Q to both sides of (64), and making a simple change of the integration variable,

QY (t) =
1

γ

∫ γt

0

erDQKY (t− r/γ)dr .

Define W (t, r) := Y (t− r/γ)− Y (t). Then QY (t) =
1

γ

∫ γt

0

erDQKY (t)dr +
1

γ

∫ γt

0

erDQKW (t, r)dr.

Inserting this in (66) yields

R(t) = R0 +

∫ t

0

KPR(s)ds+

∫ t

0

TrAK
(
1

γ

∫ γs

0

(
erDQKdr

)
Y (s) +

1

γ

∫ γs

0

erDQKW (t, r)dr

)
ds .

In the first double integral, we again use Y (s) = PY (s) +QY (s) = VR(s) +QY (s) to obtain

R(t) = R0 +

∫ t

0

(
KP +

1

γ

∫ γs

0

TrAKerDQKVdr
)
R(s)ds+

∫ t

0

F0(s)ds (67)

where F0(s) :=
1

γ

∫ γs

0

TrAK
(
erDQK(QY (s) +W (t, r)

)
dr.

By Lemma 3.2, ∥W (t, r)∥1 ⩽ Lr/γ. By Theorem C.2 in the appendix, there is a constant C

depending only on DA such that ∥QetD∥1→1 ⩽ Ce−ta/2. Therefore,

∥∥∥∥ 1γ
∫ γs

0

KerDQKW (t, r)dr

∥∥∥∥
1

⩽ ∥K∥21→1

CL

γ2

∫ ∞

0

re−ta/2dr .
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and again by Theorem 3.1, ∥K erDQK(QY (s)∥1 ⩽ 4∥K∥21→1
C1

γ . Altogether there is a constant C

depending only on DA and ∥K∥1→1 such that for all s ⩾ 0,

∥F0(s)∥1 ⩽
C

γ2
. (68)

Define F1(s) :=

(
1

γ
DP − 1

γ

∫ γs

0

TrAKerDQKVdr
)
R(s), so that with F (t) = F0(t) + F1(t), (67)

becomes

R(t) = R0 +

∫ t

0

(
KP +

1

γ
DP

)
R(s)ds+

∫ t

0

F (s)ds . (69)

Since −SQKV =

∫ ∞

0

erDQKVdr,

∥∥∥∥DP −
∫ γs

0

TrAKerDQKVdr
∥∥∥∥
1→1

=

∥∥∥∥∫ ∞

sγ

TrAKerDQKVdr
∥∥∥∥
1→1

⩽ 2∥K∥21→1

∫ ∞

γs

∥erDQ∥1→1dr

Again by Theorem C.2 proved in the appendix, for a finite constant C depending only on DA

∥erγDQ∥1→1 ⩽ Ce−rγa/2. Therefore,

∫ t

0

∥F1(s)∥1ds ⩽
4∥K∥21→1C

γ2a
. Combining this with (68) yields∫ t

0

∥F (s)∥1ds ⩽
C

γ2
for a constant C depending only on DA and ∥K∥1→1. Now differentiate (69) and

apply Lemma 2.1 and (34).

Remark 5.1. Since differentiating (69) yields
d

dt
R(t) = LP,γR(t) + F (t). The estimates obtained

above show that F (t) = O(γ−2). Therefore,
d

dt
R(t) = (KP + γ−1DP )R(t) +O(γ−2), which by (12)

is the same as (13).

While Lemma 5.1 applies to initial data in M, we may extend its domain of application to general

initial data using Theorem 43 and Theorem 3.3, yielding the following theorem:

Theorem 5.2. Suppose that DA is ergodic with steady state πA and spectral gap a > 0. Let ρ0 be

any density matrix on HAB, and define R0 := TrA[ρ0] so that Pρ0 = πA ⊗ R0. Let a denote the

spectral gap of DA. For any ϵ > 0 and any T > 0,

∥etLγρ0 − πA ⊗ etLP,γR0∥1 ⩽ C
log(1 + γ) + 1 + T

γ
, (70)

uniformly on [ϵ, γT ] for any 0 < ϵ < T for all γ such that 2 log(γ)
aγ ⩽ ϵ.

Proof. By the triangle inequality,

∥etLγρ0 − πA ⊗ etLP,γR0∥1 ⩽ ∥etLγρ0 − etLγπA ⊗R0∥1 (71)

+ ∥etLγπA ⊗R0 − πA ⊗ TrAe
tLγπA ⊗R0∥1 (72)

+ ∥πA ⊗ TrAe
tLγπA ⊗R0 − πA ⊗ etLP,γR0∥1 . (73)
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Fix 0 < ϵ < T , and consider t such that 0 ⩽ t ⩽ γT . Using (49) of Theorem 3.3 the term on

the right in (71) is bounded by log(1+γ)
γ C for all γ such that 2 log(γ)

aγ ⩽ ϵ. The term in (72) equals

∥etLγπA ⊗ R0 − P(etLγπA ⊗ R0)∥1 ⩽ C
γ where the inequality is (44) of Theorem 3.1. The term in

(73) equals

∥∥πA ⊗
(
TrAe

tLγπA ⊗R0 − etLP,γR0

)∥∥
1
=

∥∥TrAetLγπA ⊗R0 − etLP,γR0

∥∥
1
⩽

CT

γ2
,

where the inequality is (63) of Lemma 5.1. This last inequality holds for any T > 0, and then all

0 ⩽ t ⩽ T . Now replacing T by γT , and putting all of the estimates together, yields (70)

The following simple consequence of Theorem 5.2 relating the evolution generated by Lγ to the

approximate coherent evolution generated by KP .

Theorem 5.3. Let ρ0 be any density matrix on HAB, and define R0 := TrA[ρ0] so that Pρ0 =

πA ⊗R0. Let a denote the spectral gap of DA. For any ϵ > 0 and any T > 0,

∥etLγρ0 − πA ⊗ etKPR0∥1 ⩽ C
log(1 + γ) + 1 + T/γ

γ
, (74)

uniformly on [ϵ, T ] for any 0 < ϵ < T for all γ such that 2 log(γ)
aγ ⩽ ϵ. In particular,

lim
γ→∞

TrAe
tLγρ = etKPTrAρ ,

where the convergence is in the trace norm, and for any 0 < ϵ < T , it is uniform on ϵ < t ⩽ γT .

Proof. We first show that for all T > 0 and all γ > 0, there is a finite constant C independent of T

and γ such that for all 0 < t < T ,

∥etLP,γR0 − etKPR0∥1 ⩽
1

γ
T∥DP ∥1→1 . (75)

To see this, define R(t) := etLP,γR0. Then evidently,
d

dt
R(t) = KPR(r) + F (t) where F (t) =

γ−1DPR(t). Then ∥F (t)∥1 ⩽ γ−1∥DP ∥1→1, and then (75) follows from Lemma 2.1.

By the triangle inequality and the fact that ∥πA⊗(etLP,γR0−etKPR0)∥1 = ∥etLP,γR0−etKPR0∥1.

∥etLγρ0 − πA ⊗ etKPR0∥1 ⩽ ∥etLγρ0 − πA ⊗ etLP,γR0∥1 + ∥etLP,γR0 − etKPR0∥1 (76)

By Theorem 5.3, ∥etLγρ0 − πA ⊗ etLP,γR0∥1 ⩽ C
log(1 + γ) + 1 + T/γ

γ
uniformly on [ϵ, T ] for any

0 < ϵ < T for all γ such that 2 log(γ)
aγ ⩽ ϵ. Using this to bound the first term on the right in (76), and

using (75) to bound the second, and then harmonizing constants proves (74).
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While the proof of Theorem 5.2 contains a rigorous derivation of the equation
d

dt
R(t) = LP,γR(t),

there is another simple and natural but formal approach that not only produces this equation, but

provides an infinite sequences of higher order “corrections”. The approach is based on the Hilbert

expansion from kinetic theory [17, 18].

For a solution ρ(t) of (1), define R(t) by πA ⊗R(t) = Pρ(t) as before, and then define n(t) by

ρ(t) = πA ⊗R(t) +
1

γ
n(t) . (77)

Equivalently, n(t) = γQρ(t), and hence Pn(t) = 0 and Q(πA ⊗ Z) = 0 for all operators Z on HA.

Inserting (77) into (1),

πA ⊗ d

dt
R(t) = K(πA ⊗R(t)) +Dn(t) +

1

γ
Kn(t)− 1

γ

d

dt
n(t) . (78)

Since D and P commute, applying P to both sides of (78) yields

πA ⊗ d

dt
R(t) = PK(πA ⊗R(t)) +

1

γ
PKn(t) . (79)

Since D and Q commute applying Q to both sides of (78) yields

1

γ

d

dt
n(t) = QK(πA ⊗R(t)) +Dn(t) +

1

γ
QKn(t) . (80)

Apply S to both sides of (80) and use the fact (41) that SD = Q to obtain

n(t) = −SK(πA ⊗R(t))− 1

γ
SKn(t) +

1

γ

d

dt
Sn(t) . (81)

Following Hilbert [18], assume that n(t) has an expansion in inverse powers of γ:

n(t) =

∞∑
j=0

γ−jnj(t) . (82)

Inserting the expansion into the equation and then applying P and Q to both sides, yields two coupled

equations.

Inserting this into (81) and equating like powers of γ yields

n0(t) = −SK(πA ⊗R(t)) (83)

nj(t) = −SKnj−1(t) + S d

dt
nj−1(t) for j ⩾ 1 . (84)
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Using (83), and replacing n(t) by n0(t) in (79) formally yields

πA ⊗ d

dt
R(t) = PK(πA ⊗R(t))− 1

γ
PKSK(πA ⊗R(t)) +O

(
1

γ2

)
,

and then taking the trace of this over HA yields

d

dt
R(t) = TrA[K(πA ⊗R(t))]− 1

γ
TrA[KSK(πA ⊗R(t))] +O

(
1

γ2

)
. (85)

The Hilbert expansion provides a systematic method for computing corrections to (85) at any

order. To go to the next order, all one needs to do is to use n0(t) +
1
γn1(t) in place of n(t) in (79).

Using (84) to determine n1(t) then yields

n1(t) = −SKn0(t) +
d

dt
n0(t)

= SKSK(πA ⊗R(t))− S2K(πA ⊗ d

dt
R(t))

= SKSK(πA ⊗R(t))− S2K
(
PK(πA ⊗R(t)) +

1

γ
PKn(t)

)
= (SKSK − S2KPK)(πA ⊗R(t))− 1

γ
S2KPKn(t) . (86)

Now combine (79), (82) and (86) and then take the trace over HA to obtain

d

dt
R(t) = TrA[K(πA ⊗R(t))]− 1

γ
TrA[KSK(πA ⊗R(t)]

+
1

γ2
TrA

[
K
(
SKSK − S2KPK)(πA ⊗R(t))

)]
+O

(
1

γ3

)
.

It is clear at this point that the corrections of every order can be expressed in terms of K, S and

P. Define the super-operator BP by

BP (R) := TrA
[
K
(
SKSK − S2KPK)(πA⊗)

)]
. (87)

We have then formally derived the approximate equation

d

dt
R = KPR(t) + γ−1DPR(t) + γ−2BPR(t) .

The utility of this equation is in doubt. As mentioned in the introduction, an exact calculation for

the model in Example 6.1 shows that there are simple cases in which KP +γ−1DP +γ−2BP cannot be

put in Lindblad form for any γ > 0. Nonetheless, it still may be that the assumption of an expansion

as in (82) could be rigorously justified. Later, we shall prove convergence of a stationary form of the

Hilbert expansion for steady state solutions of (1).
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6 Davies’ oscillation averaging operation

As in [12], for any super-operator T on HB , define T ♯ by

T ♯(X) := lim
T→∞

1

2T

∫ T

−T

etKP T (e−tKPX)dt . (88)

We are mainly interested in D♯
P where DP is a projected Lindbladian generator on ĤB . However,

many properties of Davies’ coherent averaging operation are valid for all super-operators T on HB .

It is also useful to define the ♯ operation on operators as well as super-operators. For an operator

X on HB define

X♯ := lim
T→∞

1

2T

∫ T

−T

etKPXdt . (89)

Lemma 6.1. For all super-operators T on H, ∥T ♯∥1→1 ⩽ ∥T ∥1→1.

Proof. This is immediate from the definition of T ♯ and the unitary invariance of the trace norm.

An alternate expression for T ♯, also figuring in Davies’ work [12], will be useful. The operator

iKP is self-adjoint on ĤB . If HPϕµ = µϕµ and HPϕν = νϕν , then iKP |ϕµ⟩⟨ϕν | = (µ − ν)|ϕµ⟩⟨ϕν |.

Therefore, the spectrum of iKP , σ(iKP ), is related to the spectrum of HP , σ(HP ), by

σ(iKP ) = {µ− ν : µ, ν ∈ σ(HP )} . (90)

Let HP =
∑

µ∈σ(HP ) µPµ be the spectral decomposition of HP . For µ, ν ∈ σ(HP ) define the

orthogonal projections Qµ,ν on Ĥ by

Qµ,ν(X) = PµXPν . (91)

(One readily checks that Q2
µ,ν = Qµ,ν and Q†

µ,ν = Qµ,ν , so that Qµ,ν is indeed an orthogonal

projection.) Then

iKP =
∑

µ,ν∈σ(HP )

(ν − µ)Qµ,ν so that etKP =
∑

µ,ν∈σ(HP )

eit(ν−µ)Qµ,ν . (92)

The first equation in (92) is not exactly the spectral decomposition of KP since for ω ∈ σ(KP ), the

corresponding spectral projection of KP is
∑

µ,ν∈σ(HP ) : µ−ν=ω Qµ,ν . However, this somewhat finer

decomposition will be useful.

By (88), T ♯ =
∑

µ,µ′ν,ν′∈σ(HP )

Qµ,νT Qµ′,ν′ lim
T→∞

1

2T

∫ T

−T

eit((ν−µ)−(ν′−µ′))dt and hence an alternate

expression for T ♯ is

T ♯ =
∑

µ,µ′,ν,ν′∈σ(HP )

δ(ν−µ)−(ν′−µ′)Qµ,νT Qµ′,ν′ . (93)
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The next theorem bounds the rate at which 1
2T

∫ T

−T
e−tKP T (etKPX)dt converges to T ♯. This rate

depends on

b := min{|(ν − µ)− (ν′ − µ′)| : µ, µ′ν, ν′ ∈ σ(HP ) , (ν − µ) ̸= (ν′ − µ′) } . (94)

Evidently b > 0, and in fact b is the spectral gap of |KP |. In fact, we need a slightly more general

bound that depends only on the length of the time interval and does not require it to be centered.

Theorem 6.2. For all s ∈ R and all T > 0,

∥∥∥∥∥T ♯(X)− 1

2T

∫ T+s

−T−s

e−tKP T (etKPX)dt

∥∥∥∥∥
1→1

⩽ |σ(HP )|4
3π

2bT
(95)

where |σ(HP )| denote the number of distinct eigenvalues of HP .

Proof. By (93), for all X ∈ ĤB ,

T ♯(X)− 1

2T

∫ T

−T

e−tKP T (etKPX)dt =
∑

µ,µ′ν,ν′∈σ(HP )

Cµ,µ′ν,ν′(T )Qµ,νT Qµ′,ν′(X)

where

Cµ,µ′ν,ν′(T ) :=
1

2T

∫ T

−T

eit((ν−µ)−(ν′−µ′))dt− δ(ν−µ)−(ν′−µ′)

Then Cµ,µ′ν,ν′(T ) = 0 for all T if (ν − µ) = (ν′ − µ′), and for (ν − µ) ̸= (ν′ − µ′),

|Cµ,µ′ν,ν′(T )| ⩽ 2π/b

2T
=

π

2bT
.

Moreover, for any s ∈ R, and (ν − µ) ̸= (ν′ − µ′),

∣∣∣∣∣ 1

2T

∫ T

−T

eit((ν−µ)−(ν′−µ′)) − 1

2T

∫ T+s

−T−s

eit((ν−µ)−(ν′−µ′))

∣∣∣∣∣ ⩽ π

bT
.

By (91), for each µ, ν, ∥Qµ,ν∥1→1 ⩽ 1. This proves (95).

The next theorem says that if D is a Lindblad generator acting on ĤB , then so is D♯, and yields

an explicit formula of D♯ in terms of the spectral decomposition of HP and the Lindblad form of D .

We are mainly interested in the case that D = DP , but this spacial choice of D does not enter the

proof.

Theorem 6.3. Let DR =

r∑
ℓ=1

(
2VℓRV †

ℓ − V †
ℓ VℓR−RV †

ℓ Vℓ

)
− i[HL, R] be any Lindblad generator

on ĤB. Let D♯ be defined in terms of D through (93). Let HP =
∑

λ∈σ(HP ) λPλ be the spectral

decomposition of HP so that Pλ is the orthogonal projection on the the eigenspace with eigenvalue λ,

and σ(HP ) is the spectrum of HP .
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Then D♯ has the form

D♯R =
∑

ω∈σ(iKP )

nA∑
j=1

(
2Vj,ωRV †

j,ω − V †
j,ωVj,ωR−RV †

j,ωVj,ω

)
− i[(HL)0, R] (96)

where for any operator Z on HB and any ω ∈ σ(iKP ),

Zω :=
∑

µ,µ′∈σ(HP ) : µ−µ′=ω

Pµ′ZPµ . (97)

Proof. For V ∈ ĤB , consider the Lindblad generator DR := 2V RV † − V †V R−RV †V . We now

compute D♯ term by term. First consider T (X) = V XV †. Then by (91) and (93),

T ♯(X) =
∑

µ,µ′,ν,ν′∈σ(HP )

δ(ν−µ)−(ν′−µ′)PµV Pµ′XPν′V †Pν ,

For ω ∈ σ(KP ), define Vω by (97). Then T ♯(X) =
∑

ω∈σ(KP )

VωXV †
ω . If for the same V , T (X) = V †V X,

T ♯(X) =
∑

µ,µ′ν,ν′∈σ(HP )

δ(ν−µ)−(ν′−µ′)PµV
†V Pµ′XPν′Pν

=
∑

µ,µ′ν,ν′∈σ(HP )

δ(ν−µ)−(ν′−µ′)δν−ν′PµV
†V Pµ′XPν =

∑
µ∈σ(HP )

PµV
†V PµX .

We must show that
∑

ω∈σ(iKP )

V †
ωVω =

∑
µ∈σ(HP )

PµV
†V Pµ. Define Pλ+ω = 0 if λ+ω /∈ σ(HP ). Then

V †
ωVω =

∑
µ,µ′ν,ν′∈σ(HP ) : µ−µ′=ν−ν′=ω

PµV
†Pµ′Pν′V Pν

=
∑

λ∈σ(HP )

Pλ+ωV
†PλV Pλ+ω

If Pλ+ω ̸= 0, ω = µ− λ for some µ ∈ σ(HP ). For all λ, µ ∈ σ(HP ), there is exactly one ω ∈ σ(iKP )

such that λ+ω = µ. To see this, note that ω0 := µ−λ ∈ σ(iKP ), so that there is at least one such ω.

But every other ω ∈ σ(iK) satisfies either ω > ω0 or ω < ω0. Therefore, for every other ω, λ+ω > µ

or λ+ ω < µ, and hence

∑
ω∈σ(iKP )

V †
ωVω =

∑
ω∈σ(iKP )

∑
λ∈σ(HP )

Pλ+ωV
†PλV Pλ+ω =

∑
λ,µ∈σ(HP )

PµV
†PλV Pµ =

∑
µ∈σ(HP )

PµV
†V Pµ .

The same reasoning applies to T (X) = XV †V .

27



Finally, define T (X) := −i[HL, X]. Then

T ♯(X) = −i
∑

µ,µ′ν,ν′∈σ(HP )

δ(ν−µ)−(ν′−µ′) (PµHLPµ′XPν′Pν − PµPµ′XPν′HLPν)

=
∑

µ,ν∈σ(HP )

(PµHLPµXPν − PµXPνHLPν)

=
(∑

µ∈σ(HP ) PµHLPµ

)
X −X

(∑
µ∈σ(HP ) PµHLPµ

)
.

Putting together the pieces yields the claim for the general Lindblad generator as stated.

Lemma 6.4. Let T be any super operator on HB. For all X ∈ ker(T ♯), X♯ ∈ ker(T ♯) where X♯

is defined in (89). In particular, if D♯
P is ergodic, then the unique density matrix R̄ satisfying D♯

P R̄

commutes with HP .

Proof. For any real s, and any X ∈ ker(KP ),

esKP T ♯(X) = lim
T→∞

1

2T

∫ T

−T

e(t+s)KP T (e−tKPX)dt

= lim
T→∞

1

2T

∫ T

−T

e(t+s)KP T (e−(t+s)KP esKPX)dt = T ♯(esKPX)

Therefore, if T ♯(X) = 0, then T ♯(esKPX) = 0 for all s, and hence T ♯(X♯) = 0. Taking T = DP , we

see that the null space of D♯
P is invariant under that map R 7→ R♯, and hence if D♯

P is ergodic, the

unique density matrix in its null space commutes with HP .

Example 6.1. We consider a very simple 2 qubit system. Let HA and HB both be C2 with the

usual inner product. Let |0⟩ :=


0

1


and |1⟩ :=


1

0


. Let σ1, σ2 and σ3 be the Pauli matrices, and

define

σ− :=
1

2
(σ1 − iσ2) = |0⟩⟨1| and σ+ := σ†

− =
1

2
(σ1 + iσ2) = |1⟩⟨0| .

For β ∈ R, define the jump operators V1 and V2 by

V1 :=

√
e−β/2

eβ/2 + e−β/2
σ+ and V2 :=

√
eβ/2

eβ/2 + e−β/2
σ− . (98)

and then define the Lindblad generator DA by

DA(R) :=

2∑
j=1

(
2VjRV †

j − V †
j VjR−RV †

j Vj

)
. (99)

As we now show, DA is ergodic and gapped, and the unique steady state is a Gibbs state for HA = σ3.
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Define πA :=
1

2
1A − 1

2
tanh(β/2)σ3. Then with HA := σ3, πA = 1

Zβ/2
e−(β/2)HA . Simple calcula-

tions show that

DA(πA) = 0 , DA(σ−) = −σ− , DAσ+ = −σ+ and DA(σ3) = −2(σ3) . (100)

Therefore, DA is ergodic with unique steady state πA, and its spectral gap is 1. Let {X0, X1, X2, X3}

be the dual basis to {Y0, Y1, Y2, Y3} := {πA, σ+, σ−, σ3}. Using properties of the Pauli matrices, it is

easy to see that

{X0, X1, X2, X3} = {1A, σ+, σ−,
1
2 (tanh(β/2)1A + σ3)} . (101)

By (100) and Theorem B.4,

D†
A(X0) = 0 , D†

A(X1) = −X1 , D†
A(X2) = −X2 and D†

A(X3) = −2X3 . (102)

Take H := HA ⊗ 1B +HAB + 1A ⊗HB where HA = σ3 as above,

HAB = σ− ⊗ σ+ + σ+ ⊗ σ− ,

and HB is a self-adjoint operator to be specified. To compute the projected Hamiltonian and the

projected dissipator, the first step is to write the Hamiltonian in the form H =
∑3

j=0 Xj ⊗Gj as in

(53) of Lemma 4.2. By (101) and simple computations, HA = 2X3 − tanh(β/2)X0 and then

H = 2X3 ⊗ 1+X1 ⊗ σ+ +X2 ⊗ σ− +X0 ⊗ (HB − tanh(β/2)1) .

This gives the expansion H =
∑3

j=0 Xj ⊗Gj where

G0 = HB − tanh(β/2)1 , G1 = σ+ , G2 = σ− and G3 = 21 . (103)

By Lemma 4.1,

HP := TrA[(πA ⊗ 1B)H] = G0 = HB − tanh(β/2)1 . (104)

To complute DP , we use Lemma 4.2 (or the corresponding formulas in [25]). First, we work out

the matrix Mj,k := −⟨S†
AXk, XjπA⟩ in (54) where 1 ⩽ j, k ⩽ 3. Then defining λ1 = λ2 = −1 and

λ3 = −2, it follows from (102) and S†
AD

†
A = Q†

A that

Mj,k = − 1

λk
⟨Xk, Xj⟩πA

where the inner product is the GNS inner product determined by πA as in (60). Simple computations
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show that ⟨Xk, Xj⟩π = δj,kTr[X
†
jXjπA]. Therefore, M is diagonal and positive definite. The decom-

position M = A+ iB is then trivial with B = 0, so that HL = 0 by (57). Since A is already diagonal,

it follows also from (57) that the jump operators are multiples of G1, G2 and G3. But since G3 is a

multiple of the identity, which would make a trivial contribution to DP , we need only consider the

jump operators that are multiples of G1 = σ+ and G2 = σ−. Since

⟨X1, X1⟩πA
=

e−β/2

eβ/2 + e−β/2
and ⟨X2, X2⟩πA

=
eβ/2

eβ/2 + e−β/2
,

these are exactly the jump operators V1 and V2 given by (98). That is,

DP (R) :=

2∑
j=1

(
2VjRV †

j − V †
j VjR−RV †

j Vj

)
. (105)

This is true independent of the choice of HB ; by (103), HB only figures in G0, and DP does not

depend on G0.

Comparing this with (99), we see that DP has the exact same form as DA, which we already know

to be ergodic and gapped with unique ground state πA.

Moreover, simple computations show that if HB = 0, or more generally if HB commutes with σ3,

then [H,πA ⊗ πA] = [HAB , πA ⊗ πA] = 0 for all β. Therefore, with such a choice of HB , πA ⊗ πA is

the exact steady state for K+ γDA for all values of γ. It will be no surprise that in this case, simple

computations show that D♯
P = DP . (The may be checked by following the procedure implemented

just below.)

The situation is more interesting when we choose HB so that HP does not commute with σ3. By

(104), for an appropriate choice of HB we can arrange that HP is any self-adjoint operator on HB ,

and we have seen that DP does not depend on the choice of HB .

In the rest of this example, we consider the case in which HB := σ2+tanh(β/2)1 so that HP = σ2,

and DP is given by (105).

We now turn to the computation of D♯
P for this model, illustrating the application of Theorem 6.3.

The spectrum of HB is {−1, 1}, and the spectral projections are given by P1 = 1
2 (1 + σ2) and

P−1 = 1
2 (1− σ2). By (90), the spectrum of iKP consists of differences of eigenvalues of Hp, so that

it is {−2, 0, 2}. From (97), for any Z ∈ ĤB , we have the following expressions for Zω, ω = −2, 0, 2.

Z−2 = P1ZP−1 , Z0 = P−1ZP−1 + P1ZP1 and Z2 = P−1ZP1 .

We now appply this for Z = V1 and Z = V2 with V1, V2 given by (98). Define c :=
√

e−β/2

eβ/2+e−β/2 and

s :=
√

eβ/2

eβ/2+e−β/2 so that V1 = cσ+ and V2 = sσ−.

Simple computations yield P1σ1P−1 = 1
2 (σ1 − iσ3) and P1σ1P1 = P−1σ1P−1 = 0. Likewise,
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P1σ2P−1 = 0, P1σ2P1 = P1 and P−1σ2P−1 = −P−1. Therefore, define

a :=
1

2
(σ1 − iσ3) , (106)

and note that a2 = 0 and a†a+ aa† = 1. We compute

V1,2 =
c

2
a , V1,−2 =

c

2
a† and V1,0 =

ic

2
σ2

V2,2 =
s

2
a , V2,−2 =

s

2
a† and V2,0 =

is

2
σ2 ,

and then by (96),

D♯
P (R) =

1

2
aRa† +

1

2
a†Ra+

1

2
σ2Rσ2 −R , (107)

independent of β, where a is given by (106). It follows that

D♯
P (1) = 0 , D♯

P (a) = −a , D♯
P (a

†) = −a† , D♯
P (σ2) = −3

2
σ2 . (108)

Therefore, the normalized identity, 1
21, is the unique steady state for D♯

P , independent of β. Note that

D♯
P is self-adjoint with respect to the GNS inner product for its unique steady state, and therefore it

satisfies the detailed balance condition, which makes it a much simpler generator to work with than

KP + γ−1DP for any finite γ.

Finally, simple but tedious computations with the Pauli basis yield the explicit form of the operator

BP defined in (87), and hence the explicit form of the operator KP + γ−1DP + γ−2BP . A convenient

necessary and sufficient condition for a super-operator to generate a CPTP evolution due to Gorini,

Kossakowski and Sudarshan [15] may be applied to show that this operator does not generate a CPTP

evolution for any γ > 0.

7 Oscillation averaging and the projected evolution

The main result of this section relates the semigroups generated by LP,γ and by D♯
P .

Theorem 7.1. There are finite constants C0 and C1 independent of γ such that for all T > 0,

∥e−τγKP eγτLP,γ − eτD
♯
P ∥1→1 ⩽

1

γ
C0Te

C1T . (109)

Lemma 7.2. For any τ > 0, define Y
(γ)
P (τ) := e−τγKP eτγLP,γ . Then for all τ ,

∥Y (γ)
P (τ)∥1→1 ⩽ 1 (110)
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and as a function of τ , Y
(γ)
P is globally Lipschitz, uniformly in γ. More specifically, for all τ ′ > τ ⩾ 0.

∥Y (γ)
P (τ ′)− Y

(γ)
P (τ)∥1→1 ⩽ ∥DP ∥1→1(τ

′ − τ) (111)

Proof. The bound (110) is a consequence of the fact that Y
(γ)
P (τ) is CPTP for all τ . Next, by

Duhammel’s formula, eτγLP,γ = eτγKP +

∫ τ

0

e(τ−σ)γKPDP e
σγLP,γdσ and hence

Y
(γ)
P (τ) = 1+

∫ τ

0

e−σγKPDP e
σγKP e−σKP eσγLP,γdσ = 1+

∫ τ

0

e−σγKPDP e
γσKP Y

(γ)
P (σ)dσ . (112)

Therefore, for τ ′ > τ > 0, using the fact that KP generates a group of unitary conjugations and the

trace norm is unitarily invariant,

∥Y (γ)
P (τ ′)− Y

(γ)
P (τ)∥1→1 ⩽

∫ τ ′

τ

∥∥∥e−σγKPDP e
γσKP Y

(γ)
P (τ)

∥∥∥
1→1

dσ

⩽
∫ τ ′

τ

∥∥∥DP e
γσKP Y

(γ)
P (τ)

∥∥∥
1→1

dσ

⩽ ∥DP ∥1→1

∫ τ ′

τ

∥∥∥eγσKP Y
(γ)
P (τ)

∥∥∥
1
dσ = ∥DP ∥1→1(τ

′ − τ) ,

which proves (111).

The proof of Theorem 7.1 takes advantage of the perturbation theory for Volterra integral equa-

tions. In fact, in (112) we have already written Y
(γ)
P (τ) is the solution to a Volterra integral equation.

The relevant definition and results are recalled in Appendix D.

Proof of Theorem 7.1. With Y
(γ)
P defined as in Lemma 7.2, we must bound ∥Y (γ)

P (τ) − eτD
♯
P ∥1→1.

We do this by showing that Y
(γ)
P arises as the solution of two Volterra integral equations, which we

then compare using Theorem D.1.

Define C to be the space of continuous functions form [0, T ] into ĤB equipped with the norm

∥Y (τ)∥C := max0⩽τ⩽T {∥Y (τ)∥1→1∥}.

First, define H (γ) to act on C by

H (γ)Y (τ) :=

∫ τ

0

e−σγKPDP e
γσKP Y (σ)dσ

=
∑

µ,ν,µ′,ν′∈σ(HP )

Qµ,νDPQµ′,ν′

∫ τ

0

eiγ(ω−ω′)σY (σ)dσ , (113)

where ω = µ−ν and ω′ = µ′−ν′. Define Z(τ) = 1 for all τ . Then by (112), Y
(γ)
P solves Y = H Y +Z.

Second, define H̃ (γ) to act on C by

H̃ (γ)Y (τ) :=

∫ τ

0

D♯
PY (σ)dσ ,
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and define

Z(γ)(τ) := 1+ H (γ)Y
(γ)
P (τ)− H̃ (γ)Y

(γ)
P (τ) .

Then Y
(γ)
P solves the Volterra integral equation Y = H̃ (γ)Y + Z(γ). Since Ỹ

(γ)
P := eτD

♯
P satisfies

Ỹ
(γ)
P = H̃ (γ)Ỹ

(γ)
P +Z where again Z(τ) = 1 for all τ , it follows from the second part of Theorem D.1

that

∥Y (γ)
P − Ỹ

(γ)
P ∥C ⩽ e2GT sup

0⩽τ⩽T

{
∥H (γ)Y

(γ)
P (τ)− H̃ (γ)Y

(γ)
P (τ)∥1→1

}
.

By (113),

H (γ)Y
(γ)
P (τ)− H̃ (γ)Y

(γ)
P (τ) =

∑
µ,ν,µ′,ν′∈σ(HP ) , ω ̸=ω′

Qµ,νDPQµ′,ν′

∫ τ

0

eiγ(ω−ω′)σY
(γ)
P (σ)dσ

Then since for ω ̸= ω′,

∫ τ

0

eiγ(ω−ω′)σY
(γ)
P (σ)dσ =

1

2

∫ τ

0

(
eiγ(ω−ω′)σ − e

iγ(ω−ω′)(σ+ π
γ(ω−ω′)

)
Y

(γ)
P (σ)dσ

=
1

2

∫ τ

π
γ(ω−ω′)

eiγ(ω−ω′)σ
(
Y

(γ)
P (σ)− Y

(γ)
P

(
σ − π

γ(ω−ω′)

))
dσ (114)

+
1

2

∫ π
γ(ω−ω′)

0

eiγ(ω−ω′)σY
(γ)
P (σ)dσ (115)

− 1

2

∫ τ+ π
γ(ω−ω′)

τ

eiγ(ω−ω′)σY
(γ)
P

(
σ − π

γ(ω−ω′)

)
dσ . (116)

By (111) of Lemma 7.2,

∥∥∥Y (γ)
P (σ)− Y

(γ)
P

(
σ − π

γ(ω−ω′)

)∥∥∥ ⩽ ∥DP ∥1→1
π

γ|ω − ω′|
⩽ ∥DP ∥1→1

π

γb

where b is the gap for KP as defined in (94). Therefore, the super-operator trace norm of the integral

in (114) is no more than 1
2∥DP ∥1→1

Tπ
γb . By (110), ∥Y (γ)

P (σ)∥1→1 ⩽ 1 for all σ, and hence for all

0 ⩽ τ ⩽ T , the super-operator trace norm of each of the integrals in (115) and (116) is bounded by

1
2

π
γb . Altogether,

∥∥∥∥∫ τ

0

eiγ(ω−ω′)σY
(γ)
P (σ)dσ

∥∥∥∥
1→1

⩽

(
1

2
∥DP ∥1→1 + 1

)
Tπ

γ|ω − ω′|
.

By (91), ∥Qµ,ν∥1→1 ⩽ 1 for all µ, ν, and hence for each µ, ν, µ′, ν′, ∥Qµ,νDPQµ′,ν′∥1→1 ⩽ ∥DP ∥1→1.

The cardinality of the set {µ, ν, µ′, ν′ ∈ σ(HP ) , ω ̸= ω′} is evidently no more that |σ(HP )|4, where

|σ(HP )| is the number of distinct eigenvalues of HP . Therefore,

∥H (γ)Y
(γ)
P (τ)− H̃ (γ)Y

(γ)
P (τ)∥1→1 ⩽ |σ(HP )|4∥DP ∥1→1

(
1

2
∥DP ∥1→1 + 1

)
Tπ

γb
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where b is the gap for KP as defined in (94). This proves (109).

Combing Theorem 7.1 with Theorem 5.1 yields tight intertwining relation between the semigroups

eγτLγ and eτD
♯
P .

Theorem 7.3. There are finite constants C0 and C1 independent of γ such that for all T > 0, and

all density matrices R0 on HB,

∥e−τγKPTrAe
γτLγVR0 − eτD

♯
PR0∥1 ⩽

1

γ
C0Te

C1T . (117)

Proof. Replacing t by γτ and T by γT in (63) of Theorem 5.1

∥TrAeγτLγVR0 − eγτLP,γR0∥1 ⩽
1

γ
CT (118)

for all τ ⩽ γT . By the unitary invariance of the trace norm,

∥TrAeγτLγVR0 − eγτLP,γR0∥1 = ∥e−τγKPTrAe
γτLγVR0 − e−τγKP eγτLP,γR0∥1 . (119)

By Theorem 7.1,

∥e−τγKP eγτR0LP,γ − eτD
♯
PR0∥1 ⩽

1

γ
C0Te

C1T . (120)

By (118), (119) and (120) together with the triangle inequality, we obtain (117) after harmonizing

the constants.

We now apply Theorem 7.1 and Theorem 7.3 to mixing times. The next theorem relates tmix(D♯
P )

to
tmix(LP,γ , ϵ

′)

γ
and

tmix(Lγ , ϵ
′)

γ
.

Lemma 7.4. (1) For all 0 < ϵ < ϵ′ < 1
2 ,

lim
γ→∞

tmix(LP,γ , ϵ
′)

γ
⩽ tmix(D♯

P , ϵ) and lim
γ→∞

tmix(Lγ , ϵ
′)

γ
⩽ tmix(D♯

P , ϵ). (121)

In particular, when D♯
P is ergodic and gapped, for all sufficiently large γ, LP,γ and Lγ are ergodic

and gapped.

(2) For all 0 < ϵ < ϵ′ < 1
2 ,

tmix(D♯
P , ϵ

′) ⩽ lim
γ→∞

tmix(LP,γ , ϵ)

γ
and tmix(D♯

P , ϵ
′) ⩽ lim

γ→∞

tmix(Lγ , ϵ)

γ

In particular, if for some 0 < ϵ < 1
2 , either lim

γ→∞

tmix(LP,γ , ϵ)

γ
< ∞ or lim

γ→∞

tmix(LP,γ , ϵ)

γ
< ∞, then

D♯
P is ergodic and gapped.
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Proof. Let R0 and R1 be any two density matrices on HB . Then since

eγτKP (eγτLP,γR0 − eγτLP,γR1)− (eτD
♯
PR0 − eτD

♯
PR1) = (eγτKP eγτLP,γ − eτD

♯
P )(R0 −R1) ,

it follows from Theorem 7.1 that
∣∣∣∥eγτLP,γR0 − eγτLP,γR1∥1 − ∥eτD

♯
PR0 − eτD

♯
PR1∥1

∣∣∣ ⩽ 2

γ
C0Te

C1T .

Therefore ∣∣∣dTV(e
γτLP,γR0, e

γτLP,γR1)− dTV(e
τD♯

PR0, e
τD♯

PR1)
∣∣∣ ⩽ 1

γ
C0Te

C1T . (122)

It follows that for τ ⩾ tmix(D♯
P , ϵ), so that dTV(e

τD♯
PR0, e

τD♯
PR1) ⩽ ϵ,

dTV(e
γτLP,γR0, e

γτLP,γR1) ⩽ ϵ+
1

γ
C0(tmix(D♯

P , ϵ))e
C1tmix(D♯

P ,ϵ)

Hence for all γ such that (ϵ′ − ϵ)γ ⩾ C0(tmix(D♯
P ))e

C1tmix(D♯
P )
, dTV(e

γτLP,γR0, e
γτLP,γR1) ⩽ ϵ′. This

proves the first inequality in (121). The second is proved in exactly the same way using Theorem 7.3

in place of Theorem 7.1. The final statement now follows from Theorem E.1. This proves (1).

To prove (2), suppose that τ∗ := lim
γ→∞

tmix(LP,γ , ϵ)

γ
< ∞. The for τ ⩾ τ∗, there exist arbitrarily

large γ such that tmix(LP,γ) ⩽ γϵ. By (122), for such τ and γ,

dTV(e
τD♯

PR0, e
τD♯

PR1) ⩽ ϵ+
1

γ
C0Te

C1T .

For sufficiently large γ, the right side is less than ϵ′, while the left side is independent of γ. This

proves the first statement, and the second is proved in exactly the same way using Theorem 7.3 in

place of Theorem 7.1. The final statement now follows from Theorem E.1.

A point of continuity of tmix(D♯
P (ϵ)) is a value 0 < ϵ0 < 1

2 such that lim
ϵ→ϵ0

tmix(D♯
P , ϵ) = tmix(D♯

P , ϵ0).

Since tmix(D♯
P (ϵ) increases monotonically on (0, 1

2 ), all but countably many ϵ0 ∈ (0, 1
2 ) are points of

continuity.

Theorem 7.5. Suppose that tmix(D♯
P , ϵ) < ∞ for some, and hence all 0 < ϵ < ∞. Then at all points

of continuity ϵ0 of tmix(D♯
P , ϵ), lim

γ→∞

tmix(Lγ , ϵ0)

γ
and lim

γ→∞

tmix(LP,γ , ϵ0)

γ
and satisfy

lim
γ→∞

tmix(Lγ , ϵ0)

γ
= lim

γ→∞

tmix(LP,γ , ϵ0)

γ
= tmix(D♯

P , ϵ0) .

Proof. For any point of continuity ϵ0 of tmix(D♯
P (ϵ)), and all δ > 0 such that 0 < ϵ0 − δ < ϵ+ δ < 1

2 ,

tmix(D♯
P , ϵ0 − δ) ⩽ lim

γ→∞

tmix(Lγ , ϵ0)

γ
⩽ lim

γ→∞

tmix(Lγ , ϵ0)

γ
⩽ tmix(D♯

P , ϵ0 + δ)

where we have used the bounds from Lemma 7.4. Now take the limit δ → 0 to conclude that
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lim
γ→∞

tmix(Lγ , ϵ0)

γ
exists and equals tmix(D♯

P , ϵ0). The statement for LP,γ is proved in the same

way.

8 Application to the computation of steady states

In this section, we make the additional assumption that D♯
P is ergodic and gapped so that it has a

finite mixing time. Let R̄ denote the unique steady state for D♯
P . By part (1) of Lemma 6.4, R̄ = R̄♯,

or what is the same thing, KP R̄ = 0. Moreover, Lγ is also ergodic with a finite mixing time. Let ρ̄γ

denote the unique steady state for Lγ .

As we have seen, for large enough γ, ρ̄γ ≈ πA ⊗ R̄. To get a better approximation to ρ̄γ , we

assume an expansion of the form

ρ̄γ = πA ⊗ R̄+
1

γ
n̄ where n̄ =

∞∑
k=0

γ−kn̄k . (123)

We shall show that is formal assumption leads to a system of equations for the n̄k, k ⩾ 0, that has a

unique solution. Moreover, we then show with this choice of the n̄k, the sum in (123) converges for

sufficiently large γ, producing the unique steady state of Lγ . This finally proves that ρ̄γ does indeed

have the expansion in (123).

Inserting (123) into Lγ ρ̄γ = 0 and equating like powers of γ leads to the equations

Dn̄0 = −K(π ⊗ R̄) (124)

and for k ⩾ 1,

Dn̄k = −K(n̄k−1) (125)

Throughout this section, X denotes the space of traceless operators onHB , V denotes ran(KP ) and

W denotes ker(KP )∩X . Since KP is skew adjoint, its kernel and range are orthogonal complements

in ĤB , and evidently every operator in the range of KP is traceless. That is, V ⊂ X . It follows that

X is the orthogonal direct sum of V and W:

X = V ⊕W ; (126)

Let PW denote the orthogonal projection in ĤB onto ker(KP ) and note that its restriction to X is

the orthogonal projection in X onto W. By the von Neumann Ergodic Theorem,

PW = lim
T→∞

1

2T

∫ T

−T

etKP dt .
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It follows that PW is a CPTP operation, and hence ∥PW∥1→1 = 1.

In solving the equations (124) and (125), the following lemma will be essential.

Lemma 8.1. (1) For all X ∈ ker(KP ), X ∈ ker(D♯
P ) if and only if DP (X) ∈ ran(KP ).

(2) for all V ′ ∈ V, there is a unique V ∈ V such that KPV = V ′, and ∥V ∥1 ⩽ b−1∥V ′∥1 where b > 0

is the spectral gap of |KP |; see (94).

(3) Under the further hypothesis that D♯
P is ergodic, for every X ∈ X there exist uniquely determined

V ∈ V and W ∈ W such that

X = KP (V ) +DP (W ) . (127)

Moreover, there are finite constants CV and CW such that ∥V ∥1 ⩽ CV∥X∥1 ∥W∥1 ⩽ CW∥X∥1.

Proof. Suppose that KP (X) = 0. Then T ♯(X) = lim
T→∞

1

2T

∫ T

−T

etKP T (X)dt. Since K is skew-adjoint,

T (X) has a unique decomposition T (X) = Y + Z where Y ∈ ker(KP ) and Z ∈ ran(KP ), so that

Z = KP (W ) for some operator W . Then etKP T (X) = Y +
d

dt
etKPW and consequently

T ♯(X) = Y + lim
T→∞

1

2T
(eTKPW − e−TKPW ) = Y .

Therefore, T ♯(X) = 0 if and only if Y = 0, which is the same as T (X) ∈ ran(KP ). This proves (1).

For part (2), since KP is skew-adjoint, it is invertible on its range, and hence there is a unique

V ∈ V such that KPV = V ′. By the Spectral Theorem, ∥V ∥1 ⩽ b−1∥V ′∥.

For part (3), we first show that when D♯
P is ergodic, DP (W) has the same dimension as W.

Suppose that W ∈ W satisfies DP (W ) ∈ V. Then by part (1), D♯
P (W ) = 0. Since D♯

P is ergodic and

W is traceless, this implies that W = 0. Therefore, DP (W) ∩ V = 0.

By standard linear algebra, and then (126),

dim(DP (W) + V) = dim(DP (W)) + dim(V)− dim(DP (W) ∩ V)

= dim(W) + dim(V) = dim(X ) .

Since DP (W) + V ⊆ X , and since dim(DP (W) + V) = dim(X ), so that every X ∈ X has a decom-

position X = DP (W ) + V . The decomposition is unique since DP (W) ∩ V = 0. This proves that

every X ∈ X has a unique decomposition X = V ′ + DP (W ) with V ′ ∈ V and W ∈ W. By part

(2), V ′ = KP (V ) for some uniquely determined V . At this point we have that (127) is satisfied with

uniquely determined V and W . It remains to bound ∥V ∥1 and ∥W∥1 in terms of ∥X∥1.

Applying PW to both sides of X = KPV +DPW yields PWX = PWDPW . Since DP (W)∩V = 0,

ker (PWDP |W) = 0, the operator sending W ′ ∈ W to PWDPW
′ ∈ W is invertible. Let CW denote

the super-operator trace norm of its inverse. Then ∥W∥1 ⩽ CW ∥PWX∥1 ⩽ CW ∥X∥1, with the final
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inequality coming from ∥PW∥1→1 = 1.

Let PV be the orthogonal projection onto V. Since PV = 1− PW , ∥PV∥1→1 ⩽ 2. Applying PV to

both sides of X = KPV +DPW yields PVX = PVDPW + V , and hence

∥V ∥1 ⩽ ∥PVX∥1 + ∥PVDPW∥1 ⩽ 2∥X∥1 + 2∥DP ∥1→1∥W∥1 .

Then defining CV := 2(1 + CW∥DP ∥1→1), ∥V ∥1 ⩽ CV∥X∥1.

Lemma 8.2. Under the assumption that D♯
P is ergodic, the equation Dn̄0 = −K(π ⊗ R̄) for n̄0 is

solvable. The general solution such that the equation Dn̄1 = −Kn̄0 is also solvable has the form

n̄0 = −SK(π ⊗ R̄) + πA ⊗ V0 + πA ⊗W0 (128)

for a uniquely determined choice of V0 ∈ V and arbitrary W0 ∈ W. For this choice of V0, define

m̃0 := −SK(π ⊗ R̄) + πA ⊗ V0 (129)

so that the general solution of Dn̄0 = −K(π ⊗ R̄) for which the Dn1 = −Kn0 is solvable is

n̄0 = m̃0 + πA ⊗W0 (130)

for arbitrary W0 ∈ W. Then

∥m̃0∥1 ⩽ ∥SK∥1→1 +
∥DP R̄∥1

b
(131)

b is the spectral gap of |KP |.

Proof. Since the range of D is precisely the space of operators Z ∈ ĤAB such that TrAZ = 0, for (124)

to be solvable, it is necessary and sufficient that TrA[K(π⊗ R̄)] = 0, and since TrA[K(π⊗ R̄)] = KP R̄,

the condition for solvability of (124) is that KP R̄ = 0. As noted above, when D♯
P is ergodic, this is a

consequence of part (1) of Lemma 6.4. Then −SK(π ⊗ R̄) is a particular solution of (124), and the

general solution is

n̄0 = −SK(π ⊗ R̄) + πA ⊗X0 . (132)

Since Tr[n̄0] = 0 and Tr[SK(π ⊗ R̄)] = 0, it must be that Tr[X0] = 0, so that X0 ∈ X . By (126), X0

has a unique decomposition X0 = V0 +W0 where V0 ∈ V and W0 ∈ W.

The equation (125) is solvable for k = 1 if and only if TrA[Kn̄0] = 0. By (132)

TrA[Kn̄0] = TrA[−KSK(π ⊗ R̄)] + TrA[KπA ⊗X0] = DP R̄+KPX0 = DP R̄+KPV0 .
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Therefore, there is no constraint at this point on W0, but V0 must be chosen so that KPV0 = −DP R̄,

and this proves the first claim concerning the formula for n̄0 in (128).

Then with m̃0 defined by (129), (128) becomes (130). By part (1) of Lemma 8.1, since R̄ ∈

ker(KP ) ∩ ker(D♯
P ), DP (R̄) ∈ ran(KP ), and then by part (2) of Lemma 8.1, there is a unique V0 ∈ V

such that KV0 = −DP R̄, and ∥V0∥1 ⩽ b−1∥DP R̄∥1, from which (131) follows.

Now let n̄0 = m̃0 + πA ⊗ W0 as in (130) of Lemma 8.2, so that Dn̄1 = −Kn̄0 is solvable. The

general solution has the form

n̄1 = −SKn̄0 + πA ⊗ V1 + πA ⊗W1 = −SKm̃0 − SKπA ⊗W0 + πA ⊗ V1 + πA ⊗W1 .

for arbitrary V1 ∈ V and W0,W1 ∈ W. The solvability condition for Dn̄2 = −Kn̄1 becomes

0 = TrA[Kn̄1] = −TrA[KSKm̃0] +DPW0 +KPV1 ; (133)

the choice of W1 does not enter here.

We do not know much about TrA[KSKm̃0] except that it is traceless, but this is all we need.

Under the assumption that D♯
P is ergodic, by part (3) of Lemma 8.1, TrA[KSKm̃0] can be written

in the form DPW +KPV for some unique choice of W and V . Hence there is a unique choice of W0

and V1 such that (133) is satisfied. Moreover, by part (3) of Lemma 8.1, since ∥TrA[KSKm̃0]∥1 ⩽

∥KSK∥1→1∥m̃0∥1,

∥V1∥1 ⩽ CV∥KSK∥1→1∥m̃0∥1 and ∥W0∥1 ⩽ CW∥KSK∥1→1∥m̃0∥1 . (134)

Define m̃1 := −SKn̄0 + πA ⊗ V1 = −SKm̃0 + πA ⊗W0 + πA ⊗ V1. For any choice ofW1 ∈ W, Dn̄2 =

−K(m̃1 +W1) is solvable, and

∥m̃1∥1 ⩽ (∥SK∥1→1 + (CV + CW)∥KSK∥1→1)∥m̃0∥1 . (135)

where we have used ∥TrA[KSKm̃0]∥1 ⩽ ∥KSK∥1→1∥m̃0∥1. Altogether,

∥n0∥1 ⩽ ∥m̃0∥1 + ∥W0∥1 ⩽ (1 + CW∥KSK∥1→1)∥m̃0∥1

where ∥m̃0∥1 is bounded by (131). From here the pattern repeats, and we may make a simple

induction.

Theorem 8.3. Under the assumption the D♯
P is ergodic, there are is a uniquely determined sequence
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{n̄k}k⩾0 in ĤB such that the equations (124) and (125) are all satisfied, and moreover for all k ⩾ 0,

∥n̄k∥1 ⩽ 2(∥SK∥1→1 + (CV + CW))k
(
∥SK∥1→1 +

∥DP R̄∥1
b

)
. (136)

where b is the spectral gap of |KP | and the constants CV and CW are defined in Lemma 8.1.

Consequently for γ > (∥SK∥1→1+(CV +CW)),

∞∑
k=0

γ−knk converges in the trace norm, and hence

ρ̄γ := πA ⊗ R̄+ γ−1
∞∑
k=0

γ−kn̄k (137)

satisfies Dρ̄γ = 0, and is the unique steady state for D.

Proof. Let n̄0 be the unique solution of Dn0 = −K(πA ⊗ R̄), such that Dn̄1 = −Kn̄0 is solvable, and

has solutions such that Dn̄2 = −Kn̄1 is solvable. Fix an integer k ⩾ 1. Suppose that for all 1 ⩽ ℓ ⩽ k,

the system of equations Dn̄ℓ = −Kn̄ℓ−1 1 ⩽ ℓ ⩽ k, is solvable, and for ℓ < k the solution is unique

and has the form

n̄ℓ = −SKn̄ℓ−1 + πA ⊗ Vℓ + πA ⊗Wℓ .

for uniquely determined Vℓ ∈ V and Wℓ ∈ W, while for ℓ = k, the general solution such that

Dn̄ = −Kn̄k is solvable has the same form for a uniquely determined Vk ∈ V and arbitrary Wk ∈ W.

For 1 ⩽ ℓ ⩽ k, define m̃ℓ := −SKnℓ−1 +πA ⊗Vℓ, so that n̄ℓ = m̃ℓ +πA ⊗Wℓ, and let m̃0 be given

as in Lemma 8.2. Suppose that for all 1 ⩽ ℓ ⩽ k,

∥m̃ℓ∥1 ⩽ (∥SK∥1→1 + (CV + CW)∥KSK∥1→1)∥m̃ℓ−1∥1 (138)

and

∥Wℓ∥1 ⩽ CW∥KSK∥1→1∥m̃ℓ−1∥1 . (139)

All of this has been proved for k = 1; see (134) and (135) and the paragraphs leading up to them,

and we already know by the inductive hypotheses that Dn̄ = −Kn̄k = −K(m̃k +πA⊗Wk) is solvable

for all Wk ∈ W. It follows that the general solution has the form

n̄k+1 = −SKm̃k − SKπA ⊗Wk + πA ⊗ Vk+1 + πA ⊗Wk+1

for arbitrary Vk+1 ∈ V and Wk,Wk+1 ∈ W. The condition for solvability of Dn̄ = −Kn̄k+1 then is

−TrA[KSKm̃k] +DPWk +KPVk+1 .

Since TrA[KSKñk] ∈ X , by part (3) of Lemma 8.1, there is a unique choice of Wk and Vk+1
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that solves this equation and moreover, since ∥TrA[KSKm̃k]∥1 ⩽ ∥KSK∥1→1∥m̃k∥1, ∥Wk−1∥1 ⩽

CW∥KSK∥1→1∥ñk∥1, ∥Wk−1∥1 and Vk+1 ⩽ CV∥KSK∥1→1∥m̃k∥1, ∥Wk−1∥1. Then with m̃k+1 =

−SKm̃k −SKπA ⊗Wk + πA ⊗ Vk+1, (138) and (139) are satisfied also for ℓ = k + 1. This completes

the proof of the inductive step and hence the inductive hypotheses are valid for all k ⩾ 1.

Now using the validity of (138) and (139) for all 1 ⩽ ℓ ⩽ k,

∥m̃k∥1 ⩽ (∥SK∥1→1 + (CV + CW)k∥m̃0∥1

and

∥Wk∥1 ⩽ ∥SK∥1→1(∥SK∥1→1 + (CV + CW)k−1∥m̃0∥1 .

Then since ∥n̄k∥1 ⩽ ∥m̃k∥1 + ∥Wk∥1,

∥n̄k∥1 ⩽ (∥SK∥1→1 + (CV + CW)k2∥m̃0∥1 ,

and using the bound (131) on ∥ñ0∥1 yields (136), form which the convergence of the sum in (137) read-

ily follows. Then the sum in (137) is self-adjoint, traceless and satisfies Lγ ρ̄γ = 0. Since tmix(D♯
P ) < ∞

implies that tmix(Lγ) < ∞ for sufficiently large γ, and then it follows from Lemma E.1 that this sum

is a density matrix in the kernel of Lγ , and hence it can only be ρ̄γ . This proves (137).

Theorem 8.4. Suppose that D♯
P is ergodic and gapped so that for large γ, the unique steady state ρ̄γ

of Lγ has a convergent expansion of the form (123). Then TrBn̄0 = 0, so that

TrB [ρ̄γ ] = πA +O(γ−2) ,

if and only if [πA,KA] = 0 where

KA := HA +TrB [(1A ⊗ R̄)HAB ] (140)

where R̄ is the unique steady state of D♯
P .

Proof. By (132), n̄0 = −SK(πA ⊗ R̄) + πA ⊗X0 where TrX0 = 0, and hence TrBn̄0 = SK(πA ⊗ R̄).

Since S = SA ⊗1, TrBS = SATrB . By (155), for all X ∈ ĤA, QAX = X if and only if TrX = 0, and

hence SA is one-to-one on traceless operators on HA. Since TrB [K(πA ⊗ R̄)] is a traceless operator
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on HA, TrBn̄0 = 0 if and only if TrB [K(πA ⊗ R̄)] = 0. Exactly as in the proof of Lemma 4.1,

iTrB [K(πA ⊗ R̄)] = TrB [H(πA ⊗ R̄)]− TrB [(πA ⊗ R̄)H]

= TrB [H(1A ⊗ R̄)(πA ⊗ 1B)]− TrB [(1A ⊗ R̄)H(πA ⊗ 1B)]

= TrB [H(1A ⊗ R̄)]πA − πATrB [H(πA ⊗ 1B)]

where we have used cyclicity of the trace in the second equality. By cyclicity of the partial trace

TrB [H(1A ⊗ R̄)] = TrB [(1A ⊗ R̄)H], and this operator is self-adjoint. This shows that TrB [n̄0] = 0

if and only if TrB [(1A ⊗ R̄)H] commutes with πA. Then since (1A ⊗ R̄)H = HA ⊗ R̄ +HAB ⊗ R̄ +

1A ⊗HBR̄,

TrB [(1A ⊗ R̄)H] = KA +Tr[HBR̄]1B ,

and hence TrB [(1A ⊗ R̄)H] commutes with πA if and only if KA commutes with πA.

Example 8.1. We continue with the model introduced Example 6.1 in the particular case in which

HP = σ2. We have seen in Example 6.1 that independent of the choice of HB , DP is given by (105),

which is the same as DA except that it acts on HB .

From (100) and (105), it follows that DP (πA) = 0, and

DP (σ1) = −σ1 , DPσ2 = −σ2 and DP (σ3) = −2(σ3) ,

with t denoting tanh(β/2), DP (1) = − t
γσ3. It follows that the matrix representation of the projected

Lindblad generator KP + γ−1DP in the {1, σ1, σ2, σ3} basis is



0 0 0 0

0 − 1
γ 0 2

0 0 − 1
γ 0

− t
γ −2 0 − 2

γ


.

For all γ > 1
4 , the eigenvalues of KP + 1

γDP are

0 , − 1

γ
and − 3± i

√
16γ2 − 1

2γ
. (141)

The eigenvectors are easily calculated and one finds that the steady state R̄γ is

R̄γ =
1

2
1− γt

4γ2 + 2
σ1 −

t

8γ2 + 4
σ3 , (142)
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which has the expansion

1

2
1− γ−1 t

4
σ1 − γ−2 t

8
σ3 +O(γ−3) . (143)

In Example 6.1 we have also computed the explicit form of D♯
P which is given by (107). We can

also write (108) as

D♯
P (1) = 0 , D♯

P (σ1) = −σ1 , D♯
P (σ3) = −σ3 and D♯

P (σ2) = −3

2
σ2 . (144)

Therefore, the unique steady state for the Lindblad generator D♯
P , R̄, is given by

R̄ =
1

2
1 , (145)

and this is the unique steady state for the Lindblad generator D♯
P , independent of β. In particular

D♯
P is ergodic. Therefore, in this example, the ergodicity assumption of Theorem 8.3 is satisfied.

Comparing (141) and (144), note that the real parts of the non-zero eigenvalues of γLP,γ are −1

and − 3
2 , which are exactly the non-zero eigenvalues of D♯

P . This is consistent with, but does not

imply, the relation between the mixing times in Theorem 7.5. Comparing (142) and (145), note that

R̄ = limγ→∞ R̄γ .

This example is simple enough that one can exactly compute the unique steady sate of Lγ . In the

basis consisting of tensor products of operators in {1, σ1, σ2, σ3} its coefficients are rational functions

of γ with a common denominator that is 2γ4+23γ2+64, and in which the numerators are polynomials

in γ of degree between 1 and 4. While all 16 coefficients can be computed exactly, for our purposes it

is best to give the expansion of the steady state in inverse powers of γ. With t denoting tanh(β/2),

ρ̄γ = πA ⊗ 1
21

+ γ−1

(
− t

4
(1⊗ σ1 + σ1 ⊗ σ2 − σ2 ⊗ σ1) +

t2

4
σ3 ⊗ σ1

)
+ γ−2

(
t

8
σ1 ⊗ 1− t

8
1⊗ σ1 −

3t

2
1⊗ σ2 −

t2

4
σ2 ⊗ 1+

t

8
1⊗ σ3 +

t

4
σ3 ⊗ 1

)
+ γ−2

(
− t

2
σ1 ⊗ σ1 −

t

2
σ2 ⊗ σ2 −

3t2

8
σ3 ⊗ σ3 −

t

4
σ2 ⊗ σ3 +

3t2

2
σ3 ⊗ σ2)

)
+O(γ−3) .(146)

In particular,

TrB [ρ̄γ ] = πA + γ−2

(
t

4
σ1 −

t2

2
σ2 +

t

2
σ3

)
+O(γ−3) (147)

and

TrA[ρ̄γ ] =
1

2
1− γ−1 t

2
σ1 + γ−2

(
− t

4
σ1 − 3tσ2 +

t

4
σ3

)
+O(γ−3) . (148)

Note that (148) agrees with (143) at first order in γ−1, but not beyond. The result (147) is consistent

with Theorem 8.4, as it must be: Since in this example R̄ is a multiple of the identity, and TrBHAB = 0
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by definition, the operator KA defined in (140) is simply HA = σz, which commutes with πA, so that,

by Theorem 8.4, TrB [ρ̄γ ] = πA +O(γ−2).

Such a direct computation of ρ̄γ is not feasible in all but the simplest systems. We now show how

to recover (146) using the Hilbert expansion for steady states that is justified by Theorem 8.3.

Again with t denoting tanh(β/2), one computes K
(
πA ⊗ 1

21
)
= − t

4
(σ1 ⊗ σ2 − σ2 ⊗ σ1). There-

fore (124) becomes

Dn̄0 =
t

4
(σ1 ⊗ σ2 − σ2 ⊗ σ1) . (149)

In accordance with Theorem 8.3, the partial trace over HA of the right hand side of (149) is zero,

and hence (149) is solvable, and the general solution is

n̄0 =
t

4
(σ1 ⊗ σ2 − σ2 ⊗ σ1) + πA ⊗X0

for some traceless and self-adjoint X0.

We then compute TrA[Kn̄0] = −tσ3−i[σ2, X0]. Decompose X0 = Y0+Z0 where Y0 ∈ ran(KP ) and

Z0 ∈ ker(KP ). In this example, the range of KP is span({σ1, σ3}) while the kernel is span({1, σ2}).

Hence the spaces W and V in the proof of Lemma 6.4 are V = span({σ1, σ3}) and W = span({σ2})

and the unique unique choice for Y0 ∈ V is Y0 = − t
2σ1, and hence

n̄0 = − t

4
(σ1 ⊗ σ2 − σ2 ⊗ σ1)−

t

2
πA ⊗ σ1 + πA ⊗ Z0

= − t

4
(σ1 ⊗ σ2 − σ2 ⊗ σ1)−

t

4
1⊗ σ1 +

t2

4
σ3 ⊗ σ1 + πA ⊗ Z0

=: m̃0 + πA ⊗ Z0 .

To go on to compute the next order corrections, and to determine Z0, we must solve Dn̄1 = −Kn̄0

subject to TrA[Kn̄1] = 0. We compute

Km̃0 =
t

2
(−σ1 ⊗ σ1 − σ2 ⊗ σ2 + σ3 ⊗ 1)− t

4
σ2 ⊗ σ3 −

t2

2

(
σ3 ⊗ σ3 +

1

2
σ2 ⊗ 1

)

Then TrA[Kn̄0] = 0, and Dn̄1 = −Kn̄0 is solvable, and the general solutions is

n̄1 = SKm̃0 + SK(πA ⊗ Z0) + πA ⊗X1

for some self-adjoint and traceless X1 that we decompose as X1 = Y1 +Z1 with U1 ∈ V and Z1 ∈ W.

Then the condition TrA[Kn̄1] = 0 becomes

TrA[KSKm̃0] + TrA[KSK(πA ⊗ Z0)] + TrA[KπA ⊗ Y1] = TrA[KSKm̃0]−DPZ0 +KPY1 .
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n̄1 = −SKn̄0 + πA ⊗X1

=
t

2
(−σ1 ⊗ σ1 − σ2 ⊗ σ2 +

1

2
σ3 ⊗ 1)− t

4
σ2 ⊗ σ3 −

t2

4
(σ3 ⊗ σ3 + σ2 ⊗ 1) + πA ⊗X1 .

We compute

−KSKm̃0 =
5t

4
σ1 ⊗ σ2 −

7t

4
σ2 ⊗ σ1 −

3t2

2
σ3 ⊗ σ1 −

3t

2
σ1 ⊗ σ3 −

t

4
1⊗ σ1 +

t2

2
σ1 ⊗ 1 .

Therefore, TrA[KSKm̃0] ∈ V, and we take Z0 = 0 and Y1 = tσ3. At this point, n̄0 is completely

determined, and the result is

n̄0 = − t

4
(σ1 ⊗ σ2 − σ2 ⊗ σ1)−

t

4
1⊗ σ1 +

t2

4
σ3 ⊗ σ1

which is consistent with (146). Continuing the expansion, in the next stage we find a non-zero value

for Z1, and the result for n̄1 is consistent with (146), as it must be.

9 Hydrodynamic limits

An interesting perspective on the relation between the evolution equations involving the generators

Lγ , KP , LP,γ and D♯
P is provided by an analogy with the theory of hydrodynamic limits in classical

kinetic theory. The Boltzmann equation for the phase space density f(v, x, t) of a dilute gas has the

form

∂

∂t
f(v, x, t) = −v · ∇xf(v, x, t) + γCf(v, x, t) (150)

where the first term on the right describes the effects of the free motion of molecules between collisions,

while C is the collision kernel, an operator describing the effects of binary collisions between molecules.

The parameter γ is then the inverse of the Knudsen number which gives the ratio of the microscopic

times scale (the mean time between collisions) and the macroscopic time scale (the time for a molecule

to travel a macroscopic distance).

In the analogy with the boundary driven quantum systems discussed here, our starting point

d

dt
ρ(t) = −i[H, ρ(t)] + γDρ(t) (151)

corresponds to the Boltzmann equation. The space HA accounts for the degrees of freedom cor-

responding to the the velocity variables in (150), while HB accounts for the degrees of freedom

corresponding to the spatial variables. The parameter γ corresponds to the inverse Knudsen number,
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and D corresponds to the collision operator.

When the Knudsen number is small, and hence γ is large, this formal similarity between (150) and

(151) is brought out more clearly by noting that the phase space densities densities f(v, x) satisfying

Cf(v, x) = 0 are precisely the local Maxwellian densities
ρ(x)

(2πT (x))3/2
e−|v−u(x)|2/2T (x) where ρ(x),

u(x) and T (x) are the hydrodynamic moments of f(v, x). The analog of M as in (3) is then the

space of all local Maxwellian densities, and when γ is large, one expects solutions of (150) to quickly

become, and then remain, approximately locally Maxwellian. To describe the further evolution after

this initial layer, one need only keep track of the evolution of the hydrodynamic moments, which

correspond physically to the density, bulk velocity and temperature. Hydrodynamic equations for

the evolution of these quantities, such as the Euler equations or the Navier-Stokes equations, had been

derived before the Boltzmann equation, not starting from molecular dynamics, but in the framework

of continuum mechanics.

The problem of deriving equations for the hydrodynamic moments from molecular dynamics was

discussed by Hilbert in his follow-up [17] to the famous list of problems that he proposed at the

International Congress of Mathematicians in 1900. His original Sixth Problem was, briefly put,

to axiomatize mechanics and probability. In [17] he expounded more, and highlighted the specific

problem of deriving the hydrodynamic equations of continuous mechanics from the kinetic equations

of Maxwell and Boltzmann, and deducing expression for, e.g., the viscosity, in terms of the microscopic

interaction of molecules. Later, he took up this problem himself and proposed an expansion method

[18] that yields a hierarchy of systems of equations for the hydrodynamic moments. The expansion

leading to this hierarchy is known as the Hilbert expansion.

The first system of equations in the hierarchy is the Euler equations, and it does not contain γ.

The Euler equations are formally reversible and conservative, and their analog here is the leading

order coherent approximation
d

dt
R(t) = KPR(t).

The remaining systems of equation in the hierarchy do contain γ. The first of these corresponds

to the equation
d

dt
R(t) = LP,γR(t). This next term in Hilbert’s hierarchy is not the Navier-Stokes

equations themselves, but rather a precursor to them. The Navier-Stokes equations do not contain the

Knudsen number, 1/γ. To obtain the Navier-Stokes equations, one rescales space and time depending

on γ so that all terms in the precursor equations are multiplied by a common power of γ that can

then be cancelled out, leaving a negative power of γ in the remainder terms. One then takes γ → ∞.

For a more complete discussion, see [6, 7].

In our quantum setting, one can rescale time, but there is no really direct analog of spatial scaling.

To cancel γ in this setting, we must rescale time and make a suitable unitary transformation which,

as in [12], is the passage to the interaction picture. This leads to
d

dt
R(t) = D♯

PR(t). This equation,

not involving γ, may be regarded as the counterpart of the Navier-Stokes equations in this analogy.

46



It is unclear whether some analogous procedure, possibly involving a restriction on the initial

data, may be used to extract an analog of the Burnett equations from the next equation in our

quantum hierarchy, (15). However, given that (15) may not describe a CPTP evolution, and given

the problematic nature of the Burnett equations, there may be little point in pursuing this.

A Bounding ∥etDQ∥1→1 in terms of ∥etDAQA∥1→1

A generalization of the super-operator trace norm plays an important role in quantum information

theory because of its connections with quantum entropy. For 1 ⩽ p < ∞ the Schatten p-norm on Ĥ

is defined by ∥X∥p =
(
Tr[(X∗X)p/2]

)1/p
. For p = 2 this is simply the Hilbert space norm associated

to the Hilbert-Schmidt inner product. For p = 1, this is the trace norm. For all X, ∥X∥p is monotone

non-increasing, and limp→∞ ∥X∥p = ∥X∥∞ where ∥X∥∞ is the operator norm of X, which is equal

to its largest singular value of X.

Let H be a finite dimensional Hilbert space, and let T be a linear operator on Ĥ For 1 ⩽ p ⩽ ∞.

Recall the definition (33) of the super-operator trace norm:

∥T ∥1→p = sup{∥T (X)∥p : ∥X∥1 = 1 } .

Now let HA and HB be two finite dimensional Hilbert spaces, and let TA and TB be super-

operators on HA and HB respectively. For five years it was an open conjecture [3] that if both TA

and TB are CPTP, then for 1 ⩽ p ⩽ ∞, ∥TA ⊗ TB∥1→p = ∥TA∥1→p∥TB∥1→p. It was shown [31] that

this conjecture, at least for p sufficiently close to 1, would have a wide range of applications. While

the conjecture was eventually proved to be false for all p > 1 in [16], there is a positive result in the

orignal paper [3], where it is proved that if TB = 1B , multiplicitivity does hold for TA CPTP:

∥TA ⊗ 1B∥1→p = ∥TA∥1→p . (152)

We need a result of a similar nature. Let DA be a Lindblad generator on ĤA, and let D := DA⊗1B ,

as in the introduction. Let QA and Q be the projections onto the ranges of DA and D respectively

defined in (37) and (40). We need to know that when ∥etDAQA∥1→1 is small, then so is

∥etDQA∥1→1 = ∥etDAQA ⊗ 1B∥1→1 .

While etDA is CPTP, etDAQA is not; it is instead the diference between two CPTP maps, etDA and

etDAPA. Thus we cannot apply the bound (152) to conclude that ∥etDQ∥1→1 = ∥etDAQA∥1→1.

The following lemma will however allow us to transfer a certain bound on ∥etDAQA∥1→1 directly
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to ∥etDQ∥1→1, thus bounding the latter that is independent of the dimension of HB .

Lemma A.1. Let H,K be finite dimensional Hilbert spaces. Let X,Y ∈ Ĥ, and define |Y ⟩⟨X| as in

(32). Then the super-operator |Y ⟩⟨X| ⊗ 1 on H⊗K satisfies

∥|Y ⟩⟨X| ⊗ 1∥1→1 = ∥|Y ⟩⟨X|∥1→1 = ∥Y ∥1∥X∥∞ .

Proof. Let Z be any operator on H⊗K with ∥Z∥1 = 1. Then (|Y ⟩⟨X| ⊗1)Z = Y ⊗TrH[(X† ⊗1)Z],

and hence ∥(|Y ⟩⟨X| ⊗ 1)Z∥1 = ∥Y ∥1∥TrH[(X† ⊗ 1)Z]∥1 ⩽ ∥Y ∥1∥∥(X† ⊗ 1)Z∥1 since the partial

trace is a CPTP map and hence a trace norm contraction. By Hölder’s inequality for operators,

∥(X† ⊗ 1)Z∥1 ⩽ ∥X† ⊗ 1∥∞∥Z∥1, and ∥X† ⊗ 1∥∞ = ∥X∥∞. Altogether,

∥(|Y ⟩⟨X| ⊗ 1)Z∥1 ⩽ ∥Y ∥1∥X∥∞ = ∥|Y ⟩⟨X|∥1→1 .

This proves that ∥|Y ⟩⟨X| ⊗ 1∥1→1 ⩽ ∥|Y ⟩⟨X|∥1→1 and the opposite inequality is trivial.

B Dual bases and Jordan bases

In this section H is any Hilbert space of finite dimension n with inner product ⟨·, ·⟩. We begin with

some elementary facts about dual Jordan bases for which we do not know a convenient reference.

Lemma B.1. Let {x1, . . . ,xn} and {y1, . . . ,yn} be two sets of vectors in H such that for all j, k,

⟨xj ,yk⟩ = δj,k . (153)

Then both {x1, . . . ,xn} and {y1, . . . ,yn} are linearly independent, and hence are bases, not necessarily

orthogonal, of H.

Proof. Suppose that

n∑
j=1

βjxj = 0. Then 0 =
〈∑n

j=1 βjxj ,yk

〉
=

∑n
j=1 βjδj,k = βk. Since this is

true for each k, {x1, . . . ,xn} is linearly independent. Since the dimension of H is n, {x1, . . . ,xn}

spans H, and hence is a basis for H. By symmetry, the same is true of {y1, . . . ,yn}.

Lemma B.2. Let {y1, . . . ,yn} be any basis of H, not necessarily orthonormal. Then there exists a

uniquely determined set of vectors {x1, . . . ,xn} such that (153) is satisfied.

Proof. Every ψ ∈ H has an expansion ψ =

n∑
j=1

αjyj with uniquely determined coefficients. For each

j = 1, . . . , n, define a linear functional Λj on H by Λj

 n∑
j=1

αjyj

 = αj . By the Riesz Representation
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Theorem, there is a uniquely determined xj ∈ H such that

⟨xj ,ψ⟩ = Λj(ψ) . (154)

Taking ψ = yk yields (153). Conversely, given any set {x1, . . . ,xn} such that (153) is satisfied for all

j, k, then (154) is satisfied where Λj is given by (154). Hence the uniqueness of {x1, . . . ,xn} follows

from the uniqueness in the Reisz Representation Theorem.

Definition B.3. Let {y1, . . . ,yn} be any basis of H. Then the unique basis {x1, . . . ,xn} of H such

that (153) is satisfied for all j, k is the dual basis to {y1, . . . ,yn}

It is clear that {x1, . . . ,xn} is the dual basis to {y1, . . . ,yn} if and only if {y1, . . . ,yn} is the dual

basis to {x1, . . . ,xn}.

Let A be any operator on H. Then A may or may not be diagonalizable, but there always exists a

direct sum decomposition of H =
⊕m

ℓ=1 Vℓ into subspaces (not in general mutually orthogonal) that

are invariant under A, with each Vℓ contained in a generalized eigenspace of A for some eigenvalue

λℓ of A, and finally such that within Vℓ the eigenspace corresponding to λℓ is one dimensional. Each

of these spaces Vℓ corresponds to a block in a Jordan normal form matrix representation of A. There

are two of these normal forms, upper and lower, which we need to distinguish. Let dℓ denote the

dimension of Vℓ. A basis {y1, . . . ,ydℓ
} for Vℓ is an upper Jordan block basis in case

Ay1 = λℓy1 and for j = 2, . . . , dℓ , Ayj = λℓyj + yj−1 .

For dℓ = 3, the matrix representing the action of A on Vℓ in an upper Jordan block basis is


λ 1 0

0 λ 1

0 0 λ

 .

A basis {x1, . . . ,xdℓ
} for Vℓ is a lower Jordan block basis in case

Axdℓ
= λℓxdℓ

and for j = 1, . . . , dℓ − 1 , Axj = λℓxj + xj+1 .

For dℓ = 3, the matrix representing the action of A on Vℓ in a lower Jordan block basis is


λ 0 0

1 λ 0

0 1 λ

 .
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The distinction between upper an lower Jordan block bases is minor; reversing the order of the basis

elements changes from on to the other. However, the distinction maters when considering dual bases.

Concatenating bases for each Vℓ yields a basis for H. A basis for H is an upper Jordan basis in case

it is the concatenation of upper Jordan block bases for each Vℓ, and is a lower Jordan basis in case it

is the concatenation of lower Jordan block bases for each Vℓ.

Theorem B.4. Let {y1, . . . ,yn} be an upper Jordan basis for an operator A on H. Then the dual

basis {x1, . . . ,xn} is a lower Jordan basis for A†. Furthermore, if for some j, Ayj = λyj, and λ is

an eigenvalue of A of algebraic multiplicity one, then A†xj = λxj.

Proof. Consider first the case m = 1 so that there is only one Jordan block. Then A has only one

eigenvalue λ and for each 1 ⩽ j, k ⩽ n, ⟨xk, Ayj⟩ = λδj,k + δj−1,k. Therefore,

⟨yj , A
†xk⟩ = ⟨xk, Ayj⟩ = λδj,k + δj−1,k = λδj,k + δj,k+1

so that A†xn = λxn and for k = 1, . . . , n− 1, A†xk = λxk + xk+1. The general case follows easily by

concatenation.

For the final part, λ is an eigenvalue of A of algebraic multiplicity one if and only if the generalized

eigenspace of A for λ coincides with the eigenspace for λ, and the latter is one dimensional. Therefore,

Ayj = λyj where λ has algebraic multiplicity one if and only if {yj} is an upper and lower Jordan

block basis for the single Jordan invariant subspace of A with eigenvalue λ. It then follows from the

first part that {xj} a Jordan upper and lower basis for the single Jordan invariant subspace of A†

with eigenvalue λ. In particular, A†xj = λxj .

C Generalized inverses of Lindblad generators

We apply the results of the previous subsection to the Hilbert space ĤA consisting of operators on

HA. Let nA + 1 denote the dimension of ĤA. Let DA be a Lindblad generator acting on operators

on HA. Because DA generates a semigroup that is contractive in the trace norm, all eigenvalues of

DA have a non-positive real part, and for any that are purely imaginary, the algebraic and geometric

multiplicities coincide. As always, we suppose that DA is ergodic and gapped with unique steady

state πA.

Let {Y0, . . . , YnA
} be a Jordan basis of H for DA in which Y0 = πA. Let {X0, . . . , XnA

} be the dual

basis. By Theorem B.4, D†
AX0 = 0. Since D†

A generates a semigroup of completely positive unital

operators, D†
A1A = 0, and hence 1A spans the eigenspace of DA corresponding for the eigenvalue

zero. Since ⟨1A, πA⟩ = Tr[πA] = 1, X0 = 1A.
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Since DA is gapped, so that for some a > 0, all non-zero eigenvalues λ of DA satisfy ℜ(λ) ⩽ −a,

etDA =

nA∑
j=0

etλj |Yj⟩⟨Xj | ,

and hence

PA := lim
t→∞

etDA = |Y0⟩⟨X0| = |πA⟩⟨1A| . (155)

Then DAY0 = 0 and D†X0 = 0, DAPA = 0 = PADA. In particular, [DA,PA] = 0 and hence the

complementary projection QA = 1Ĥ − P also commutes with DA. Evidently, QA =
∑nA

j=1 |Yj⟩⟨Xj |.

Since PA and QA are complementary projections, so are P†
A and Q†

A. Evidently P†
A = |1A⟩⟨πA|

and Q†
A =

∑nA

j=1 |Xj⟩⟨Yj |. Since both PA and QA commute with DA, it follows that both P†
A and

Q†
A commute with D†

A.

An operator Z on HA belongs to ran(QA), the range of QA, if and only if PAZ = 0, which is

the case if and only if Tr[Z] = ⟨1A, Z⟩ = 0. Therefore, ran(QA) is the subspace of ĤA consisting

operators whose trace is zero. Likewise, Z belongs to ran(Q†
A) if and only if Tr[πAZ] = ⟨πA, Z⟩ = 0,

so that ran(Q†
A) is the subspace of ĤA consisting operators whose expected value in the state πA is

zero.

Recall that the generalized inverse of DA is the super-operator SA given by

SA = −
∫ ∞

0

etDAQdt = −
∫ ∞

0

 nA∑
j=1

|etDAYj⟩⟨Xj |

 dt . (156)

Then since DA commutes with QA,

DASA = SADA = QA . (157)

Taking adjoints in (157) yields D†
AS

†
A = S†

AD
†
A = Q†

A so that S†
A is a generalized inverse to D†

A.

One gets a formula for S†
A from (156) by taking adjoints, but there is another approach yields a useful

alternate formula. Since QA and etDA commute, (etDAQA)
† = (QAe

tDA)† = etD
†
AQ†

A. Therefore,

since D†
A has the same spectral gap as DA,

S†
A :=

∫ ∞

0

etD
†
AQ†dt =

∫ ∞

0

 nA∑
j=1

|etD
†
AXj⟩⟨Yj |

dt . (158)

Lemma C.1. Under our assumptions on DA and the dual bases {Y0, . . . , YnA
} and {X0, . . . , XnA

},

the generalized inverse S of DA is satisfies

SA =

∫ ∞

0

 nA∑
j=1

|Yj⟩⟨etD
†
AXj |

 dt . (159)
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Proof. The formula (159) follows directly from (158) by taking adjoints.

Theorem C.2. Let DA be an ergodic Lindblad generator on HA with invariant state πA and a spectral

gap a > 0. Let D = DA ⊗ 1B be the corresponding Lindblad generator on HB. Define the projection

P by P(X) := πA ⊗ TrAX, and define the complementary projection Q by Q = 1 − P. Then there

is a finite constant C that depends only on DA, and in particular is independent of the dimension of

HB such that

∥etDQ∥1→1 ⩽ Ce−ta/2 . (160)

Consequently S :=
∫∞
0

etDAQAdt is well-defined and ∥S∥1→1 ⩽
2C

a
.

Proof. Let {Y0, . . . , YnA
} be a Jordan basis of H for DA in which Y0 = πA. Let λj be the eigenvalue

of DA such that Yj is a generalized eigenvector of DA with this eigenvalue. Let {X0, . . . , XnA
} be

the dual basis, so that in particular, X0 = 1. For each j, there is a natural number dj ⩽ nA such

that (DA − λj)
djYj = 0 but (DA − λj)

dj−1Yj ̸= 0. Then etDAYj = etλet(DA−λ)Yj = etλ
dj−1∑
k=0

tk

k!
Yj+k.

It follows that for some finite constant C,

∥etDAYj∥1∥Xj∥∞ ⩽
C

nA
e−at/2 . (161)

By the triangle inequality

∥etDAQA∥1→1 ⩽ C−at/2 . (162)

Since etDQ =

na∑
j=1

|etDAYj⟩⟨Xj | ⊗ 1, it follows from (161), the triangle inequality, and Lemma A.1

that

∥etDQ∥1→1 ⩽
na∑
j=1

∥etDAYj∥1∥Xj∥∞ .

Now (160) follows from this and (161). The second part of the theorem is an immediate consequence

of the first.

Remark C.1. It is easy to see that for all 0 < ϵ < 1, one may replace Ce−ta/2 with Cϵe
−t(1−ϵ)a in

(161), but then the constant Cϵ will diverge as ϵ → 0 if DA is not diagonalizable. However, if DA is

diagonalizable, the factor of 1
2 is superfluous.

In any case, by (155), Q = 1− |πA⟩⟨1|, and then by (162), for all density matrices ρ0 on HA,

∥etDAρ0 − πA∥1 ⩽ Ce−ta/2 , (163)

so that (162) gives a uniform bound on the rate of approach to stationarity. Note however that since

∥etDAρ0 − πA∥1 ⩽ for all choices of ρ0 and all t, if C is large, the bound (163) will be trivial for

t ⩽ 2
a log(2C).
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D Volterra integral operators and the comparison of evolu-

tion equations

In what follows, we wish to compare various evolution mechanisms for density matrices and for super-

operators. A powerful method for doing this involves writing the equations governing the evolution

mechanisms as Volterra integral equations. The elementary Theorem D.1 stated below will be applied

a number of times. We give the short proof for convenience.

In this section X denote an arbitrary Banach space with norm ∥ · ∥. In the application made here

his will always be the space of operators on a finite dimensional Hilbert space H equipped with the

trace norm ∥ · ∥1, or else the space of super-operators on H equipped with the super-operator trace

norm ∥ · ∥1→1.

Let T > 0 be given and define C to be the space of continuous functions A : [0, T ] → X equipped

with the norm |||A||| := sup
τ∈[0,T ]

∥A(τ)∥. For an operator H on C , define

∥H ∥C→C = sup{|||H A||| : |||A||| ⩽ 1} .

The operator H is a Volterra integral operator on C in case it has the form

H Y (τ) =

∫ τ

0

G(τ, σ)Y (σ)dσ (164)

where G(τ, σ) is a continuous function of 0 ⩽ σ ⩽ τ ⩽ T with values in the space of operators on X̂ .

Define G(τ, σ)∥X→X := sup{∥G(τ, σ)∥ : ∥X∥ ⩽ 1} and then

G := sup
0⩽σ⩽τ⩽T

∥G(τ, σ)∥X→X , (165)

and then ∥H ∥C→C ⩽ TG.

We will work with perturbations of Volterra integral operators. Let let H̃ be another bounded

Volterra integral operator defined in terms of G̃(τ, σ) as in (164). Then H − H̃ is a Volterra integral

operator and (H − H̃ )Y (τ) =

∫ τ

0

(G(τ, σ)− G̃(τ, σ))Y (σ)dσ. Therefore,

∥H − H̃ ∥C→C ⩽ sup
0⩽τ⩽T

{ ∫ τ

0

∥G(τ, σ)− G̃(τ, σ)∥X→Xdσ

}
.

For given Z ∈ C and Volterra integral operator H , the equation

Y (τ) = H Y (τ) + Z(τ) . (166)

is a Volterra integral equation of the second kind, and it may be solved by iteration. The following
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theorem collects the elementary results we need.

Theorem D.1. For all bounded Volterra integral operators H on C , and all Z ∈ C , the equation

(166) has a unique solution Y ∈ C which is given by Y (τ) :=

∞∑
n=0

H nZ(τ) where the sum converges

in norm in C . Moreover, let H̃ be another bounded Volterra integral operator defined in terms of

G̃(τ, σ) as in (164). Let C := max{G, G̃} where G and G̃ are given by (165). Let Z̃ be an element of

C , and define Ỹ to be the solution of (166) with H̃ in place of H , and Z̃ in place of Z. Then

∥Y − Ỹ ∥C ⩽
1

TC
(e2TC − 1)∥H − H̃ ∥C→C min{∥Z∥C , ∥Z̃∥C }+ e2TC∥Z − Z̃∥C . (167)

Proof. Iteration of (166) yields, for each N ∈ N,

Y (τ) = H N+1Y (τ) +

N∑
n=0

H nZ(τ) (168)

Note that H 2Y (τ) =

∫ τ

0

∫ σ2

0

G(τ, σ2)G(σ2, σ1)Y (σ1)dσ2dσ1, and hence ∥H 2∥C→C ⩽
T 2

2
G2.

Likewise, one finds that for all n ∈ N, ∥H n∥C→C ⩽ Tn

n! G
n. Likewise, ∥H̃ n∥C→C ⩽ Tn

n! G̃
n. There-

fore,

max{ ∥H n∥C→C , ∥H̃ n∥C→C } ⩽
Tn

n!
Cn ,

and Y (τ) :=

∞∑
n=0

H nZ(τ) is well-defined since the sum converges C . One readily checks that it

satisfies (166), and by (168) it is the unique solution. For the second part,

Y (τ)− Ỹ (τ) =

∞∑
n=1

(H n − H̃ n)Z(τ) +

∞∑
n=0

H̃ n(Z(τ)− Z̃(τ)) .

By the telescoping sum formula, (H (γ))n − (H̃ (γ))n =

n−1∑
j=1

(H (γ))n−1−j(H (γ) − H̃ (γ))(H̃ (γ))j and

therefore

∥(H (γ))n − (H̃ (γ))n∥C→C ⩽
n−1∑
j=1

∥H (γ)∥n−1−j
C→C ∥H (γ) − H̃ (γ)∥C→C ∥H̃ (γ)∥jC→C

⩽
n−1∑
j=1

1

j!(n− j)!
(TC)

n−1 ∥H (γ) − H̃ (γ)∥C→C

⩽
2n

n!
(TC)

n−1 ∥H (γ) − H̃ (γ)∥C→C .

Therefore,

∥Y − Ỹ ∥C ⩽
1

TC
(e2TC − 1)∥H (γ) − H̃ (γ)∥C→C ∥Z∥C ∥Z̃ + e2TC∥Z − Z̃∥C .
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By the symmetry in Y and Ỹ , we have the same bound with Z and Z̃ swapped, and this proves (167)

.

E Mixing times

Let L be a Lindblad generator acting on Ĥ, H a finite dimensional Hilbert space. By (163), and the

definitions (24) and (25), if L is ergodic and gapped with unique steady state π, tmix(L, ϵ) < ∞ for

all 0 < ϵ < 1
2 . The next lemma provides a converse.

Lemma E.1. Let L be a Lindblad generator acting on Ĥ. Assume only that tmix(L, ϵ) < ∞ for some

0 < ϵ < 1
2 . Then L has a unique steady state π, and ker(L) is spanned by π. Moreover, L has no

purely imaginary eigenvalues so that in our finite dimensional setting L is ergodic and gapped. In

particular, if Lρ = 0 and Tr[ρ] = 1, then ρ = π.

Proof. Every Lindblad generator acting on Ĥ has at least one steady state, and since tmix(L, ϵ) < ∞,

there is a unique steady state π. Since for all X, L(X†) = L(X)†, if X ∈ ker(L) then X† ∈ ker(L).

Hence if π does not span ker(L) there would be a self-adjointX ∈ ker(L) that is linearly independent of

π. Subtracting an appropriate multiple of π from X and normalizing, we may assume that Tr[X] = 0

but ∥X∥1 = 2. Let X = X+ −X− be the spectral decomposition of X into its positive and negative

parts. Then X+ and X− are both density matrices. Since LX = 0, for all t > 0,

X = etLX = etLX+ − etLX− .

Therefore, 2 = ∥X∥1 = ∥etLX+ − etLX−∥1 = 2dTV(e
tLX+, e

tLX−). By (25), for t > tmix(L, ϵ),

dTV(e
tLX+, e

tLX−) < ϵ. This contradiction proves that π span ker(L).

Likewise, suppose that X ∈ Ĥ satisfies LX = iωX for some non-zero real ω and that X ̸= 0.

Since L(X†) = L(X)†, LX† = −iωX†. Since Tr[LX] = 0, Tr[X] = 0. Define A = 1
2 (X + X†),

and note that A ̸= 0 since ω ̸= 0, but Tr[A] = 0. Let t := 2πω. Then etLA = A. Rescaling

A, we may assume ∥A∥1 = 2. Then 2 = ∥A∥1 = ∥ektLA∥1 and exactly as in the first part of the

proof, limk→∞ ∥ektLA∥1 = 0. This contradiction precludes the existence of any purely imaginary

eigenvalues.

We next show that when tmix(L, ϵ) < ∞, so that there is a unique stationary state π, dTV(e
ktmix(L))

decreases to zero exponentially fast in k. For t > 0, let Pt := etL. In preparation for this, define

the super-operator Π by ΠX := Tr[X]π. Then Π is a CPTP map. It easy to write down an explicit

Kraus representation showing this, but also Π = limt→∞ Pt, and each Pt is CPTP. A super-operator

T is said to be Hermitian in case T (X)† = T (X†) for all X ∈ Ĥ. Since all CPTP operations are

Hermitian (see e.g. [8, Lemma 5.2]), and hence Pt −Π is Hermitian.

55



In this appendix, let X denote the space of self-adjoint operators on H equipped with the trace

norm, and let X̂ denote the space of Hermitian super-operators on H equipped with the norm

|||T ||| := sup{∥T (X)∥1 : ∥X∥1 = 1 and X = X†} . (169)

This is closely related to the super-operator trace norm ∥ · ∥1→1, but may be smaller because of the

restriction that X must be self-adjoint.

Lemma E.2. For all t > 0,

|||Pt −Π||| = sup{∥Ptρ− π∥1 : ρ a density matrix on H} . (170)

Proof. For any density matrix ρ, since ∥Ptρ − π∥1 = ∥(Pi − Π)ρ∥1 and since ρ = ρ† and ∥ρ∥1 = 1,

∥(Pt −Π)ρ∥1 ⩽ |||Pt −Π|||. This proves that the left side of (170) is at least as large as the right side.

Next, in our finite dimensional setting the supremum in (169) is a maximum. Let X be such that

X = X†, ∥X∥1 = 1 and |||Pt − Π||| = ∥(Pt − Π)X∥1. Let X = X+ −X− be the decomposition of X

into its positive and negative parts, and define 0 ⩽ λ ⩽ 1 by λ := Tr[X+] Then µ := λ−1X+ and

ν := (1− λ)−1X− are density matrices and X = λµ− (1− λ)ν. Therefore,

∥(Pt−Π)X∥1 ⩽ λ∥(Pt−Π)µ∥1+(1−λ)∥(Pt−Π)ν∥1 ⩽ sup{∥Ptρ−π∥1 : ρ a density matrix on H} .

This proves that the right side of (170) is at least as large as the left side.

Theorem E.3. Let ρ0, ρ1 be any two density matrices on H. For all 0 < ϵ < 1
2 , and all t ⩾ tmix(L, ϵ),

and all positive integers k,

dTV(Pktρ0, Pktρ1) ⩽ 2(2ϵ)k . (171)

Proof. Let ρ0 and ρ1 be arbitrary density matrices on H. For j = 0, 1, Ptρj − π = (Pt −Π)ρj . Then

∥Ptρ0 − Ptρ1∥1 ⩽ ∥(Pt −Π)ρ0∥1 + ∥(Pt −Π)ρ1∥1 . (172)

For each t > 0, since Pt is trace preserving, ΠPt = Π. Since Ptπ = π, PtΠ = Π. That is,

PtΠ = ΠPt = Π. Therefore, by the Binomial Theorem, for any positive integer k,

(Pt −Π)k =

k∑
ℓ=0

(−1)ℓ
(
k

ℓ

)
P k−ℓ
t Πℓ = Pkt −Π+Π

k∑
ℓ=0

(−1)ℓ
(
k

ℓ

)
= Pkt −Π . (173)

Then by (170), (172), (173) and the triangle inequality,

∥Pktρ0 − Pktρ1∥1 ⩽ ∥(Pt −Π)kρ0∥1 + ∥(Pt −Π)kρ1∥1 ⩽ 2|||Pt −Π|||k . (174)
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Now suppose that t > tmix(L, ϵ). By the definition (25) of tmix(L, ϵ), for any density matrix ρ,

ϵ ⩾ dTV(Ptρ, π) =
1
2∥Ptρ− Ptπ∥1 = 1

2∥Ptρ− π∥1 .

Therefore by Lemma E.2, |||Pt −Π||| ⩽ 2ϵ. Now (171) follows from (174).

The ϵ-mixing time of L is often defined to be

min{t > 0 : ∥Ptρ0 − π∥1 < ϵ for all density matrices ρ0 } . (175)

By (163) in Remark C.1, the quantity in (175) is finite whenver L is ergodic and gapped. Then, since

for any two density matrices ρ0, ρ1,

∥Ptρ0 − Ptρ1∥1 ⩽ ∥Ptρ0 − πA∥1 + ∥Ptρ1 − πA∥1

tmix(L, ϵ) < ∞ whenever L is ergodic and gapped. Moreover, by Theorem E.2 the definition of mixing

time used here differs from the one defined in terms of (175) by at most a factor of 2. Our applications

require a formulation that does not refer to a putative unique invariant measure. Many variants of

the mixing time are discussed in the classical literature on Markov chains, and the classical analog of

the one considered here occurs in the foundational paper [1] of Aldous
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