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Abstract

We prove the existence of a phase transition in dimension d > 1 in a continuum
particle system interacting with a pair potential containing a modified attractive Kac
potential of range γ−1, with γ > 0. This transition is “close”, for small positive γ, to
the one proved previously by Lebowitz and Penrose in the van der Waals limit γ ↓ 0. It
is of the type of the liquid-vapor transition observed when a fluid, like water, heated at
constant pressure, boils at a given temperature. Previous results on phase transitions
in continuum systems with stable potentials required the use of unphysical four-body
interactions or special symmetries between the liquid and vapor.

The pair interaction we consider is obtained by partitioning space into cubes of
volume γ−d, and letting the Kac part of the pair potential be uniform in each cube
and act only between adjacent cubes. The “short-range” part of the pair potential is
quite general (in particular, it may or may not include a hard core), but restricted to
act only between particles in the same cube.

Our setup, the “boxed particle model”, is a special case of a general “spin” system,
for which we establish a first-order phase transition using reflection positivity and the
Dobrushin–Shlosman criterion.
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1 Introduction

In 1998, Lebowitz, Mazel, and Presutti [26] wrote: “An outstanding problem in equilib-
rium statistical mechanics is to derive rigorously the existence of a liquid-vapor phase
transition (LVT) in a continuous system of particles interacting with any kind of rea-
sonable potential, say Lennard–Jones or hard core plus attractive square well.” This
situation has remained largely unchanged over the past quarter century. This is so
despite the fact that the LVT is ubiquitous. It is observed every time we boil a pot of
water and is displayed prominently in textbooks as a paradigm of phase transitions in
physical systems; see Figure 1. The LVT is also observed in all computer simulations
of systems with the above type of pair potentials [21, 28]. These simulations show that
such pair potentials are, in fact, adequate for describing the commonly observed LVT,
so why can we not prove it mathematically? In fact, the LVT is qualitatively described
by approximate theories with mean-field-type interactions (where all particles interact
with the same strength), dating back to the nineteenth century; see below and [10, 36].
However, for pair potentials without any symmetry, it has been proven rigorously only
in the case of an attractive Kac type pair potential of the form γdφ(γr), where d is the
spatial dimension, in the infinite-range limit γ ↓ 0, thus the need for a rigorous proof of
the existence of the LVT in a continuum particle system with finite range (or rapidly
decaying) pair interactions. We do this here for a simplified model for small γ > 0. We
give a brief historical background of the LVT in Section 1.1.

Mathematically speaking, we are interested in proving, for a continuous system
of particles with stable pair interactions (see Appendix A) and no special symmetries,
the existence of more than one infinite-volume Gibbs measure having different densities

2



for some ranges of inverse temperature β = 1/T (setting Boltzmann’s constant equal
to 1) and chemical potential λ [34]. For a system of particles in a region Λ ⊂ Rd
with pair interactions u(x − x′), x, x′ ∈ Rd, the probability of having N particles in
a configuration XΛ = (x1, . . . , xN ) ∈ ΛN given a specified configuration in Λc, YΛc

(boundary condition), is given, in the grand-canonical Gibbs measure, by

PΛ
β,λ(dXΛ | YΛc) =

1

ΞΛ
β,λ

1

N !
e−β[−λN+U(XΛ|YΛc )]

N∏
i=1

dxi , (1.1)

where
U(XΛ | YΛc) =

∑
1≤i<j≤N

u(xi − xj) +
∑
i,k

u(xi − yk) (1.2)

and ΞΛ
β,λ, the grand-canonical partition function, which depends on YΛc , is a normal-

izing factor. We are interested in the behavior of macroscopic systems, idealized by
taking the thermodynamic limit of Λ ↑ Rd. The appropriate infinite-volume Gibbs mea-
sure is then characterized by the Dobrushin-Lanford-Ruelle (DLR) equation [11, 24],
which specifies the conditional probability measure for any region Λ ⊂ Rd given a con-
figuration in Λc as in (1.1). The question then is whether this measure is unique. If it
is not unique, then we say that there is a coexistence of phases at that value of β and
λ. When two translation-invariant, extremal Gibbs measures without any symmetry
coexist but have different densities, ρv < ρl, we say that the system has an LVT, with
ρv and ρl being the densities of the vapor and the liquid.

We can also look at the LVT from a macroscopic point of view: the average density
ρ for the finite system in the region Λ is given by

ρΛ(β, λ) :=
1

β|Λ|
∂

∂λ
log ΞΛ

β,λ, (1.3)

whose limit as Λ ↑ Rd, denoted by ρ(β, λ), is a monotone increasing function of λ,
which will have a discontinuity at the LVT, that is, at some value of λ = λ∗ where the
two Gibbs measures (phases) coexist:

ρv = lim
λ↑λ∗

ρ(β, λ) < ρl = lim
λ↓λ∗

ρ(β, λ). (1.4)

From a physical point of view, it is more natural to consider the LVT in the canonical
ensemble where the density of the system, ρ, rather than its chemical potential, is
specified. The LVT then corresponds to a linear segment for the canonical free energy
(1.12) as a function of the density ρ, which, as explained in the next section, corresponds
to the physical coexistence of the liquid and vapor phases. It is in this ensemble in
which Lebowitz–Penrose [27] proved (1.12) for potentials of the form (1.11). The
equivalence to the grand-canonical picture with two equilibrium states at some value
of λ is discussed in detail by Gates–Penrose [16–18]. We shall skip over the fine details
of this equivalence and use the physical picture in the rest of the introduction and then
switch to the grand-canonical one in describing our results.

Before describing our results, we give a brief, selective history of the LVT problem.
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Figure 1: A schematic phase diagram of a fluid in the temperature-pressure plane (T, P ).
There exists a critical point (Tc, Pc) below which an LVT occurs, and the density (at which
the free energy is minimized) jumps discontinuously when crossing the liquid-vapor transition
line (thick black line). The other lines correspond to fluid-solid transitions.

1.1 History of the liquid-vapor phase transition

Origin of the problem Experimental studies of the LVT go back to the beginning
of the 19th century [1], when physicists began looking for an expression for the pressure
valid for densities beyond that of the very dilute gas, p = ρT (setting Boltzmann’s
constant equal to 1), which would also describe the LVT in which liquid and vapor
coexist at the same pressure. In 1873, van der Waals in his doctoral thesis [36] derived
heuristically an equation of state for the pressure as a function of temperature and
density, which gave a qualitative understanding of the LVT,

p(T, ρ) =
Tρ

1− ρb
− 1

2
aρ2. (1.5)

Augmented by Maxwell’s equal area construction in 1875 [10] (see Figure 2a), which
ensures that the system is thermodynamically stable as described below, this equa-
tion gives, with suitable choices of empirical parameters a, b > 0, a good qualitative
description of the LVT observed in real systems [2, 29].

The idea behind this equation of state (EOS) is that the force between atoms is
strongly repulsive (hard-core like) at short distances and weakly attractive at large
distances, which respectively give rise to the first and second terms on the RHS of
(1.5). In fact, the second term can be derived by assuming a “mean field” attractive
interaction between the particles, i.e., every pair of particles interact with a potential
independent of the distance between them, whose strength is inversely proportional to
the size of the system. The first term in (1.5) can be written as T/(ρ−1− b), where the
denominator represents the effective volume available to each particle. It is, in fact,
the exact pressure of a one-dimensional system of hard rods of diameter b and can be
considered an approximation for a strong short-range repulsion in higher-dimensional
systems.
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(a) The solid line represents isotherms as
given by (1.5) while the dotted line is the
Maxwell construction giving equal areas to
the solid color regions. This gives the coexis-
tence of liquid and vapor phases at the same
T and p.
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(b) The Gibbs double tangent construction
for T < Tc.

Figure 2

The canonical free energy density f(T, ρ) is defined as the thermodynamic limit

f(T, ρ) := − lim
N→∞,Λ↑Rd

N/|Λ|→ρ

T

|Λ|
logZ(T,N,Λ), (1.6)

where

Z(T,N,Λ) :=
1

N !

∫
ΛN

dx1 . . . dxN e
− 1

T
U(XΛ) (1.7)

is the canonical partition function, |Λ| is the volume of Λ, and U(XΛ) is the interaction
potential of the N particles in Λ, i.e., the first sum in (1.2). Using the fact (see e.g.
[33]) that the pressure is given by

p(T, ρ) = ρ2
∂

∂ρ

[
1

ρ
f(T, ρ)

]
, (1.8)

(1.5) is equivalent to the following expression for f(T, ρ):

f(T, ρ) = −Tρ log 1− bρ

ρ
− 1

2
aρ2, (1.9)

up to a term independent of ρ. The Maxwell construction thus corresponds to the
Gibbs double tangent construction for f(T, ρ); see Figure 2.

The question then, as now, is how to derive the liquid-vapor phase transition from
a “realistic” pair interaction between the particles.

Mathematical state-of-the-art A rigorous derivation of (1.5) was made by Kac,
Uhlenbeck, and Hemmer (KUH) [23], who considered a one-dimensional system of hard
rods with an attractive long-range pair interaction φγ(|xi − xj |) of the Kac form,

φγ(r) = −αγe−γr. (1.10)
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They proved that, in the thermodynamic limit, such a system of particles has an EOS
pγ(T, ρ) which becomes, in the limit γ ↓ 0, the same as the van der Waals EOS (1.5)
with Maxwell’s construction built in, rather than having to be added ad hoc (as was
the case before). Lebowitz and Penrose (LP) [27] generalized the result of KUH to
arbitrary dimensions, proving, for systems with a pair potential of the form

uγ(r) = v(r)− αγdφ(γr), (1.11)

where φ(r) ≥ 0,
∫
Rd dr φ(r) = 1, and v(r) has a hard-core part, the validity of the

Gibbs double tangent construction, i.e., they proved, for both continuum and lattice
systems, that

f+(T, ρ) := lim
γ↓0

fγ(T, ρ) = CE

{
−1

2
αρ2 + f0(T, ρ)

}
, (1.12)

where fγ(T, ρ) is the free energy density of the system with potential uγ(r), and f0(T, ρ)
is the free energy density of the reference system with pair potential v(r) containing
a hard core. The convex envelope (CE) of a function ϕ is the largest convex function
smaller than ϕ; see Figure 2b. The existence and good thermodynamic properties, e.g.,
convexity, of the free energies fγ(T, ρ) and f0(T, ρ) are assured by general results on the
existence of the thermodynamic limit for systems with stable and tempered potentials;
see Theorem A.1.

In one dimension, particle systems have no phase transition for potentials that
decay faster than r−2. Hence, the free energy density fγ(T, ρ) is strictly convex in ρ
if v(r) decays faster than r−2 as r → ∞ [33], so the transition, as characterized by a
linear portion of fγ as a function of ρ, only appears in the γ ↓ 0 limit. This is not the
case in d ≥ 2 dimensions, where we expect not only a transition for γ > 0 [31] but that
the transition line should be, for small γ > 0, close to its limiting value as γ ↓ 0. This
has been established by Presutti [31] for lattice gases on Zd (d ≥ 2) when v(r) is just
the single-site hard-core exclusion [7–9]. However, for general lattice systems, without
the particle-hole symmetry present in this case, there is no proof of the existence of an
LVT at γ > 0 close to that for γ ↓ 0. The situation is similar for continuum systems
with stable pair potentials: the only proof of the existence of an LVT for continuum
systems with finite-range potentials and no symmetries is given by Lebowitz, Mazel,
and Presutti [25, 26], who had to resort to unphysical, long-range four-body repulsion
to take the place of the short-range repulsive pair interactions to ensure stability of the
system against collapse by the attractive Kac potential. Their result, therefore, did
not alleviate the need for proving the LVT for realistic pair potentials. We also note
here that Ruelle [34] proved the existence of a phase transition for the continuum two-
species symmetric Widom-Rowlinson model and that Johansson [22] proved a phase
transition for a 1D continuum model whose pair potential decays like r−α, α ∈ (1, 2).

The present work To obtain insight into the LVT for pair potentials of the form
(1.11) at small γ > 0 and its relation to the mean-field limit γ ↓ 0, we study here a
simplified model which we call the “box model” and which will be described in detail
below. In this model, we prove the existence of an LVT for small γ > 0 given some
properties of the free energy f0(T, ρ) of the reference system, the one in which the
Kac potential is absent. These properties are essentially the same as those used by
LP to prove the LVT in the limit γ ↓ 0, some of which are direct consequences of
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the existence of the thermodynamic limit for particle systems with superstable and
tempered interactions [33, §3.1]; see Appendix A. We show that, in the box model
framework, an LVT occurs close to the γ ↓ 0 limit, in a precise sense, for sufficiently
small γ > 0. Our result also applies to soft-core potentials, which LP did not consider.

The main benefit of the “box model” is that it is reflection positive. We remark
that the idea of using reflection positivity to justify mean-field predictions has appeared
before, in a different context, in the works [5, 6] (see also [4, Section 4]).

1.2 The boxed particle model and the box model

In this paper, we introduce and study the box model, which is a generalization of a
particle model called the boxed particle model obtained by modifying the pair potential
in (1.11) that was studied by Lebowitz and Penrose in the mean-field limit γ ↓ 0. Let
us first define the boxed particle model, which we will generalize to the box model in
Section 1.2.1.

The boxed particle model is defined by modifying (1.11) (primarily in the Kac
potential part φ, but the short-range part will also be modified). To do this, we
partition Rd into a lattice of mesoscopic cubes of side length γ−1, and replace the
long-range Kac interaction of LP with one that is constant for particles inside each of
the cubes, and has a (possibly different) constant value for particles in adjacent cubes.
We will be quite general about the other interaction between particles given by v(r) in
(1.11), and merely assume that it is superstable and tempered [33]. However, we will
neglect the interaction between different cubes due to v(r). A possible choice for v(r)
is a hard-core interaction, but we will be more general than that and allow interactions
like the Lennard–Jones or Morse pair potentials (see Appendix A for more details).

More formally, we define the boxed particle model as a model for a system of
particles interacting via the following pair interaction:

uγ(x, y) :=


v(x− y)− J1γ

d if Boxγ(x) = Boxγ(y)

−J2γd if Boxγ(x) ∼ Boxγ(y)

0 otherwise

(1.13)

where J1 > −2dJ2 and J2 > 0 are constants, Boxγ(x) := γ−1 ⌊γx⌋+ [0, γ−1)d denotes
the unique cube in the mesoscopic lattice containing x ∈ Rd, and the symbol ∼ means
that two cubes are nearest neighbors, i.e., they share a (d − 1)-dimensional face, and
v is a superstable and tempered potential (see Appendix A and [33]). We fix the
chemical potential in the boxed particle model to λ+ 1

2J1γ
d (we add 1

2J1γ
d to simplify

the notation in the “spin” model introduced in the next paragraph).
It is straightforward to check that the box model is equivalent to a “spin” model

on the lattice Zd with nearest neighbor interactions, where each point v corresponds
to a mesoscopic lattice cube as above, and the “spin” at v is given by the density
ηv := Nv/γ

−d of particles inside the cube corresponding to v. Indeed, by integrating
over the positions of the Nv particles in each cube v, we find that the boxed particle
model is equivalent to the following effective Hamiltonian on configurations of densities
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in the cubes:

Hλ,γ(η) :=γ
−d

[
−λ
∑
v

ηv −
1

2
J1
∑
v

η2v − J2
∑
v∼w

ηvηw +
∑
v

fγ(ηv)

]

=γ−d

[
−λ
∑
v

ηv −
1

2
(J1 + 2dJ2)

∑
v

η2v +
1

2
J2
∑
v∼w

|ηv − ηw|2 +
∑
v

fγ(ηv)

]
,(1.14)

and

fγ(ηv) := − 1

βγ−d
log

1

(ηvγ−d)!

∫
([0,γ−1)d)ηvγ−d

dx1 · · · dxηvγ−d

∏
i<j

e−βv(xi−xj). (1.15)

is the canonical free energy density for particles in a cube interacting via the pair
potential v(·) with free boundary conditions.

As noted earlier, we will study the boxed particle model in the grand-canonical en-
semble, which is equivalent to the canonical ensemble [33]. For the connection between
the two ensembles in the limit γ ↓ 0, see [16–18].

1.2.1 Formal description of the box model

Let us now define the box model, which is a slight generalization of the boxed particle
model. Specifically, we will relax the condition that fγ be the free energy of a particle
model inside the mesoscopic cube, and merely require that it be a function that satisfies
the conditions detailed in the rest of this section. (Thus, whereas the boxed particle
model is in fact a model of particles interacting via a pair potential, the box model is
more general.)

When the pair potential v(·) has a hard core, η takes values in a bounded subset of
γdN. Another generalization we will make is to allow η to take discrete or continuous
values, as we will now describe.

Let 0 < γ ≤ 1 (the scale parameter). We allow both discrete and continuous non-
negative values of η : Zd → Sγ where either Sγ = [0,∞), termed the continuous case,
or Sγ = γdZ ∩ [0,∞), termed the discrete case.

Fix α, J2 > 0 (the coupling strengths) and β > 0 (the inverse temperature)—these
parameters will be held fixed throughout our arguments and will be omitted from the
notation. Let λ ∈ R (the chemical potential). The formal Hamiltonian of the box
model is given by

Hλ,γ(η) := γ−d

(∑
v

[
−ληv −

1

2
αη2v + fγ(ηv)

]
+

1

2
J2
∑
v∼w

|ηv − ηw|2
)
, (1.16)

where fγ : Sγ → R ∪ {+∞} is a measurable function for each γ, satisfying the con-
vergence assumption in Section 1.2.2 (in particular, these conditions allow for fγ to be
the free energy for a system of particles interacting via a superstable, tempered pair
interaction; see Section 1.2.2 for details, and so the boxed particle model introduced
above is a special case of the box model). We note that fγ may depend on the fixed
parameters α, J2, and β, but we will not make this dependence explicit.

Given an integer L ≥ 2, the Gibbs measure of the box model on the discrete torus
ΛL := Zd/(LZ)d is

1

ΞL,perλ,γ

e−βH
L,per
λ,γ (η)

∏
v∈ΛL

dνγ (ηv) (1.17)
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where νγ is Lebesgue measure on Sγ = [0,∞) in the continuous case and νγ is the

normalized counting measure γd
∑

ρ∈Sγ
δρ in the discrete case, where HL,per

λ,γ is given

by the expression (1.16) for Hλ,γ , changing the sums to run over v ∈ ΛL and {v, w} ∈
E(ΛL) (the edge set of the discrete torus graph), and where

ΞL,perλ,γ :=

∫
e−βH

Λ
λ,γ(η)

∏
v∈Λ

dνγ (ηv) (1.18)

is the partition function (normalizing constant). One may similarly define Gibbs mea-
sures with free or prescribed boundary conditions.

1.2.2 Convergence assumptions

We assume that the functions (fγ)0<γ≤1 satisfy one of the following two conditions:
(in the discrete case, for convenience in stating the assumption, we extend fγ to [0,∞)
by a linear interpolation)

1. Hard-core case: There is ρcp ∈ (0,∞) and a continuous f : [0, ρcp) → R such
that:

(a) For every ρ0 ∈ [0, ρcp),

lim
γ↓0

fγ(ρ) = f(ρ) uniformly in ρ ∈ [0, ρ0]. (1.19)

(b)
lim inf
γ↓0

ρ→ρcp

fγ(ρ) ≥ lim
ρ↑ρcp

f(ρ) ∈ (−∞,∞] (1.20)

(the existence of the limit limρ↑ρcp f(ρ) in (−∞,∞] is part of the assumption).

(c) There is ρmax ∈ (ρcp,∞) such that fγ(ρ) = ∞ for all ρ > ρmax and 0 < γ ≤ 1.
In addition, for every ρ1 > ρcp,

lim
γ↓0

inf
ρ≥ρ1

fγ(ρ) = ∞. (1.21)

2. Soft-core case: There is a continuous f : [0,∞) → R such that:

(a) For every ρ0 ∈ [0,∞),

lim
γ↓0

fγ(ρ) = f(ρ) uniformly in ρ ∈ [0, ρ0]. (1.22)

(b)

αmax := lim inf
γ↓0
ρ→∞

fγ(ρ)
1
2ρ

2
∈ (0,∞]. (1.23)

To unify some of our later statements, we set αmax := ∞ in the hard-core case. We note
that the above assumptions imply that the box model is well-defined for sufficiently
small γ and α < αmax, in the sense made precise in Lemma 4.1.

Remark 1.1. 1. In the hard-core case, it follows from (1.19) that lim inf γ↓0
ρ→ρcp

fγ(ρ) ≤

lim infρ↑ρcp f(ρ). This complements the first inequality in (1.20), making it an
equality.
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2. In the soft-core case, we note that (1.22) and (1.23) imply that

lim inf
ρ→∞

f(ρ)
1
2ρ

2
≥ αmax. (1.24)

3. The above assumptions are satisfied for the boxed particle model, for which we
recall that fγ(ρ) (see (1.18)) is the free energy for a system of particles that
take positions in the hypercubic volume γ−d and interact via a superstable and
tempered pair potential. This is a consequence of well-known results by Ruelle [32,
33]. For more detailed references and a proof that these conditions are satisfied
for superstable and tempered potentials, see Appendix A and Proposition A.5.
In particular, the assumptions are verified when the interaction is a hard core, or
the Lennard–Jones potential, or the Morse potential; see Proposition A.6.

1.2.3 Main results

Our first result identifies the limiting grand-canonical pressure of the box model, show-
ing that it coincides with the expression obtained by Gates–Penrose in the limit γ ↓ 0
[16]. Define the canonical mean-field free energy density (following the nomenclature
of [31, (10.2.1.3)])

ϕλ(ρ) := −λρ− 1

2
αρ2 + f(ρ). (1.25)

Theorem 1.2. In every dimension d ≥ 1,

lim
L→∞
γ↓0

1

βγ−d|ΛL|
log ΞL,perλ,γ = − inf

ρ
ϕλ(ρ), (1.26)

with the infimum over ρ ∈ [0, ρcp) in the hard-core case and over ρ ∈ [0,∞) in the
soft-core case.

The same result (with the same proof) also holds for free boundary conditions, or
for prescribed boundary conditions which are uniformly bounded as L→ ∞, γ ↓ 0.

Lebowitz–Penrose [27] (canonical ensemble), followed by Gates–Penrose [16] (grand-
canonical ensemble), proved the existence of a liquid-vapor phase transition in the
mean-field limit γ ↓ 0 whenever the function ϕλ is non-convex. Our main result estab-
lishes the liquid-vapor phase transition at positive γ (i.e., before taking the mean-field
limit) in the box model.

Theorem 1.3. Suppose the dimension d ≥ 2. Suppose β > 0 and 0 < α < αmax are
such that ϕλ is non-convex (this property does not depend on λ). Then there exists
γ0 > 0 such that for all 0 < γ ≤ γ0 there exists λ(γ) for which the box model admits
two distinct translation-invariant Gibbs measures that differ from each other in their
value for the average density.

Moreover, as we formulate next, we show that the critical chemical potential and
the densities of the liquid and vapor phases tend to their mean-field values as γ ↓ 0.

In the hard-core case, the function f is defined on the interval [0, ρcp). We extend
its domain to [0, ρcp] by setting

f(ρcp) := lim
ρ↑ρcp

f(ρ), (1.27)
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noting that f(ρcp) ∈ (−∞,∞] by (1.20). This also extends the domain of ϕλ to [0, ρcp],
for all λ, via (1.25).

Suppose β > 0 and 0 < α < αmax are such that ϕλ is non-convex. Let λ∗ ∈ R
be such that ϕλ∗ attains its global minimum at (at least) two points ρ∗,− < ρ∗,+
with ϕλ∗ non-constant on the interval [ρ∗,−, ρ∗,+]; such a λ∗ necessarily exists by the
non-convexity of ϕλ and (1.20), in the hard-core case, or (1.24), in the soft-core case.
Let

M :=

{
ρ | ϕλ∗(ρ) = inf

ρ′
ϕλ∗(ρ

′)

}
(1.28)

be the points where the global minimum is attained. Fix ρ∗,0 with ρ∗,− < ρ∗,0 < ρ∗,+
and ρ∗,0 /∈ M.

Theorem 1.4. Suppose the dimension d ≥ 2 and proceed in the above setup. Then
there exists γ0 > 0 such that, for all 0 < γ ≤ γ0, there exists λc(γ) for which the box
model with λ = λc(γ) admits two translation-invariant Gibbs measures P±

λc(γ),γ
and we

have
lim
γ↓0

λc(γ) = λ∗ (1.29)

and, for every open set U ⊂ R containing M,

lim
γ↓0

P−
λc(γ),γ

(η0 ∈ U ∩ [0, ρ∗,0)) = lim
γ↓0

P+
λc(γ),γ

(η0 ∈ U ∩ (ρ∗,0,∞)) = 1. (1.30)

Remark 1.5. In the (generic) case when M consists solely of the two points ρ∗,±, it
follows from (1.30) that the distribution of η0 under P±

λc(γ),γ
converges in distribution

to a delta measure at ρ∗,±.

1.3 The (J, ω)-spin model and a condition for first-order
phase transition

The main idea of the proof of Theorem 1.3 is to use the reflection positivity of the box
model to derive a chessboard estimate, which allows us to use a result by Dobrushin
and Shlosman [35] guaranteeing the existence of the phase transition. For the sake of
completeness, we state and prove a version of the Dobrushin–Shlosman criterion that
is suited to our result in Section 2.

Our analysis applies to a wider class of models. In this section, we introduce this
class and state a condition that ensures a first-order phase transition therein.

1.3.1 The (J, ω)-spin model

Given J ≥ 0 and a Borel measure ω on Rn with finite, positive total measure (i.e.,
ω(Rn) ∈ (0,∞)), we give the name (J, ω)-spin model to the n-component Gaussian
free field with coupling constant J and single-site measure ω. This is the model on
configurations η : Zd → Rn whose formal Hamiltonian is

H(η) := J
∑
v∼w

∥ηv − ηw∥2. (1.31)
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To apply the chessboard estimate, we consider the model on the discrete torus
ΛL = Zd/(LZ)d: Its finite-volume Hamiltonian is

HL
J (η) := J

∑
{v,w}∈E(ΛL)

∥ηv − ηw∥2 (1.32)

on configurations η : ΛL → Rn, where E(ΛL) denotes the usual edge set of ΛL, thought
of as a graph, and ∥ · ∥ is the Euclidean norm (when convenient, we also regard such
configurations as periodic functions on the entire Zd). The corresponding finite-volume
Gibbs measure is

PL,perJ,ω (dη) =
1

ΞL,perJ,ω

e−H
L
J (η)

∏
v∈ΛL

ω(dηv) (1.33)

where ΞL,perJ,ωλ
is the partition function:

ΞL,perJ,ω :=

∫
e−H

L
J (η)

∏
v∈ΛL

ω(dηv). (1.34)

We will need (a bound on) the grand-canonical pressure

ψJ,ω := lim inf
L→∞

1

Ld
log ΞL,perJ,ω . (1.35)

For later applications, we note the simple inequality

eψJ,ω ≥ sup
S
e−dJ diam(S)2ω(S) (1.36)

where the supremum is over all measurable S ⊂ Rn and diam(S) := supx,y∈S ∥x− y∥.
Indeed, for each such S we have

ΞL,perJ,ω ≥
∫
SΛL

e−H
L
J (η)

∏
v

ω(dηv) ≥ e−J diam(S)2|E(ΛL)|ω(S)|ΛL|. (1.37)

1.3.2 A continuous family of (J, ω)-spin models

We consider a continuous family of (J, ω)-spin models, indexed by λ in an interval
[λ−, λ+]. Precisely, we consider a continuous function λ 7→ Jλ ≥ 0, and a function λ 7→
ωλ from [λ−, λ+] to the set of Borel measures on Rn with finite, positive total measure
that is continuous in distribution, in the sense that, for any converging sequence λk ∈
[λ−, λ+] with λk → λ and any bounded continuous g : Rn → R,

lim
k→∞

1

ωλk(Rn)

∫
g dωλk =

1

ωλ(Rn)

∫
g dωλ . (1.38)

The box model defined in (1.14) corresponds to choosing n = 1, letting

Jλ,γ =
1

2
βJ2γ

−d (1.39)

and letting

ωλ,γ(dρ) = eβγ
−d(−λρ− 1

2
αρ2+fγ(ρ))νγ(dρ), (1.40)

where νγ was defined after (1.17). These choices define a continuous family of (J, ω)-
spin models; see Section 4.1.
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1.3.3 First-order phase transition

We now introduce further conditions that we will use for showing the existence of
a first-order phase transition. In these conditions, it is convenient to normalize the
single-site measures using the pressures of (1.35): define, for each λ ∈ [λ−, λ+],

ω̃λ := e−ψJλ,ωλωλ. (1.41)

Assumption 1. There exist closed sets G−, G+ ⊂ Rn and θ1, θ2, θ3 ≥ 0 such that

1. The complement of G− ∪G+ has small measure: for all λ ∈ [λ−, λ+],

ω̃λ((G− ∪G+)
c) ≤ θ1. (1.42)

2. G− and G+ are separated: for all λ ∈ [λ−, λ+],

e−
1
2
Jλ dist(G−,G+)2(ω̃λ(G−)ω̃λ(G+))

1/2 ≤ θ2 (1.43)

with dist(G−, G+) := infx−∈G−,x+∈G+ ∥x− − x+∥.
3. The region G# is dominant at λ#:

ω̃λ#(G
c
#) ≤ θ3, # ∈ {−,+} . (1.44)

Theorem 1.6. Suppose the dimension d ≥ 2. For each ϵ ∈ (0, 1/2) there exists
c(ϵ, d) > 0 depending only on ϵ and the dimension d such that the following holds. If
Assumption 1 holds with max{θ1, θ2, θ3} ≤ c(ϵ, d), then there exists λc ∈ (λ−, λ+) such
that the (Jλc , ωλc)-spin model has two distinct translation-invariant Gibbs measures
P−,P+. Moreover,

P±(η0 ∈ G±) ≥ 1− ϵ. (1.45)

Remark 1.7. An explicit expression for the constant c(ϵ, d) can be obtained by exam-
ining the proofs in Section 3.2.2.

2 The Dobrushin–Shlosman criterion

The main tool in the proof of Theorem 1.6 is the Dobrushin–Shlosman criterion [12], [35,
Section 4] for the existence of a first-order phase transition. We present below a version
of the criterion, adapted to our setting with the (J, ω)-spin model.

Theorem 2.1 (Dobrushin–Shlosman criterion). Let (Jλ, ωλ)λ∈[λ−,λ+] be a continuous
family of (J, ω)-spin models. For each λ ∈ [λ−, λ+], let Pλ be a translation-invariant
Gibbs measure of the (Jλ, ωλ)-spin model, such that the family of probability measures
(Pλ)λ∈[λ−,λ+] is tight. Let 0 < ϵ < 1

2 . Suppose that there exist disjoint closed subsets
G−, G+ ⊂ Rn and δ1, δ2 > 0 such that

1. δ1 + δ2 ⩽ 1− ϵ
2 −

√
1− ϵ;

2. for all λ ∈ [λ−, λ+] and v, w ∈ Zd,

Pλ(η0 /∈ G− ∪G+) ≤ δ1, (2.1)

Pλ(ηv ∈ G−, ηw ∈ G+) ≤ δ2; (2.2)
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3. Pλ#(η0 ∈ G#) ≥ 1− ϵ for # ∈ {−,+}.
Then, there exists λc ∈ [λ−, λ+] such that the (Jλc , ωλc)-spin model admits two distinct
translation-invariant Gibbs measures Pλc,− and Pλc,+. Moreover,

Pλc,#(η0 ∈ G#) ≥ 1− ϵ, # ∈ {−,+} . (2.3)

We give a proof of the theorem for completeness, starting with the following lemma.

Lemma 2.2. Define ∆L := {−L,−L+ 1, . . . , L− 1, L}d for each L ≥ 2. Let λ ∈
[λ−, λ+]. Let η be sampled from Pλ. Define

Π#(η) := lim
L→∞

1

|∆L|
∑
v∈∆L

1G#
(ηv), # ∈ {−,+}, (2.4)

which exist almost surely by the Birkhoff-Khinchin ergodic theorem. Under the assump-
tions of Theorem 2.1, for all δ3 > 0,

Pλ (max {Π−,Π+} ≥ 1− δ3) ≥ 1− 2(δ1 + δ2)

δ3
. (2.5)

Proof. For each L ≥ 2 and configuration η, define

Π#,L(η) :=
1

|∆L|
∑
v∈∆L

1G#
(ηv), # ∈ {−,+} , (2.6)

ΨL(η) :=
1

|∆L|2
∑

v,w∈∆L

1(G2
−∪G2

+)c(ηv, ηw). (2.7)

Let L ≥ 2. By (2.1) and (2.2),

Eλ[ΨL] ≤
1

|∆L|2
∑

v,w∈∆L

[Pλ(ηv ̸∈ G− ∪G+) + Pλ(ηw ̸∈ G− ∪G+)

+Pλ(ηv ∈ G−, ηw ∈ G+) + Pλ(ηw ∈ G−, ηv ∈ G+)] ≤ 2(δ1 + δ2).

(2.8)

Hence, by Markov’s inequality,

Pλ(ΨL < δ3) ≥ 1− 2(δ1 + δ2)

δ3
. (2.9)

Now, since G− and G+ are disjoint, Π−,L +Π+,L ≤ 1, so

max {Π−,L,Π+,L} ≥ max {Π−,L,Π+,L} (Π−,L+Π+,L) ≥ Π2
−,L+Π2

+,L = 1−ΨL. (2.10)

Combining (2.9) and (2.10), we get that

Pλ(max{Π−,L,Π+,L} ≥ 1− δ3) ≥ 1− 2(δ1 + δ2)

δ3
. (2.11)

We conclude the proof using that Π#,L → Π# almost surely as L→ ∞.

We are now ready to prove Theorem 2.1.
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Proof of Theorem 2.1. Define

T# := {λ ∈ [λ−, λ+] | Pλ(η0 ∈ G#) ≥ 1− ϵ} , # ∈ {−,+}. (2.12)

We consider two cases.
First, suppose that T− ∪ T+ ̸= [λ−, λ+]. In other words, there exists λc ∈ [λ−, λ+]

such that
Pλc(η0 ∈ G#) < 1− ϵ, # ∈ {−,+}. (2.13)

By considering the ergodic decomposition of Pλc (see, e.g., [19, Theorem 14.17]), we
have that (recalling (2.4))

Pλc(η0 ∈ G#) = Eλc [Π#], # ∈ {−,+}. (2.14)

Using Item 1 of the assumptions of the theorem, it is straightforward to check that
there exists δ3 > 0 such that (1− δ3)(1− 2(δ1 + δ2)/δ3) = 1− ϵ and δ3 ≤ ϵ.

Claim 2.2.1.
Pλc(Π# > 1− δ3) > 0, # ∈ {−,+} . (2.15)

Proof. We treat only the # = − case, as the other case is similar. Suppose by contra-
diction that Pλc(Π− > 1− δ3) = 0. By Markov’s inequality, Lemma 2.2, and the choice
of δ3, we have that

Eλc [Π+] ≥ Pλc(Π+ ≥ 1− δ3)(1− δ3) ≥
(
1− 2(δ1 + δ2)

δ3

)
(1− δ3) = 1− ϵ. (2.16)

On the other hand, from (2.13) and (2.14), it follows that Eλc [Π+] < 1 − ϵ, which
contradicts (2.16).

We now deduce that Pλc is not ergodic. Indeed, suppose by contradiction that Pλc
is ergodic. As {Π# > 1− δ3} is a translation-invariant event, Claim 2.2.1 implies that
Pλc(Π# > 1 − δ3) = 1, # ∈ {−,+}. Thus, there exists a configuration η such that
Π#(η) > 1 − δ3, # ∈ {−,+}, so 1 ≥ Π−(η) + Π+(η) > 2(1 − δ3) ≥ 2(1 − ϵ) > 1, a
contradiction. Therefore, Pλc is not ergodic, so its ergodic decomposition [19, Theorem
14.17] contains two translation-invariant Gibbs measures Pλc,−,Pλc,+ of the (Jλc , ωλc)-
spin model such that

Pλc,#(η0 ∈ G#) = Eλc,#[Π#] ≥ 1− δ3 ≥ 1− ϵ, # ∈ {−,+}, (2.17)

establishing Theorem 2.1 in this case.
Second, suppose that T− ∪ T+ = [λ−, λ+]. By Item 3 of the assumptions, λ− ∈

T− and λ+ ∈ T+, so T− and T+ are both non-empty. As [λ−, λ+] is connected, it
follows that there exists λc ∈ T− ∩ T+ (where A denotes the closure of a set A). Let
(λn,−)n≥1 ⊂ T− satisfy λn,− → λc. As the family (Pλ)λ∈[λ−,λ+] is tight, it follows
that Pλnk,− → Pλc,− in distribution for some subsequence (nk)k≥1. The limit measure
is a Gibbs measure of the (Jλc , ωλc)-spin model (see Proposition B.1) and is clearly
translation-invariant. Moreover, since G− is closed,

Pλc,−(η0 ∈ G−) ≥ lim sup
k→∞

Pλnk,−(η0 ∈ G−) ≥ 1− ϵ. (2.18)

By a symmetric argument, we obtain a translation-invariant Gibbs measure Pλc,+ of
the (Jλc , ωλc)-spin model satisfying Pλc,+(η0 ∈ G+) ≥ 1− ϵ. This completes the proof
of the theorem.
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3 Phase co-existence in the (J, ω)-spin model

In this section, we prove Theorem 1.6. Our proof is based on a criterion for the existence
of first-order phase transitions due to Dobrushin and Shlosman [35]; see Theorem 2.1.
We re-prove this Theorem in Section 2 in greater detail than the original reference. In
particular, our proof of this result applies to models with unbounded spin values.

3.1 Reflection positivity and chessboard estimate

We rely on the chessboard estimate, which follows from the reflection positivity of the
(J, ω)-spin model. It is convenient to use reflections through hyperplanes intersecting
edges.

3.1.1 Notation

We continue to work on the discrete torus ΛL = Zd/(LZ)d, restricting to even values
of L. For 1 ≤ i ≤ d and p ∈ Z+ 1

2 , define the reflection of ΛL through the hyperplane
orthogonal to direction i at coordinate p,

(τi,p(v))j :=

{
2p− vj (mod L) if j = i

vj otherwise
. (3.1)

Now τi,p naturally acts on spin configurations η, and on functions of spin configu-
rations. With a slight abuse of notation, we denote these actions by τi,p as well:

(τi,pη)v := ητi,p(v), τi,pf(η) := f(τi,p(η)). (3.2)

Given x ∈ Zd and ℓ⃗ ∈ Zd≥0 such that 2(ℓ⃗i+1) divides L for all i, define R = R
ℓ⃗,x

:=∏d
i=1[xi, xi+ ℓ⃗i]∩Zd as the box with corner x and side lengths ℓ⃗. Let TRL be the group

of isomorphisms of ΛL that is generated by the reflections

d⋃
i=1

{
τi,p | p ∈ xi −

1

2
+ (ℓ⃗i + 1)Z

}
. (3.3)

Note that ∣∣TRL ∣∣ = d∏
i=1

L

ℓ⃗i + 1
. (3.4)

We also let TR be the group of isomorphisms of Zd generated by the reflections in (3.3)
(so that TR is infinite).

Recall that configurations of the (J, ω)-spin model are functions η : Zd → Rn. An

observable, i.e., a measurable function f : (Rn)Zd → R, is called R-local if f(η) depends
only on the restriction of η to R.

3.1.2 The chessboard estimate

We are now ready to state the chessboard estimate. Its proof is standard (see e.g.
[4, Theorem 5.8], [14, Theorem 10.11 and Remark 10.15], or [30, Section 2.7.1]), and
follows from the reflection positivity of the (J, ω)-spin model, which is also standard
(see e.g. [14, Section 10.3.2]). We will not reproduce either proof here.
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Lemma 3.1 (Chessboard estimate). Let J > 0 and ω be a Borel measure on Rn with
finite, positive total measure. Let L ∈ Z≥0 and ℓ⃗ ∈ Zd≥0 satisfy that 2(ℓ⃗i + 1) divides

L for all i. Let x ∈ Zd and R := R
ℓ⃗,x

. Let A ⊂ TRL and (fτ )τ∈A be bounded R-local
observables. Then

PL,perJ,ω

(∏
τ∈A

τfτ

)
≤
∏
τ∈A

∥fτ∥R|L
J,ω (3.5)

where ∥ · ∥R|L
J,ω is the chessboard seminorm of f , defined by

∥f∥R|L
J,ω :=

[
PL,perJ,ω

( ∏
τ∈TR

L

(τf)

)]1/|TR
L |
, (3.6)

noting that
∣∣TRL ∣∣ is given by (3.4).

In our use of the chessboard estimate, it is convenient to pass to infinite volume.
We first define the notion of a torus-limit Gibbs measure, taking care to take the limit
on tori with highly divisible side lengths, to satisfy the assumptions of the chessboard
estimate for arbitrary ℓ⃗ ∈ Zd≥0.

Definition 3.2. We call a Gibbs measure PJ,ω a torus-limit Gibbs measure of the
(J, ω)-spin model if it is obtained as a limit in distribution along a subsequence of the

(finite-volume) torus Gibbs measures (Pk!,perJ,ω )k.

Corollary 3.3 (The chessboard estimate in the limit). Let J ≥ 0 and ω be a Borel
measure on Rn with finite, positive total measure. Let x ∈ Zd, ℓ⃗ ∈ Zd≥0 and R := R

ℓ⃗,x
.

Let A ⊂ TR be finite and (fτ )τ∈A bounded, R-local, lower semi-continuous observables.
Let PJ,ω be a torus-limit Gibbs measure of the (J, ω)-spin model. Then,

PJ,ω

(∏
τ∈A

τfτ

)
≤
∏
τ∈A

∥fτ∥RJ,ω (3.7)

where we define

∥fτ∥RJ,ω := lim sup
k→∞

∥fτ∥R|k!
J,ω . (3.8)

Proof. By an immediate application of the Portmanteau theorem and the finite-volume
chessboard estimate (Lemma 3.1).

Though not needed for our results, we remark that it is desirable to extend (3.7)
to general periodic Gibbs measures, rather than just torus-limit Gibbs measures. Such
an extension was demonstrated in [20] for a different model. However, while the proof
of [20] applies in some generality, it does not cover the (J, ω)-spin model for ω with non-
compact support due to the fact that its interaction energy ∥ηv − ηw∥2 is unbounded.

3.2 Proof of Theorem 1.6

We now prove Theorem 1.6 by verifying the assumptions of the Dobrushin–Shlosman
criterion (Theorem 2.1), where we take Pλ to be a torus-limit Gibbs measure (see
Remark 3.6) of the (Jλ, ωλ)-spin model, λ ∈ [λ−, λ+]. This requires verifying the
tightness of this family of measures as well as three probabilistic estimates. In Section
3.2.1, we resolve the first issue by taking advantage of the continuity of the mappings
λ 7→ Jλ and λ 7→ ωλ. In Section 3.2.2, we use Assumption 1 to tackle the second issue.
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3.2.1 Tightness of torus-limit Gibbs measures

It is convenient to use the following notation in this section: Given a Borel measure ω
on Rn with finite, positive total measure, we denote its normalized probability measure
by

ω̄ :=
ω

ω(Rn)
. (3.9)

We formulate the tightness property of the torus-limit Gibbs measures in slightly
greater generality than needed.

Proposition 3.4 (Tightness of torus-limit Gibbs measures). Let I be an arbitrary
index set. Suppose that {Ji | i ∈ I} is a bounded subset of R≥0 and {ωi | i ∈ I} a
family of Borel measures on Rn with finite, positive total measure, such that the family
{ω̄i | i ∈ I} is tight. For each i ∈ I, let Pi be a torus-limit Gibbs measure of the
(Ji, ωi)-spin model. Then, the family of measures {Pi | i ∈ I} is tight.

Proposition 3.4 is sufficient for our purpose. Indeed, recall that we are consider-
ing a continuous family (Jλ, ωλ)λ∈[λ−,λ+] of (J, ω)-spin models. The continuity of the
mappings λ 7→ Jλ and λ 7→ ωλ imply that the set {Jλ | λ ∈ [λ−, λ+]} is bounded and
that the family of probability measures {ω̄λ | λ ∈ [λ−, λ+]}, as the continuous image of
a compact set, is compact, thus tight.

We begin the proof of Proposition 3.4 by establishing the tightness of the family of
finite-volume torus Gibbs measures of the (Ji, ωi)-spin models, i ∈ I.

Lemma 3.5. Let I be an arbitrary index set. Suppose that {Ji | i ∈ I} is a bounded
subset of R≥0 and {ωi | i ∈ I} a family of Borel measures on Rn with finite, positive
total measure, such that the family {ω̄i | i ∈ I} is tight. Then, the set of (finite-volume)
torus Gibbs measures {

PL,perJi,ωi
| L ≥ 2 even, i ∈ I

}
(3.10)

is tight.

Proof. Let ϵ > 0. We will construct a family (Kv,ϵ)v∈Zd of compact subsets of Rn such
that

PL,perJi,ωi
(ηv ∈ Kv,ϵ for all v ∈ Zd) ≥ 1− ϵ, for all L ≥ 2 even and i ∈ I. (3.11)

This completes the proof of the lemma, since the product
∏
v∈Zd Kv,ϵ of these compact

sets is a compact subset of (Rn)Zd
by Tychonoff’s theorem.

We proceed with the construction. By a union bound, it suffices to choose the sets
(Kv,ϵ)v∈Zd such that∑

v∈Zd

PL,perJi,ωi
(ηv /∈ Kv,ϵ) ≤ ϵ, for all L ≥ 2 even and i ∈ I. (3.12)

Fix i ∈ I and an even L ≥ 2. By the chessboard estimate (Lemma 3.1), for any v ∈ Zd
and compact subset K ⊂ Rn, we have that

PL,perJi,ωi
(ηv /∈ K) ≤ PL,perJi,ωi

(ηw /∈ K for all w ∈ ΛL)
1/Ld

, (3.13)
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where

PL,perJi,ωi
(ηw /∈ K for all w ∈ ΛL) =

1

ΞL,perJi,ωi

∫
(Kc)ΛL

e
−HL

Ji
(η)

∏
w∈ΛL

ωi(dηw). (3.14)

Bounding HL
Ji
(η) ≥ 0 and using the lower bound (1.37) on ΞL,perJi,ωi

, we conclude that

PL,perJi,ωi
(ηv /∈ K) ≤ ωi(K

c)

e−dJi diam(S)2ωi(S)
=

ω̄i(K
c)

e−dJi diam(S)2ω̄i(S)
(3.15)

for all measurable S ⊂ Rn. By the tightness of the family of probability measures
{ω̄i | i ∈ I}, we may choose S to be a compact subset of Rn such that infi∈I ω̄i(S) ≥ 1/2.
Next, fix a function δ : Zd → R>0 such that

∑
v∈Zd δ(v) ≤ 1. Using tightness again and

recalling that the set {Ji | i ∈ I} is bounded, we choose, for each v ∈ Zd, a compact
set Kv,ϵ ⊂ Rn such that

ω̄i(K
c
v,ϵ) ≤ ϵδ(v)e−ddiam(S)2 supi′∈I Ji′ inf

i′∈I
ω̄i′(S), for all i ∈ I. (3.16)

It remains to check that the family (Kv,ϵ)v∈Zd thus chosen satisfies (3.12), but this is
an immediate consequence of (3.15), (3.16), and the fact that

∑
v∈Zd δ(v) ≤ 1.

Remark 3.6. It follows immediately from Lemma 3.5 that every (J, ω)-spin model ad-
mits at least one torus-limit Gibbs measure. In turn, this justifies our choice of Pλ as
a torus-limit Gibbs measure of the (Jλ, ωλ)-spin model for each λ ∈ [λ−, λ+], as made
at the beginning of this subsection.

We now deduce Proposition 3.4.

Proof of Proposition 3.4. By Lemma 3.5, the set of torus Gibbs measures

G =
{
PL,perJi,ωi

| L ≥ 2 even, i ∈ I
}

(3.17)

is tight, namely (using Prokhorov’s theorem [3, Theorem 5.1]), its closure G is compact.
Further, for each i ∈ I, Pi is the limit in distribution along a subsequence of the torus
Gibbs measures (Pk!,perJi,ωi

)k≥1 by definition. Thus, the set of torus-limit Gibbs measures

{Pi | i ∈ I} is a subset of G. As G is compact, {Pi | i ∈ I} has compact closure, hence
a tight family of measures (again using Prokhorov’s theorem [3, Theorem 5.2]).

3.2.2 Verification of key estimates

We now verify the three estimates in the Dobrushin–Shlosman criterion (Theorem 2.1)
with the help of Assumption 1.

We start with (2.1) of Item 2.

Proposition 3.7. Under Assumption 1, for all λ ∈ [λ−, λ+], if Pλ is a torus-limit
Gibbs measure of the (Jλ, ωλ)-spin model, then

Pλ(η0 ̸∈ G− ∪G+) ≤ θ1. (3.18)
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Proof. Let R := {0}d denote the origin of Zd. Consider the R-local event E :=
{η ∈ Ω | η0 ∈ (G− ∪G+)

c}. By Corollary 3.3,

Pλ(E) ≤ lim sup
k→∞

∥E∥R|k!
Jλ,ωλ

, (3.19)

where the chessboard seminorm

∥E∥R|k!
Jλ,ωλ

= Pk!,perJλ,ωλ

( ⋂
τ∈TR

k!

τ(E)

)1/(k!)d

(3.20)

is well-defined for all k ≥ 2. To estimate the probability on the RHS of (3.20), we use
the following simple bound on the partition function of the (Jλ, ωλ)-spin model in Λk!.
Let ν > 0. By (1.35), there exists kν ∈ N such that, for all k ≥ kν ,

1

(k!)d
log Ξk!,perJλ,ωλ

≥ ψJλ,ωλ
− ν. (3.21)

On the other hand, the event
⋂
τ∈TR

k!
τ(E) consists of configurations with all spins in

(G− ∪G+)
c. Thus,

Pk!,perJλ,ωλ

( ⋂
τ∈TR

k!

τ(E)

)
≤ ωλ((G− ∪G+)

c)(k!)
d

e(ψJλ,ωλ
−ν)(k!)d ≤ (eνθ1)

(k!)d , (3.22)

where we used (1.42) of Assumption 1 in the last inequality. Inserting (3.22) into
(3.20), recalling (3.19), and taking ν → 0 complete the proof.

Next, we verify Item 3.

Proposition 3.8. Under Assumption 1, for # ∈ {−,+}, if Pλ# is a torus-limit Gibbs
measure of the (Jλ# , ωλ#)-spin model, then

Pλ#(η0 ∈ G#) ≥ 1− θ3. (3.23)

Proof. The proof is analogous to that of Proposition 3.7: replacing (G− ∪G+)
c by Gc#

and using (1.44) of Assumption 1, we get that

Pλ#(η0 ∈ Gc#) ≤ θ3, (3.24)

which immediately implies (3.23).

Finally, we verify (2.2) of Item 2.

Proposition 3.9. For all δ2 > 0, there exist constants θ1(δ2), θ2(δ2) > 0 such that, if
Assumption 1 holds with 0 < θi ≤ θi(δ2), i = 1, 2, then, for all λ ∈ [λ−, λ+], torus-limit
Gibbs measure Pλ of the (Jλ, ωλ)-spin model, and v, w ∈ Zd,

Pλ(ηv ∈ G−, ηw ∈ G+) ≤ δ2. (3.25)

Remark 3.10. It is possible to extract quantitative estimates for the constants θi(δ2),
i = 1, 2, as promised by the proposition from a fully explicit chessboard-Peierls argu-
ment, in terms of the smallness of certain series. We do not attempt this here.
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Proof. The proof is by a standard chessboard-Peierls argument, which we do not be-
labor here and refer the reader to the literature [15] for detailed implementations.
Intuitively, the conditions ηv ∈ G−, ηw ∈ G+ imply the existence of geometric inter-
faces in Zd, consisting of edges connecting vertices which are costly neighbors due to
their spin values. Of particular relevance to the chessboard-Peierls argument are the
set of boundary edges of the connected component of

{
u ∈ Zd | ηu ∈ G−

}
containing

v, where each edge connects a spin in G− and another in Gc− = G+ ∪ (G− ∪G+)
c, and

an analogous set of edges for w. The probability of observing these costly edge events
simultaneously is then controlled using the chessboard estimate.

In our case, we consider the following edge events. Let R := {v1, v2} be an edge of
Zd. Define

E−,+
v1,v2 := {η ∈ Ω | ηv1 ∈ G−, ηv2 ∈ G+} , (3.26)

E−,0
v1,v2 := {η ∈ Ω | ηv1 ∈ G−, ηv2 ∈ (G− ∪G+)

c} , (3.27)

and similarly E+,−
v1,v2 and E+,0

v1,v2 . In view of the above outline of the chessboard-Peierls
argument, to prove the proposition, it suffices to show that the chessboard seminorm of
each of the four edge events can be made arbitrarily small by taking δ correspondingly
small. We establish this for E−,+

v1,v2 and E−,0
v1,v2 in individual claims below, and note that

symmetric arguments yield identical bounds for E+,−
v1,v2 and E+,0

v1,v2 .
We start with E−,0

v1,v2 which is simpler to deal with.

Claim 3.10.1. Under Assumption 1, for all λ ∈ [λ−, λ+],∥∥E−,0
v1,v2

∥∥R
Jλ,ωλ

≤ θ1. (3.28)

Proof. Observe that the edge event E−,0
v1,v2 is contained in the single-vertex event that

ηv2 ∈ (G− ∪ G+)
c. Recall from the proof of Proposition 3.7 that the chessboard

seminorm of the latter is bounded by δ (the proof there is written for when v2 is the
origin, but this is inconsequential). The monotonicity of the chessboard seminorm then
implies (3.28).

The treatment of E−,+
v1,v2 is complicated by the fact that it is not an open event, i.e.,

an open subset of Ω, so its indicator function does not fulfill the lower semi-continuity
requirement of the chessboard estimate in the limit (Corollary 3.3). To overcome this
technical nuisance, we construct below a sequence of open events containing E−,+

v1,v2

satisfying suitable properties.

Claim 3.10.2. There exists a decreasing sequence of open events (E−,+
v1,v2;j

)j≥1 such that

1.
⋂∞
j=1E

−,+
v1,v2;j

= E−,+
v1,v2 ;

2. under Assumption 1, for all λ ∈ [λ−, λ+],

lim sup
j→∞

∥∥∥E−,+
v1,v2;j

∥∥∥R
Jλ,ωλ

≤ θ22. (3.29)

Proof. For each j ≥ 1, define the open 2−j-extensions of a set A ⊂ Rn by

Oj(A) := A+ (−2−j , 2−j)n, (3.30)
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where + denotes the Minkowski sum. Observe that if A is closed, then

A =
∞⋂
j=1

Oj(A). (3.31)

Using the above notation, define, for each j ≥ 1,

E−,+
v1,v2;j

:= {η ∈ Ω | ηv1 ∈ Oj(G−), ηv2 ∈ Oj(G+)} , (3.32)

which forms a decreasing sequence of open events. Property 1 immediately follows
from (3.31). To prove Property 2, fix j ≥ 1 and consider the chessboard seminorm

∥∥∥E−,+
v1,v2;j

∥∥∥R
Jλ,ωλ

= lim sup
k→∞

∥∥∥E−,+
v1,v2;j

∥∥∥R|k!

Jλ,ωλ

= lim sup
k→∞

Pk!,perJλ,ωλ

( ⋂
τ∈TR

k!

τ(E−,+
v1,v2;j

)

)2/(k!)d

(3.33)
Note that the probability on the RHS of (3.33) is well-defined for all k ≥ 4. To
bound this probability, let ν > 0 be arbitrary and recall the lower bound (3.21) on the
partition function of the (Jλ, ωλ)-spin model in Λk!, which holds for all k ≥ kν for some
kν ≥ 4. Taking into account that the constraint

⋂
τ∈TR

k!
τ(E−,+

v1,v2;j
) forces exactly 1/2d

of the edges in Λk! to connect a spin in Oj(G−) to another in Oj(G+), we get that

Pk!,perJλ,ωλ

( ⋂
τ∈TR

k!

τ(E−,+
v1,v2;j

)

)2/(k!)d

≤ ωλ(Oj(G−))ωλ(Oj(G+))e
−Jλ dist(Oj(G−),Oj(G+))2

e2(ψJλ,ωλ
−ν)

(3.34)
for all k ≥ kν . Taking the limit superior k → ∞ and then ν → 0, we conclude that∥∥∥E−,+

v1,v2;j

∥∥∥R
Jλ,ωλ

≤ ωλ(Oj(G−))ωλ(Oj(G+))e
−Jλ dist(Oj(G−),Oj(G+))2

e2ψJλ,ωλ

. (3.35)

Finally, using again (3.31) for the closed sets G−, G+ and using our assumption (1.43),
we deduce Property 2.

4 Phase co-existence in the box model

In this section, we derive Theorems 1.3 and 1.4 as consequences of Theorem 1.6.
Our convergence assumption describes four possible behaviors for fγ and the limit-

ing f (discrete vs. continuous and hard-core vs. soft-core). Our proofs will be stream-
lined to apply uniformly to all these cases, as much as possible. In the discrete case, for
convenience in using the convergence assumption, we extend fγ from Sγ = γdZ∩ [0,∞)
to [0,∞) by a linear interpolation.

Throughout the section we fix β > 0 and 0 < α < αmax such that the mean-field
free energy ϕλ (see (1.25)) is non-convex, as in the assumption of Theorem 1.3. The
coupling constant J2 > 0 and the dimension d ≥ 2 are also held fixed.
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4.1 Deduction of Theorems 1.3 and 1.4

Translating to the (J, ω)-spin model language Let 0 < γ ≤ 1. To apply The-
orem 1.6, we recall from Section 1.3.2 the expression of the box model as a continuous
family (Jλ,γ , ωλ,γ) of (J, ω)-spin models, indexed by the chemical potential λ ∈ R:

Jλ,γ =
1

2
J2βγ

−d, (4.1)

dωλ,γ (ρ) = e−βγ
−dϕλ,γ(ρ) dνγ (ρ), (4.2)

where the reference measure νγ was defined after (1.17) and we introduced the short-
hand

ϕλ,γ(ρ) := −λρ− 1

2
αρ2 + fγ(ρ). (4.3)

Our assumptions imply that ωλ,γ(R) ∈ (0,∞) for sufficiently small γ as required
for (Jλ,γ , ωλ,γ) to be a continuous family of (J, ω)-spin models with respect to λ. The
next lemma makes this precise, and also, in the soft-core case, clarifies that fγ must
increase quadratically at infinity.

Lemma 4.1. There exists γ0 > 0 such that ωλ,γ(R) ∈ (0,∞) for all 0 < γ ≤ γ0 and
λ ∈ R. In addition, for each α0 ∈ (0, αmax) there exists γα0 > 0 and ρα0 ∈ [0,∞) such
that fγ(ρ) ≥ 1

2α0ρ
2 for ρ ≥ ρα0 and 0 < γ ≤ γα0.

Proof. The uniform convergence statements (1.19) (hard-core case) and (1.22) (soft-
core case) imply that if γ is sufficiently small, then fγ <∞ on a subset of Sγ of positive
νγ-measure, so that ωλ,γ(R) > 0.

In the hard-core case, fγ(ρ) = ∞ for ρ > ρmax so that the quadratic lower bound
on fγ holds trivially. In the soft-core case, for each α0 ∈ (0, αmax), for the quadratic
lower bound to fail there need to exist sequences γn ↓ 0 and ρn ↑ ∞ on which fγn(ρn) <
1
2α0ρ

2
n. However, as α0 < αmax, this contradicts (1.23).

The quadratic growth at infinity implies that
∫
[ρ1,∞) e

−βγ−dϕλ,γ(ρ) dνγ <∞ for some

ρ1 < ∞ and all sufficiently small γ. To conclude that ωλ,γ(R) < ∞ for small γ and
λ ∈ R, it then suffices that infρ∈[0,ρ1] fγ(ρ) > −∞ for small γ. In the soft-core case,
this follows directly from (1.22). In the hard-core case, it follows from (1.19), (1.20)
and (1.21).

The family (Jλ,γ , ωλ,γ) is a continuous family of (J, ω)-spin models with respect to
λ ∈ R, for any fixed values of β, γ, in the sense of Section 1.3.2. This follows from the
continuity of ϕλ,γ in λ and the dominated convergence theorem (using Lemma 4.1).

Applying Theorem 1.6 In the hard-core case, set, in addition to (1.27),

f(ρ) := ∞ for ρ > ρcp. (4.4)

With this extension, the domain of the function ϕλ also extends to [0,∞), for all λ,
via its definition (1.25). We point out for later use that

ϕλ : [0,∞) → (−∞,∞] is continuous except possibly at ρcp. (4.5)
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We proceed with the notation λ∗, ρ∗,−, ρ∗,0, ρ∗,+ as introduced before Theorem 1.4.
Define

m∗ := min
ρ∈[0,∞)

ϕλ∗(ρ), (4.6)

noting that it is necessarily finite.

Remark 4.2. By Theorem 1.2, −m∗ is equal to the Gates–Penrose mean-field pressure.

The following proposition verifies the assumption needed to apply Theorem 1.6.

Proposition 4.3. There exist κ, δ0 > 0 and 0 < γ0 ≤ 1 such that the following holds.
Let δ ∈ (0, δ0). Define λ±(δ) := λ∗ ± κδ and the closed sets

G−(δ) := ϕ−1
λ∗

([m∗,m∗ + δ]) ∩ [0, ρ∗,0),

G+(δ) :=
(
ϕ−1
λ∗

([m∗,m∗ + δ]) ∩ (ρ∗,0,+∞)
)
∪ I(δ),

(4.7)

where I(δ) := ∅ in either the soft-core case, or in the hard-core case when ϕλ∗(ρcp) >
m∗, and where I(δ) := [ρcp, ρcp + δ] in the hard-core case when ϕλ∗(ρcp) = m∗.

Then, for each 0 < γ ≤ γ0, Assumption 1 is satisfied for the continuous fam-
ily (Jλ,γ , ωλ,γ)λ∈[λ−(δ),λ+(δ)] of (J, ω)-spin models and the sets G±(δ), with parameters
θ1(δ, γ), θ2(δ, γ), θ3(δ, γ) which tend to zero as γ ↓ 0.

Remark 4.4. The interval I(δ), added in the hard-core case when ϕλ∗(ρcp) = m∗, is
required for the proposition to hold since it is possible, when ϕλ∗(ρcp) = m∗, that
the measure ω̃λ,γ concentrates its mass at densities ρ > ρcp, which, in the absence of
I(δ), would violate (1.42) of Assumption 1. We note, however, that the precise choice
of I(δ) is unimportant and the proposition remains true (with the same proof) with
I(δ) = [ρcp, ρcp + f(δ)] for any f(δ) > 0.

We now deduce Theorem 1.4 from Proposition 4.3, noting that Theorem 1.4 imme-
diately implies Theorem 1.3.

Proof of Theorem 1.4. Let κ, δ0 > 0 and 0 < γ0 ≤ 1 be as in Proposition 4.3, and
recall the notation c(ϵ, d) from Theorem 1.6. Fix two strictly decreasing sequences
(δn)n≥1 ⊂ (0, δ0) and (ϵn)n≥1 ⊂ (0, 1/2) such that limn→∞ δn = limn→∞ ϵn = 0. By
Proposition 4.3, for each n ≥ 1, there exists 0 < γn ≤ γ0 such that

sup
0<γ≤γn

max
1≤i≤3

θi(δn, γ) ≤ c(ϵn, d). (4.8)

Without loss of generality, we may take (γn)n≥1 to be strictly decreasing to 0.
We now specify a function λc : (0, γ1) → R satisfying the requirements of Theo-

rem 1.4, as follows. Since (γn)n≥1 is strictly decreasing to 0, for each 0 < γ < γ1,
there exists a unique n(γ) ≥ 1 such that γ ∈ [γn(γ)+1, γn(γ)). Using (4.8), we let λc(γ)
be given by Theorem 1.6, i.e., such that λc(γ) ∈ (λ∗ − κδn(γ), λ∗ + κδn(γ)) and the
(Jλc(γ),γ , ωλc(γ),γ)-spin model admits two distinct translation-invariant Gibbs measures

P±
λc(γ),γ

satisfying

P±
λc(γ),γ

(η0 ∈ G±(δn(γ))) ≥ 1− ϵn(γ). (4.9)

We now verify that the function λc chosen above satisfies the requirements of Theo-
rem 1.4. Property (1.29) follows from the construction λc(γ) ∈ (λ∗−κδn(γ), λ∗+κδn(γ)),
the monotone convergence of (δn)n≥1 to 0, and the monotonicity of n(γ) in γ. For
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Property (1.30), let U ⊂ R be an open set containing M. By the continuity of
ϕλ∗ , there exists δU > 0 such that, for all 0 < δ ≤ δU , G−(δ) ⊂ U ∩ [0, ρ∗,0) and
G+(δ) ⊂ U ∩ (ρ∗,0,∞). By (4.9), for all small enough γ > 0,

P−
λc(γ),γ

(η0 ∈ U ∩ [0, ρ∗,0)) ≥ P−
λc(γ),γ

(η0 ∈ G−(δn(γ))) ≥ 1− ϵn(γ), (4.10)

P+
λc(γ),γ

(η0 ∈ U ∩ (ρ∗,0,∞)) ≥ P+
λc(γ),γ

(η0 ∈ G+(δn(γ))) ≥ 1− ϵn(γ). (4.11)

Now, (1.30) follows by taking γ ↓ 0 in (4.10) and (4.11), and using the monotone
convergence of (ϵn)n≥1 to 0 and again the monotonicity of n(γ) in γ.

4.2 Verifying Assumption 1

In this section, we deduce Proposition 4.3 from the next proposition, which will itself
be established in Section 4.4. The normalized measures ω̃λ,γ are defined as in (1.41).

Proposition 4.5. For all non-empty Borel B ⊆ [0,∞) such that infρ∈B f(ρ) <∞ and
all compact K ⊂ R,

lim sup
γ↓0

sup
λ∈K

{
γd log ω̃λ,γ(B) + β

[
inf
ρ∈B

ϕλ(ρ)− inf
ρ∈[0,∞)

ϕλ(ρ)

]}
≤ 0, (4.12)

with B denoting the closure of B.

Lemma 4.6. There exists ρT <∞ such that

inf
λ∈[λ∗−1,λ∗+1]
ρ∈[ρT,∞)

ϕλ(ρ) ≥ m∗ + 1. (4.13)

Proof. In the hard-core case, f(ρ) = ∞ when ρ > ρcp by (4.4), so we may take
any ρT ∈ (ρcp,∞). In the soft-core case, the claim follows from the quadratic lower
bound (1.24), the fact that α < αmax and the definition (1.25) of ϕλ.

Deduction of Proposition 4.3. Fix

0 < δ0 <

{
min{ϕλ∗(ρ∗,0)−m∗, 1} in the soft-core case,

or the hard-core case with ϕλ∗ (ρcp) = m∗

min{ϕλ∗(ρ∗,0)−m∗, 1, ϕλ∗(ρcp)−m∗} hard-core case with ϕλ∗(ρcp) > m∗
(4.14)

arbitrarily. Fix the 0 < γ0 ≤ 1 of Lemma 4.1. Fix 0 < κ < min{1, 1
ρ∗,++ρT

} for the ρT
of Lemma 4.6.

Let δ ∈ (0, δ0). We first note that the sets G±(δ) are closed. Recall that ϕλ∗ is
continuous in the soft-core case, and is continuous on [0, ρcp] (allowing it to be infinite
at ρcp) and is infinite on (ρcp,∞) in the hard-core case. Thus, as m∗ + δ < ϕλ∗(ρ∗,0),
we have that G−(δ) = ϕ−1

λ∗
([m∗,m∗ + δ]) ∩ [0, ρ∗,0 − ϵ] and G+(δ) = (ϕ−1

λ∗
([m∗,m∗ +

δ]) ∩ [ρ∗,0 + ϵ,∞)) ∪ I(δ) for some ϵ > 0, whence G±(δ) are closed (noting that I(δ) is
closed).

Fix K := [λ∗ − κδ, λ∗ + κδ]. Proposition 4.5 implies that for any set B as in the
proposition, there exists a function ϵB : (0, γ0] → [0,∞) satisfying limγ↓0 ϵB(γ) = 0
such that

ω̃λ,γ(B) ≤ exp

{
γ−d

(
ϵB(γ)− β

[
inf
ρ∈B

ϕλ(ρ)− inf
ρ∈[0,∞)

ϕλ(ρ)

])}
for λ∈K,

0<γ≤γ0. (4.15)
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We start with (1.43) of Assumption 1. We apply (4.15) with B = G±(δ), noting
that infρ∈G±(δ) f(ρ) < ∞ by the definition of G±(δ) and m∗. We obtain, for each
λ ∈ K and 0 < γ ≤ γ0,

e−
1
2
Jλ,γ dist(G−(δ),G+(δ))2(ω̃λ,γ(G−(δ))ω̃λ,γ(G+(δ)))

1/2

≤ exp

{
−1

2
Jλ,γ dist(G−(δ), G+(δ))

2 +
1

2
γ−d

(
ϵG−(δ)(γ) + ϵG+(δ)(γ)

−β
[

inf
ρ∈G−(δ)

ϕλ(ρ) + inf
ρ∈G+(δ)

ϕλ(ρ)− 2 inf
ρ∈[0,∞)

ϕλ(ρ))

])}
≤ exp

{
−1

2
γ−d

[
1

2
J2β dist(G−(δ), G+(δ))

2 − ϵG−(δ)(γ)− ϵG+(δ)(γ)

]}
.

(4.16)

Since G−(δ) and G+(δ) are closed and disjoint we have that dist(G−(δ), G+(δ)) > 0.
Therefore,

lim
γ↓0

sup
λ∈K

e−
1
2
Jλ,γ dist(G−(δ),G+(δ))2(ω̃λ,γ(G−(δ))ω̃λ,γ(G+(δ)))

1/2 = 0. (4.17)

We continue with (1.42) of Assumption 1. We apply (4.15) with B = (G−(δ) ∪
G+(δ))

c, noting that infρ∈B f(ρ) < ∞ since ρ∗,0 ∈ B and, in the hard-core case,
ρ∗,0 < ρ∗,+ ≤ ρcp. We obtain, for each λ ∈ K and 0 < γ ≤ γ0,

ω̃λ,γ((G−(δ) ∪G+(δ))
c)

≤ exp

{
γ−d

(
ϵ(G−(δ)∪G+(δ))c(γ)− β

[
inf

ρ∈(G−(δ)∪G+(δ))c
ϕλ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

])}
.

(4.18)
Now, for each λ ∈ K, on the one hand,

inf
ρ∈[0,∞)

ϕλ(ρ) ≤ ϕλ(ρ∗,+) ≤ m∗ + κδρ∗,+. (4.19)

On the other hand, recalling the definition of G±(δ) from (4.7) and applying Lemma 4.6
using the fact that K ⊂ [λ∗ − 1, λ∗ + 1] (since κ, δ < 1),

inf
ρ∈(G−(δ)∪G+(δ))c

ϕλ(ρ) ≥ m∗ + δ − κδρT = m∗ + (1− κρT)δ. (4.20)

Moreover, we claim that

inf
ρ∈(G−(δ)∪G+(δ))c

ϕλ(ρ) = inf
ρ∈(G−(δ)∪G+(δ))c

ϕλ(ρ). (4.21)

This is clear in the soft-core case since ϕλ is continuous. It follows in the hard-core case
when ϕλ∗(ρcp) > m∗, since in this case ρcp belongs to the open set (G−(δ)∪G+(δ))

c by
the definition of G±(δ) from (4.7) and our choice of δ, whence the boundary ∂(G−(δ)∪
G+(δ)) consists only of continuity points of ϕλ by (4.5). It also follows in the hard-core
case when ϕλ∗(ρcp) = m∗ since a neighborhood of ρcp is contained in G+(δ) by the
definition (4.7) (making use of I(δ)), so again the boundary ∂(G−(δ)∪G+(δ)) consists
only of continuity points of ϕλ by (4.5). Therefore, since κ < 1

ρ∗,++ρT
,

inf
λ∈K

(
inf

ρ∈(G−(δ)∪G+(δ))c
ϕλ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

)
> 0. (4.22)
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Together with (4.18), this implies

lim
γ↓0

sup
λ∈K

ω̃λ,γ((G−(δ) ∪G+(δ))
c) = 0. (4.23)

Lastly, we check (1.44) of Assumption 1. Let # ∈ {−,+}. We apply (4.15) with
B = G#(δ)

c, noting that infρ∈B f(ρ) < ∞ as, again, ρ∗,0 ∈ B. We obtain, for each
0 < γ ≤ γ0,

ω̃λ#,γ(G#(δ)
c) ≤ exp

{
γ−d

(
ϵG#(δ)c(γ)− β

[
inf

ρ∈G#(δ)c
ϕλ#(ρ)− inf

ρ∈[0,∞)
ϕλ#(ρ)

])}
(4.24)

where we recall that λ±(δ) = λ∗ ± κδ. Now, on the one hand,

inf
ρ∈G∓(δ)

ϕλ±(ρ) ≥ inf
ρ∈G∓(δ)

ϕλ∗(ρ) + inf
ρ∈G∓(δ)

(−(λ± − λ∗)ρ) ≥ m∗ − (λ± − λ∗)ρ∗,0, (4.25)

which, using that

G±(δ)c = G±(δ)
c ∪ ∂G±(δ) = G∓(δ) ∪ (G−(δ) ∪G+(δ))c (4.26)

and using (4.21) and (4.20), implies that

inf
ρ∈G#(δ)c

ϕλ#(ρ) ≥ m∗ +min{−(λ# − λ∗)ρ∗,0, (1− κρT)δ}

=

{
m∗ +min{κρ∗,0, 1− κρT}δ # = −
m∗ +min{−κρ∗,0, 1− κρT}δ # = +

.
(4.27)

On the other hand,

inf
ρ∈[0,∞)

ϕλ#(ρ) ≤ ϕλ#(ρ∗,#) = m∗ − (λ# − λ∗)ρ∗,# =

{
m∗ + κδρ∗,− # = −
m∗ − κδρ∗,+ # = +

. (4.28)

Therefore, using that ρ∗,− < ρ∗,0 < ρ∗,+ and using again that κ < 1
ρ∗,++ρT

,

inf
ρ∈G#(δ)c

ϕλ#(ρ)− inf
ρ∈[0,∞)

ϕλ#(ρ) > 0. (4.29)

Together with (4.24), this implies

lim
γ↓0

ω̃λ#,γ(G#(δ)
c) = 0. (4.30)

The proposition follows from (4.17), (4.23) and (4.30).

4.3 Technical lemmas

We will deduce Proposition 4.5 and Theorem 1.2 from the two technical lemmas intro-
duced in this section. Recall that, in the discrete case, we extended fγ to [0,∞) by a
linear interpolation.
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Lemma 4.7. For any compact K ⊂ R and non-empty, Borel B ⊆ [0,∞) such that
infρ∈B f(ρ) <∞,

lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ(B) + β inf

ρ∈B
ϕλ(ρ)

}
≤ 0 (4.31)

Claim 4.7.1. For all non-empty, bounded Borel B ⊆ [0,∞) such that infρ∈B f(ρ) <∞
and all compact K ⊂ R,

lim inf
γ↓0

inf
λ∈K

{
inf
ρ∈B

ϕλ,γ(ρ)− inf
ρ∈B

ϕλ(ρ)

}
≥ 0. (4.32)

Proof. Suppose, to obtain a contradiction, that the claim does not hold. Therefore,
there exist ϵ > 0 and sequences (γj) ⊂ (0, 1], (λj) ⊂ K, and (ρj) ⊂ B, with γj ↓ 0,
such that ϕλj ,γj (ρj) <∞ and

ϕλj ,γj (ρj) ≤ inf
ρ∈B

ϕλj (ρ)− ϵ (4.33)

for all j. By compactness, we may further assume that λj → λ∞ ∈ K and ρj → ρ∞ ∈
B. To obtain a contradiction, it suffices to show that

lim inf
j→∞

ϕλj ,γj (ρj) ≥ ϕλ∞(ρ∞), (4.34)

using that limj→∞ infρ∈B ϕλj (ρ) = infρ∈B ϕλ∞(ρ) by the boundedness of B and the
continuity of ϕλ. In the soft-core case, (4.34) follows from (1.22). In the hard-core
case, (4.34) follows from (1.19) if ρ∞ < ρcp, follows from (1.20) (and (1.27)) if ρ∞ = ρcp,
and follows from (1.21) if ρ∞ > ρcp.

Claim 4.7.2. For any compact K ⊂ R,

lim
ρ1→∞

lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ([ρ1,∞))

}
= −∞. (4.35)

Proof. Fix α0 ∈ (α, αmax). Lemma 4.1 shows that there exist γα0 > 0 and ρα0 ∈ [0,∞)
such that fγ(ρ) ≥ 1

2α0ρ
2 for ρ ≥ ρα0 and 0 < γ ≤ γα0 . Therefore, for all λ ∈ K, and

taking 0 < γ ≤ γα0 sufficiently small and ρ1 ≥ ρα0 sufficiently large, it holds that∫
[ρ1,∞)

e−βγ
−dϕλ,γ(ρ) dνγ (ρ) ≤

∫
[ρ1,∞)

e−βγ
−d(−ρminK+ 1

2
(α0−α)ρ2) dνγ (ρ)

≤
∫
[ρ1,∞)

e−βγ
−d(ρ+1) dνγ (ρ) ≤ e−βγ

−dρ1νγ([ρ1, ρ1 + 1))
∞∑
k=1

e−βγ
−dk ≤ e−βγ

−dρ1 ,

(4.36)

where the second inequality uses that −ρminK + 1
2(α0 − α)ρ2 ≥ ρ+ 1 for sufficiently

large ρ, the third inequality uses the monotonicity of the integrand and the 1-periodicity
of νγ , and the final inequality uses that γ is sufficiently small and the definition of νγ .
The claim follows.
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Proof of Lemma 4.7. Let K ⊂ R be compact and B ⊆ [0,∞) be non-empty and Borel,
satisfying that infρ∈B f(ρ) <∞. To prove (4.31), we first use Claim 4.7.2 to find ρ1 > 0
such that

lim sup
γ↓0

sup
λ∈K

{
γd log

∫
[ρ1,∞)

e−βγ
−dϕλ,γ(ρ) dνγ (ρ)

}
≤ −β sup

λ∈K
inf
ρ∈B

ϕλ(ρ). (4.37)

Let B1 := B ∩ [0, ρ1] and B2 := B ∩ (ρ1,∞). Splitting ωλ,γ(B) = ωλ,γ(B1) + ωλ,γ(B2)
and using the elementary inequality log(a+ b) ≤ log 2 + max {log a, log b}, we bound
the LHS of (4.31) by

lim sup
γ↓0

sup
λ∈K

{
γd log 2 + max {logωλ,γ(B1), logωλ,γ(B2)}+ β inf

ρ∈B
ϕλ(ρ)

}
= max

{
lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ(B1) + β inf

ρ∈B
ϕλ(ρ)

}
,

lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ(B2) + β inf

ρ∈B
ϕλ(ρ)

}}
.

(4.38)

On the one hand, using Claim 4.7.1 and that infρ∈B1 ϕλ,γ(ρ) ≥ infρ∈B ϕλ,γ(ρ),

lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ(B1) + β inf

ρ∈B
ϕλ(ρ)

}
≤ lim sup

γ↓0
γd log νγ(B1)− β lim inf

γ↓0
inf
λ∈K

{
inf
ρ∈B

ϕλ,γ(ρ)− inf
ρ∈B

ϕλ(ρ)

}
≤ 0.

(4.39)

On the other hand, using (4.37),

lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ(B2) + β inf

ρ∈B
ϕλ(ρ)

}
≤ lim sup

γ↓0
sup
λ∈K

{
γd log

∫
[ρ1,∞)

e−βγ
−dϕλ,γ(ρ) dνγ (ρ)

}
+ β sup

λ∈K
inf
ρ∈B

ϕλ(ρ) ≤ 0.

(4.40)

Combining (4.38), (4.39), and (4.40), we get (4.31).

Lemma 4.8. For any compact K ⊂ R,

lim inf
γ↓0

inf
λ∈K

inf
L≥1

{
1

γ−d|ΛL|
log ΞL,perλ,γ + β inf

ρ∈[0,∞)
ϕλ(ρ)

}
≥ 0, (4.41)

where we introduced the shorthand ψλ,γ := ψJλ,γ ,ωλ,γ
.

Claim 4.8.1. For any compact K ⊂ R,

lim
ξ↓0

lim sup
γ↓0

sup
λ∈K

inf
ρ0∈[0,∞)

{
sup

ρ∈[ρ0,ρ0+ξ]
ϕλ,γ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

}
≤ 0. (4.42)

Proof. Let ϵ > 0. In the soft-core case, choose ρ1 <∞ such that

inf
ρ∈[0,ρ1]

ϕλ(ρ) = inf
ρ∈[0,∞)

ϕλ(ρ) for all λ ∈ K. (4.43)
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This is possible sinceK is bounded and using the quadratic growth (1.24) of f , together
with our choice α < αmax (and the definition (1.25) of ϕλ). In the hard-core case, choose
ρ1 < ρcp such that

sup
λ∈K

{
inf

ρ∈[0,ρ1]
ϕλ(ρ)− inf

ρ∈[0,ρcp]
ϕλ(ρ)

}
≤ ϵ. (4.44)

This is possible since K is bounded and as f is continuous on [0, ρcp] (at ρcp, we mean
this in the generalized sense (1.27) if f(ρcp) = ∞).

As ϕλ is continuous, for each λ ∈ K, there exists ρ0(λ) ∈ [0, ρ1] such that ϕλ(ρ0(λ)) =
infρ∈[0,ρ1] ϕλ(ρ). Then, for all small enough ξ, γ > 0,

sup
λ∈K

inf
ρ0∈[0,∞)

{
sup

ρ∈[ρ0,ρ0+ξ]
ϕλ,γ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

}

≤ sup
λ∈K

{
sup

ρ∈[ρ0(λ),ρ0(λ)+ξ]
ϕλ,γ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

}

≤ sup
λ∈K

{
sup

ρ∈[ρ0(λ),ρ0(λ)+ξ]
ϕλ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

}
+ ϵ

≤ sup
λ∈K

{
ϕλ(ρ0(λ))− inf

ρ∈[0,∞)
ϕλ(ρ)

}
+ 2ϵ

≤ 3ϵ,

(4.45)

where we used the uniform convergence assumption (1.19) (hard-core case) or (1.22)
(soft-core case) in the second inequality, the uniform continuity of (λ, ρ) 7→ ϕλ(ρ) on
K × [0, ρ1 + ξ] in the third, and the definition of ρ0(λ) and ρ1 in the last. The proof is
complete after taking γ ↓ 0, ξ ↓ 0, and ϵ ↓ 0.

Proof of Lemma 4.8. To prove (4.41), we bound, using (1.37),

inf
L≥1

1

γ−d|ΛL|
log ΞL,perλ,γ ≥ sup

S

{
−dJλ,γ diam(S)2 + logωλ,γ(S)

}
. (4.46)

Let ξ > 0. By restricting to sets S of the form [ρ0, ρ0+ξ], where ρ0 ∈ [0,∞), we bound
the LHS of (4.41) below by

lim inf
γ↓0

inf
λ∈K

sup
ρ0∈[0,∞)

{
−γddJλ,γξ2 + γd logωλ,γ(S) + β inf

ρ∈[0,∞)
ϕλ(ρ)

}
= −1

2
βdJ2ξ

2 + lim inf
γ↓0

inf
λ∈K

sup
ρ0∈[0,∞)

{
γd logωλ,γ(S) + β inf

ρ∈[0,∞)
ϕλ(ρ)

}
,

(4.47)

where S is the shorthand for [ρ0, ρ0 + ξ]. Thus, it suffices to show that

lim
ξ↓0

lim inf
γ↓0

inf
λ∈K

sup
ρ0∈[0,∞)

{
γd log

∫
[ρ0,ρ0+ξ]

e−βγ
−dϕλ,γ(ρ) dνγ (ρ) + β inf

ρ∈[0,∞)
ϕλ(ρ)

}
≥ 0.

(4.48)
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We bound

sup
ρ0∈[0,∞)

{
γd log

∫
[ρ0,ρ0+ξ]

e−βγ
−dϕλ,γ(ρ) dνγ (ρ) + β inf

ρ∈[0,∞)
ϕλ(ρ)

}

≥ sup
ρ0∈[0,∞)

{
γd log νγ([ρ0, ρ0 + ξ])− β sup

ρ∈[ρ0,ρ0+ξ]
ϕλ,γ(ρ) + β inf

ρ∈[0,∞)
ϕλ(ρ)

}

≥ inf
ρ0∈[0,∞)

{
γd log νγ([ρ0, ρ0 + ξ])

}
− β inf

ρ0∈[0,∞)

{
sup

ρ∈[ρ0,ρ0+ξ]
ϕλ,γ(ρ)− inf

ρ∈[0,∞)
ϕλ(ρ)

}
.

(4.49)

Since
lim inf
γ↓0

inf
ρ0∈[0,∞)

{
γd log νγ([ρ0, ρ0 + ξ])

}
= 0, (4.50)

we deduce (4.41) using Claim 4.8.1.

4.4 Deduction of Proposition 4.5 from Lemma 4.7 and
Lemma 4.8

Let K ⊂ R be compact and B ⊆ [0,∞) be non-empty and Borel, satisfying that
infρ∈B f(ρ) <∞. By (1.41),

γd log ω̃λ,γ(B) = γd logωλ,γ(B)− γdψλ,γ , (4.51)

so the LHS of (4.12) is bounded above by

lim sup
γ↓0

sup
λ∈K

{
γd logωλ,γ(B) + β inf

ρ∈B
ϕλ(ρ)

}
+ lim sup

γ↓0
sup
λ∈K

{
−γdψλ,γ − β inf

ρ∈[0,∞)
ϕλ(ρ)

}
.

(4.52)

The proposition now follows from Lemmas 4.7 and 4.8 and the definition (1.35) of ψλ,γ .

4.5 Proof of Theorem 1.2

Let λ ∈ R. By Lemma 4.8,

lim inf
L→∞
γ↓0

{
1

γ−d|ΛL|
log ΞL,perλ,γ + β inf

ρ
ϕλ(ρ)

}
≥ 0. (4.53)

For an upper bound, we use the trivial bound HL
Jλ,γ

(η) ≥ 0 in (1.34) to obtain

sup
L≥1

{
1

γ−d|ΛL|
log ΞL,perλ,γ

}
≤ logωλ,γ([0,∞)). (4.54)

Applying Lemma 4.7 with B = [0,∞), we get that

lim sup
L→∞
γ↓0

{
1

γ−d|ΛL|
log ΞL,perλ,γ + β inf

ρ
ϕλ(ρ)

}
≤ lim sup

γ↓0

{
γd logωλ,γ(B) + β inf

ρ
ϕλ(ρ)

}
≤ 0.

(4.55)
The theorem follows from (4.53) and (4.55).
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A Convergence assumptions for particle systems

The convergence assumptions in Section 1.2.2 are satisfied for systems of particles
interacting via well-behaved pair potentials. These results were proved by Ruelle [32,
33], and are recalled in this appendix.

Consider a continuum particle system in the box [0, γ−1]d, interacting via the Hamil-
tonian

H(x1, · · · , xN ) =
∑
i<j

ϕ(xi − xj) (A.1)

where ϕ is an even function of Rd. We say that ϕ is stable [33, Definition 3.2.1] if there
exists B ⩾ 0 such that

H(x1, · · · , xN ) ⩾ −NB (A.2)

and tempered [33, (1.12)] if

ϕ(x) ⩽ A|x|−λ for |x| ⩾ R0 (A.3)
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for some λ > d and A,R0 > 0. Let fγ(ρ) denote the canonical free energy

fγ(Nγ
d) := − 1

βγ−d
log

1

N !

∫
dx1 · · · dxN e−βH(x1,··· ,xN ) (A.4)

(β is the inverse temperature, which we consider fixed, and so do not make it explicit
in the notation.)

Theorem A.1. ([33, Theorem 3.4.4]): If the potential is stable and tempered, then
there exists ρcp ∈ [0,∞] and a convex (and thus continuous) function f : [0, ρcp) → R
such that, for all ρ ⩾ 0 and any ργ such that ργ → ρ, the following hold. If ρ < ρcp

lim
γ↓0

fγ(ργ) = f(ρ) (A.5)

if ρ = ρcp
lim inf
γ↓0

fγ(ργ) ⩾ lim
ρ↑ρcp

f(ρ) (A.6)

and if ρ > ρcp then
lim
γ↓0

fγ(ργ) = ∞. (A.7)

The limit in (A.5) is actually uniform, as mentioned (in a slightly different context)
in [33, Remark 3.3.13]. We give the argument here for the sake of completeness.

Corollary A.2. The limit in (A.5) is uniform.

Proof. Suppose the limit were not uniform, then there would be ϵ > 0 and a sequence
γi → 0 such that |fγi(nγi) − f(ρ)| ⩾ ϵ. This contradicts Theorem A.1 since it applies
to any ργ and in particular to nγi .

As we will see below, these results allow us to prove assumptions 1(a), 1(b), 1(c),
and 2(a) of Section 1.2.2. To obtain assumption 2(b), we will need to impose a stronger
stability condition. The potential is said to be superstable if [33, Section 3.2.9]

H(x1, · · · , xN ) ⩾ N(CNγd −D) (A.8)

for some C > 0 and D ⩾ 0. (Note that superstability trivially implies stability.)

Lemma A.3. If the potential is superstable, then

fγ(ρ) ⩾ ρ

(
ρC −D +

1

β
(log ρ− 1)

)
. (A.9)

Proof. Plugging (A.8) into (A.4), we find

fγ(Nγ
d) ⩾ − 1

βγ−d
log

γ−Nd

N !
e−βN

2γdC+βND (A.10)

and we conclude using N ! ⩾ NNe−N .
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Superstability will thus allow us to ensure assumption 2(b) of Section 1.2.2. How-
ever, the condition (A.8) is not very explicit. Ruelle derived [32] a more elementary
condition on the potential that implies superstability. Since in [32], this condition is
formulated only in three dimensions, and is not separated clearly from the rest of the
discussion, we state Ruelle’s result here and give a proof, following Ruelle’s original.

Ruelle proved [32] that, if ϕ is superstable, then fγ grows at least quadratically at
infinity. This result is not written explicitly in [32] as a theorem, so we reproduce its
proof here.

Lemma A.4. ([32]) If ϕ(x) ⩾ ϕ0(x) where ϕ0 is continuous, Lebesgue-integrable,∫
ϕ0(x) dx > 0 and the Fourier transform of ϕ0 is non-negative, then ϕ is superstable

for sufficiently small γ.

Proof. We bound

H(x1, · · · , xN ) ⩾
∑
i<j

ϕ0(xi − xj) =
1

2

∑
i,j

ϕ0(xi − xj)−
N

2
ϕ0(0). (A.11)

Now, the Fourier transform of ϕ0 is defined as

ϕ̂0(k) :=
1

(2π)
d
2

∫
dx eikxϕ0(x) (A.12)

in terms of which ∑
i,j

ϕ0(xi − xj) =
1

(2π)
d
2

∫
dk ϕ̂0(k)

∑
i,j

ei(xi−xj)k. (A.13)

Now, given any unit vector u,
∑

i,j e
ip(xi−xj)u is entire in p, and it is real, so, expanding

the exponential will only yield the even terms:

∑
i,j

eip(xi−xj)u =

∞∑
n=0

(−1)np2n

2n!

∑
i,j

((xi − xj)u)
2n (A.14)

and since |xi − xj | ⩽ γ−1
√
d,

∑
i,j

eip(xi−xj)u ⩾
∑
i,j

(
1−

∞∑
n=1

p2(2n−1)

(2(2n− 1))!
(γ−1

√
d)2(2n−1)

)
=

= N2

1−
cosh

(
γ−1p

√
d
)
− cos

(
γ−1p

√
d
)

2

 .

(A.15)

Defining

f(p) := max

0,

1−
cosh

(
p
√
d
)
− cos

(
p
√
d
)

2

 (A.16)

we thus have ∑
i,j

eip(xi−xj)u ⩾ N2f(γ−1p). (A.17)
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Plugging this into (A.13) we have, recalling that ϕ̂0 ⩾ 0,∑
i,j

ϕ0(xi − xj) ⩾
N2

(2π)
d
2

∫
dk ϕ̂0(k)f(γ

−1|k|) = N2

γd(2π)
d
2

∫
dk ϕ̂0(γk)f(|k|). (A.18)

Note that f has compact support and ϕ̂0 is bounded (since ϕ0 is integrable) so, by the
dominated convergence theorem,

lim
γ→0

∫
dk ϕ̂0(γk)f(|k|) = ϕ̂0(0)

∫
dk f(|k|) (A.19)

and so, for any A < ϕ̂0(0)
∫
dk f(|k|), there exists γ0 such that, if γ ⩾ γ0, then∫

dk ϕ̂0(γk)f(|k|) ⩾ A. (A.20)

Putting all this together, we find that

H(x1, · · · , xN ) ⩾
N2

2γ−d(2π)
d
2

A− N

2
ϕ0(0). (A.21)

In summary, H is superstable with D ≡ max{0, 12ϕ0(0)} and C can be chosen

arbitrarily close to 1
2(2π)

− d
2 ϕ̂0(0)

∫
dk f(|k|) (at the expense of making γ smaller).

We now have all the ingredients to easily prove the following proposition.

Proposition A.5. If the potential is superstable and tempered, then the conditions of
Section 1.2.2 are satisfied.

Proof. Conditions 1(a), and 2(a) follow immediately from (A.5) and Corollary A.2.
Condition 1(b) follows from (A.6). Condition 2(b) an immediate consequence of Lemma
A.3. We are left with condition 1(c).

Suppose the potential has a hard-core: ϕ(x) = ∞ for |x| < R. The existence of
ρmax is then obvious. Now, fγ is continuous, as it is obtained from the discrete function
f(Nγd) using a linear interpolation, so the infimum of fγ(ρ) over ρ ∈ [ρ1, ρmax] is
reached, say at ργ . Condition 1(c) then follows from (A.7).

Finally, using Lemma A.4, we can find many examples of superstable, tempered
potentials, and thus find particle models that satisfy the conditions of Section 1.2.2.

Proposition A.6. [32, Appendix] The following potentials are superstable and tem-
pered:

• In any dimension, ϕ(x) ⩾ 0, ϕ is compactly supported, and ϕ(x) ⩾ a > 0 in the
vicinity of the origin.

• In three dimensions, the Lennard–Jones potential: ϕ(x) = 4ϵ((R/|x|)12−(R/|x|)6).
• In three dimensions, the Morse potential: ϕ(x) = ϵ(e−2α(|x|−R) − 2e−α(|x|−R)) for
eαR > 16.

It is proved in [32] that these potentials are superstable (the first bullet point is
only stated in three dimensions, but its proof extends trivially to arbitrary dimensions).
The fact that they are tempered is obvious.
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B Continuity results

We prove here a useful continuity property of Gibbs measures of the (J, ω)-spin mod-
els, used in the proof of Theorem 2.1, namely that any (subsequential) limit of these
measures in distribution along a convergent sequence ((Jj , ωj))j≥1, (Jj , ωj) → (J, ω),
is a Gibbs measure of the (J, ω)-spin model. We note that a result of a similar flavor
is proven in [19, Theorem 4.17], although it does not apply directly to our situation.

Proposition B.1. Let Jj , J ≥ 0, and ωj , ω, j ≥ 1, be Borel measures on Rn with
finite, positive total measure. Suppose that Jj → J and ωj → ω in the sense of (1.38).
For each j, let Pj be a Gibbs measures of the (Jj , ωj)-spin model, and suppose that
(Pj)j≥1 converges in distribution to P. Then, P is a Gibbs measure of the (J, ω)-spin
model.

To prove Proposition B.1, it is necessary to make the notion of prescribed boundary
conditions, alluded to after (1.18), more explicit. Given a finite, non-empty Λ ⊂ Zd
and a configuration τ : Λc → Rn, the set of configurations with prescribed boundary
conditions τ is

ΩΛ,τ :=
{
η : Zd → Rn | ηv = τv for all v ∈ Λc

}
, (B.1)

the corresponding finite-volume Hamiltonian HΛ,τ
J : ΩΛ,τ → R is defined by

HΛ,τ
J (η) := J

∑
v∼w

{v,w}∩Λ̸=∅

∥ηv − ηw∥2, (B.2)

and the corresponding finite-volume Gibbs measure is the probability measure PΛ,τ
J,ω on

ΩΛ,τ given by

PΛ,τ
J,ω (dη) :=

1

ΞΛ,τ
J,ω

e−H
Λ,τ
J (η)

∏
v∈Λ

ω(dηv) (B.3)

where ΞΛ,τ
J,ω is the normalization constant which makes PΛ,τ

J,ω into a probability measure.
We start by making the following observation.

Lemma B.2. Let Λ ⊂ Zd be finite and f : Ω → R be bounded and continuous. Then,
EΛ,τ
J,ω [f ] is continuous respectively in (J, ω) and in τ .

Proof. Recall the normalization ω̄ of ω from (3.9). Write

EΛ,τ
J,ω [f ] =

1

Ξ̄Λ,τ
J,ω

∫ ∏
v∈Λ

ω̄(dηv)e
−HΛ,τ

J (η)f(η), (B.4)

Ξ̄Λ,τ
J,ω :=

∫ ∏
v∈Λ

ω̄(dηv)e
−HΛ,τ

J (η). (B.5)

The continuity of EΛ,τ
J,ω [f ] in τ follows from the bounded convergence theorem and the

continuity of HΛ,τ
J and f in τ . For the continuity of EΛ,τ

J,ω [f ] in (J, ω), we rely on the
following elementary observation: given 0 < a ≤ b, there exists a constant C > 0 such
that for all x, y ∈ [a, b] and t ≥ 0,

∣∣e−tx − e−ty
∣∣ ≤ C|x− y|. Let ((Jj , ωj))j≥1 be a

sequence converging to (J, ω) as j → ∞. We write

Ξ̄Λ,τ
Jj ,ωj

=

∫ ∏
v∈Λ

ω̄j(dηv)

[
e
−HΛ,τ

Jj
(η) − e−H

Λ,τ
J (η)

]
+

∫ ∏
v∈Λ

ω̄j(dηv)e
−HΛ,τ

J (η). (B.6)
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We bound the first integral as follows. Recalling the form (1.32) of the Hamiltonian
and using that the sequence (Jj)j≥1 is necessarily bounded, we deduce using the earlier
observation that there exists a constant C > 0 such that∣∣∣exp{−HΛ,τ

Jj
(η)
}
− exp

{
−HΛ,τ

J (η)
}∣∣∣ ≤ C|Jj − J |, (B.7)

so the first integral of (B.6) is bounded in modulus by C|Jj − J |, which vanishes as
j → ∞. For the second integral of (B.6), we note that ω̄j → ω̄ in distribution implies
the convergence in distribution of the corresponding product measures [3, Theorem
2.8]:

∏
v∈Λ ω̄j →

∏
v∈Λ ω̄. By the continuity and non-negativity of the Hamiltonian,

we conclude that the second integral converges to Ξ̄Λ,τ
J,ω as j → ∞. Having thus shown

the continuity of Ξ̄Λ,τ
J,ω in (J, ω), we note that the same argument applies to the integral

in (B.4), which completes the proof.

We now deduce Proposition B.1.

Proof of Proposition B.1. Our goal is to prove that P verifies the DLR condition [19,
Definition 2.9] with the Gibbsian specifications of the (J, ω)-spin model. By [13, Chap-
ter 3, Proposition 4.6(b)], it suffices to show that, for all finite Λ ⊂ Zd and bounded,
continuous f : Ω → R,

E[f | ηΛc ] = EΛ,ηΛc

J,ω [f ], (B.8)

which is, in turn, verified if for all bounded, continuous, and FΛc-measurable g : Ω → R,

E[g · E[f | ηΛc ]] = E[g · EΛ,ηΛc

J,ω [f ]]. (B.9)

As g is FΛc-measurable, the LHS of (B.9) reduces to E[f · g]. In the meantime, we
write the RHS of (B.9) as

E[g · EΛ,ηΛc

J,ω [f ]] =
(
E[g · EΛ,ηΛc

J,ω [f ]]− Ej [g · EΛ,ηΛc

J,ω [f ]]
)

+ Ej [g · (EΛ,ηΛc

J,ω [f ]− EΛ,ηΛc

Jj ,ωj
[f ])] + Ej [g · EΛ,ηΛc

Jj ,ωj
[f ]],

(B.10)

where the last term further reduces to

Ej [g · EΛ,ηΛc

Jj ,ωj
[f ]] = Ej [g · Ej [f | ηΛc ]] = Ej [f · g]. (B.11)

By Lemma B.2, the first two terms on the RHS of (B.10) both vanish as j → ∞, so

E[g · E[f | ηΛc ]] = E[f · g] = lim
j→∞

Ej [f · g] = E[g · EΛ,ηΛc

J,ω [f ]], (B.12)

as required.
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