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Abstract

We prove the existence of a phase transition in dimension d > 1 in a continuum
particle system interacting with a pair potential containing a modified attractive Kac
potential of range v~!, with v > 0. This transition is “close”, for small positive =, to
the one proved previously by Lebowitz and Penrose in the van der Waals limit v | 0. It
is of the type of the liquid-vapor transition observed when a fluid, like water, heated at
constant pressure, boils at a given temperature. Previous results on phase transitions
in continuum systems with stable potentials required the use of unphysical four-body
interactions or special symmetries between the liquid and vapor.

The pair interaction we consider is obtained by partitioning space into cubes of
volume 7%, and letting the Kac part of the pair potential be uniform in each cube
and act only between adjacent cubes. The “short-range” part of the pair potential is
quite general (in particular, it may or may not include a hard core), but restricted to
act only between particles in the same cube.

Our setup, the “boxed particle model”, is a special case of a general “spin” system,
for which we establish a first-order phase transition using reflection positivity and the
Dobrushin—Shlosman criterion.
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1 Introduction

In 1998, Lebowitz, Mazel, and Presutti [26] wrote: “An outstanding problem in equilib-
rium statistical mechanics is to derive rigorously the existence of a liquid-vapor phase
transition (LVT) in a continuous system of particles interacting with any kind of rea-
sonable potential, say Lennard—Jones or hard core plus attractive square well.” This
situation has remained largely unchanged over the past quarter century. This is so
despite the fact that the LVT is ubiquitous. It is observed every time we boil a pot of
water and is displayed prominently in textbooks as a paradigm of phase transitions in
physical systems; see Figure [l The LVT is also observed in all computer simulations
of systems with the above type of pair potentials [21, 28]. These simulations show that
such pair potentials are, in fact, adequate for describing the commonly observed LVT,
so why can we not prove it mathematically? In fact, the LVT is qualitatively described
by approximate theories with mean-field-type interactions (where all particles interact
with the same strength), dating back to the nineteenth century; see below and [10), [36].
However, for pair potentials without any symmetry, it has been proven rigorously only
in the case of an attractive Kac type pair potential of the form v%p(yr), where d is the
spatial dimension, in the infinite-range limit v | 0, thus the need for a rigorous proof of
the existence of the LVT in a continuum particle system with finite range (or rapidly
decaying) pair interactions. We do this here for a simplified model for small v > 0. We
give a brief historical background of the LVT in Section [I.1

Mathematically speaking, we are interested in proving, for a continuous system
of particles with stable pair interactions (see Appendix@ and no special symmetries,
the existence of more than one infinite-volume Gibbs measure having different densities



for some ranges of inverse temperature § = 1/T (setting Boltzmann’s constant equal
to 1) and chemical potential A [34]. For a system of particles in a region A C R?
with pair interactions u(z — 2'), x,2’ € R? the probability of having N particles in
a configuration Xy = (z1,...,2nx) € AV given a specified configuration in A€, Yje
(boundary condition), is given, in the grand-canonical Gibbs measure, by

N
1 1 g .
P4\ (dX s | Yae) = e FEANHUCAM) T s, (1.1)
BATT i=1

where

UXa | Yae) = D wlw—ay) + > ulw: — yr) (1.2)

1<i<j<N ik

and Eg y» the grand-canonical partition function, which depends on Yje, is a normal-
izing factor. We are interested in the behavior of macroscopic systems, idealized by
taking the thermodynamic limit of A T R%. The appropriate infinite-volume Gibbs mea-
sure is then characterized by the Dobrushin-Lanford-Ruelle (DLR) equation [11], 24],
which specifies the conditional probability measure for any region A C R? given a con-
figuration in A€ as in . The question then is whether this measure is unique. If it
is not unique, then we say that there is a coexistence of phases at that value of 8 and
A. When two translation-invariant, extremal Gibbs measures without any symmetry
coexist but have different densities, p, < p;, we say that the system has an LVT, with
py and p; being the densities of the vapor and the liquid.

We can also look at the LVT from a macroscopic point of view: the average density
p for the finite system in the region A is given by

Agoaye L9

log Egﬁ/\, (1.3)
whose limit as A T R%, denoted by p(B, ), is a monotone increasing function of A,
which will have a discontinuity at the LVT, that is, at some value of A = A, where the
two Gibbs measures (phases) coexist:

pv = lim p(B,A) < pr = Jim p(B; ). (1.4)

From a physical point of view, it is more natural to consider the LVT in the canonical
ensemble where the density of the system, p, rather than its chemical potential, is
specified. The LVT then corresponds to a linear segment for the canonical free energy
as a function of the density p, which, as explained in the next section, corresponds
to the physical coexistence of the liquid and vapor phases. It is in this ensemble in
which Lebowitz—Penrose [27] proved for potentials of the form . The
equivalence to the grand-canonical picture with two equilibrium states at some value
of A is discussed in detail by Gates—Penrose [16-18]. We shall skip over the fine details
of this equivalence and use the physical picture in the rest of the introduction and then
switch to the grand-canonical one in describing our results.

Before describing our results, we give a brief, selective history of the LVT problem.
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Figure 1: A schematic phase diagram of a fluid in the temperature-pressure plane (7', P).
There exists a critical point (7., P.) below which an LVT occurs, and the density (at which
the free energy is minimized) jumps discontinuously when crossing the liquid-vapor transition
line (thick black line). The other lines correspond to fluid-solid transitions.

1.1 History of the liquid-vapor phase transition

Origin of the problem Experimental studies of the LVT go back to the beginning
of the 19th century [I], when physicists began looking for an expression for the pressure
valid for densities beyond that of the very dilute gas, p = pT (setting Boltzmann’s
constant equal to 1), which would also describe the LVT in which liquid and vapor
coexist at the same pressure. In 1873, van der Waals in his doctoral thesis [36] derived
heuristically an equation of state for the pressure as a function of temperature and
density, which gave a qualitative understanding of the LVT,

Tp 1
p(T,p) = Sap”. (1.5)

1—pb 2
Augmented by Maxwell’s equal area construction in 1875 [10] (see Figure , which
ensures that the system is thermodynamically stable as described below, this equa-
tion gives, with suitable choices of empirical parameters a,b > 0, a good qualitative
description of the LVT observed in real systems [2] 29].

The idea behind this equation of state (EOS) is that the force between atoms is
strongly repulsive (hard-core like) at short distances and weakly attractive at large
distances, which respectively give rise to the first and second terms on the RHS of
. In fact, the second term can be derived by assuming a “mean field” attractive
interaction between the particles, i.e., every pair of particles interact with a potential
independent of the distance between them, whose strength is inversely proportional to
the size of the system. The first term in can be written as T/(p~! —b), where the
denominator represents the effective volume available to each particle. It is, in fact,
the exact pressure of a one-dimensional system of hard rods of diameter b and can be
considered an approximation for a strong short-range repulsion in higher-dimensional
Systems.
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(a) The solid line represents isotherms as  (b) The Gibbs double tangent construction
given by while the dotted line is the for T' < T,.

Maxwell construction giving equal areas to

the solid color regions. This gives the coexis-

tence of liquid and vapor phases at the same

T and p.

Figure 2

The canonical free energy density f(7), p) is defined as the thermodynamic limit

T
f(T,p):=— lim —logZ(T,N,A), (1.6)
N—soo, AMRY |A|
N/|Al=p
where .
Z(T,N,A) = / dzy...dzy e TV (1.7)
N Jin

is the canonical partition function, |A| is the volume of A, and U (X}, ) is the interaction
potential of the N particles in A, i.e., the first sum in ([1.2)). Using the fact (see e.g.
[33]) that the pressure is given by

_ 29 |1
oL = o [ L), (18)

(1.5) is equivalent to the following expression for f(T', p):

1—bp 1 ,

f(T.p) = ~Tplog —2 — ~ap?, (1.9)

up to a term independent of p. The Maxwell construction thus corresponds to the
Gibbs double tangent construction for f(T, p); see Figure

The question then, as now, is how to derive the liquid-vapor phase transition from
‘realistic” pair interaction between the particles.

¢

a

Mathematical state-of-the-art A rigorous derivation of (|1.5)) was made by Kac,
Uhlenbeck, and Hemmer (KUH) [23], who considered a one-dimensional system of hard
rods with an attractive long-range pair interaction ¢, (|z; — 2;|) of the Kac form,

Pry(r) = —aye . (1.10)



They proved that, in the thermodynamic limit, such a system of particles has an EOS
(T, p) which becomes, in the limit v | 0, the same as the van der Waals EOS
with Maxwell’s construction built in, rather than having to be added ad hoc (as was
the case before). Lebowitz and Penrose (LP) [27] generalized the result of KUH to
arbitrary dimensions, proving, for systems with a pair potential of the form

ury (r) = 0(r) — axlp(yr), (1.11)

where ¢(r) > 0, [gadre(r) = 1, and v(r) has a hard-core part, the validity of the
Gibbs double tangent construction, i.e., they proved, for both continuum and lattice
systems, that

1 (Tp) = tim (T, p) = CE { =g + 5o )} (1.12)
740 2

where f. (T, p) is the free energy density of the system with potential u.(r), and fo(T', p)
is the free energy density of the reference system with pair potential v(r) containing
a hard core. The convex envelope (CE) of a function ¢ is the largest convex function
smaller than ¢; see Figure[2b] The existence and good thermodynamic properties, e.g.,
convexity, of the free energies f (T, p) and fo(T, p) are assured by general results on the
existence of the thermodynamic limit for systems with stable and tempered potentials;
see Theorem [A.1]

In one dimension, particle systems have no phase transition for potentials that
decay faster than r—2. Hence, the free energy density f+(T, p) is strictly convex in p
if v(r) decays faster than =2 as r — oo [33], so the transition, as characterized by a
linear portion of f, as a function of p, only appears in the « | 0 limit. This is not the
case in d > 2 dimensions, where we expect not only a transition for v > 0 [3I] but that
the transition line should be, for small v > 0, close to its limiting value as v | 0. This
has been established by Presutti [31] for lattice gases on Z¢ (d > 2) when v(r) is just
the single-site hard-core exclusion [7H9]. However, for general lattice systems, without
the particle-hole symmetry present in this case, there is no proof of the existence of an
LVT at v > 0 close to that for v | 0. The situation is similar for continuum systems
with stable pair potentials: the only proof of the existence of an LVT for continuum
systems with finite-range potentials and no symmetries is given by Lebowitz, Mazel,
and Presutti [25, 26], who had to resort to unphysical, long-range four-body repulsion
to take the place of the short-range repulsive pair interactions to ensure stability of the
system against collapse by the attractive Kac potential. Their result, therefore, did
not alleviate the need for proving the LVT for realistic pair potentials. We also note
here that Ruelle [34] proved the existence of a phase transition for the continuum two-
species symmetric Widom-Rowlinson model and that Johansson [22] proved a phase
transition for a 1D continuum model whose pair potential decays like 7=, a € (1,2).

The present work To obtain insight into the LVT for pair potentials of the form
at small v > 0 and its relation to the mean-field limit v | 0, we study here a
simplified model which we call the “box model” and which will be described in detail
below. In this model, we prove the existence of an LVT for small v > 0 given some
properties of the free energy fo(7T,p) of the reference system, the one in which the
Kac potential is absent. These properties are essentially the same as those used by
LP to prove the LVT in the limit v | 0, some of which are direct consequences of



the existence of the thermodynamic limit for particle systems with superstable and
tempered interactions [33], §3.1]; see Appendix We show that, in the box model
framework, an LVT occurs close to the v | 0 limit, in a precise sense, for sufficiently
small v > 0. Our result also applies to soft-core potentials, which LP did not consider.

The main benefit of the “box model” is that it is reflection positive. We remark
that the idea of using reflection positivity to justify mean-field predictions has appeared
before, in a different context, in the works [B, [6] (see also [4, Section 4]).

1.2 The boxed particle model and the box model

In this paper, we introduce and study the box model, which is a generalization of a
particle model called the bozed particle model obtained by modifying the pair potential
in that was studied by Lebowitz and Penrose in the mean-field limit + | 0. Let
us first define the boxed particle model, which we will generalize to the box model in
Section .21

The boxed particle model is defined by modifying (primarily in the Kac
potential part ¢, but the short-range part will also be modified). To do this, we
partition R? into a lattice of mesoscopic cubes of side length v~!, and replace the
long-range Kac interaction of LP with one that is constant for particles inside each of
the cubes, and has a (possibly different) constant value for particles in adjacent cubes.
We will be quite general about the other interaction between particles given by v(r) in
, and merely assume that it is superstable and tempered [33]. However, we will
neglect the interaction between different cubes due to v(r). A possible choice for v(r)
is a hard-core interaction, but we will be more general than that and allow interactions
like the Lennard—Jones or Morse pair potentials (see Appendix [A| for more details).

More formally, we define the boxed particle model as a model for a system of
particles interacting via the following pair interaction:

v(z —y) — Jiv? if Box,(z) = Box,(y)
Uy (2, y) 1= § —Joy? if Box,(x) ~ Boxy(y) (1.13)

0 otherwise

where J; > —2dJ; and J, > 0 are constants, Box,(z) := ! [yz| + [0,77!)? denotes
the unique cube in the mesoscopic lattice containing « € R, and the symbol ~ means
that two cubes are nearest neighbors, i.e., they share a (d — 1)-dimensional face, and
v is a superstable and tempered potential (see Appendix [A| and [33]). We fix the
chemical potential in the boxed particle model to A + %de (we add %Jlfyd to simplify
the notation in the “spin” model introduced in the next paragraph).

It is straightforward to check that the box model is equivalent to a “spin” model
on the lattice Z? with nearest neighbor interactions, where each point v corresponds
to a mesoscopic lattice cube as above, and the “spin” at v is given by the density
Ny = N, /7% of particles inside the cube corresponding to v. Indeed, by integrating
over the positions of the N, particles in each cube v, we find that the boxed particle
model is equivalent to the following effective Hamiltonian on configurations of densities



in the cubes:

Hx~(n) [ AZ%—*th—thnmLva m]

[ /\ZWU_*J1+2CZJ2 va+ JQZMU "7w| +Zf’7 77(]>:|1
and
fy(mw) == — ! log ! / dzy---dx, ~-a Hefﬂv(xi*xﬂ. (1.15)
pry—d (ney=)! ([0,y=1)dymor 4 " i<j

is the canonical free energy density for particles in a cube interacting via the pair
potential v(-) with free boundary conditions.

As noted earlier, we will study the boxed particle model in the grand-canonical en-
semble, which is equivalent to the canonical ensemble [33]. For the connection between
the two ensembles in the limit v | 0, see [T6HIS].

1.2.1 Formal description of the box model

Let us now define the box model, which is a slight generalization of the boxed particle
model. Specifically, we will relax the condition that f, be the free energy of a particle
model inside the mesoscopic cube, and merely require that it be a function that satisfies
the conditions detailed in the rest of this section. (Thus, whereas the boxed particle
model is in fact a model of particles interacting via a pair potential, the box model is
more general.)

When the pair potential v(-) has a hard core, n takes values in a bounded subset of
7v¢N. Another generalization we will make is to allow n to take discrete or continuous
values, as we will now describe.

Let 0 < v < 1 (the scale parameter). We allow both discrete and continuous non-
negative values of 1 : Z¢ — S., where either S, = [0,00), termed the continuous case,
or S, =97 N [0,00), termed the discrete case.

Fix a, Jo > 0 (the coupling strengths) and S > 0 (the inverse temperature)—these
parameters will be held fixed throughout our arguments and will be omitted from the
notation. Let A € R (the chemical potential). The formal Hamiltonian of the box
model is given by

H)\,ﬁ/(n) = 77d (Z |:_)\77v - %04773 + fv(nv):| + %JQ Z ’7711 - %!2) 5 (1‘16)
v v~vw

where f, : S, = RU {400} is a measurable function for each +, satisfying the con-
vergence assumption in Section m (in particular, these conditions allow for f to be
the free energy for a system of particles interacting via a superstable, tempered pair
interaction; see Section for details, and so the boxed particle model introduced
above is a special case of the box model). We note that f, may depend on the fixed
parameters «, Jo, and 3, but we will not make this dependence explicit.

Given an integer L > 2, the Gibbs measure of the box model on the discrete torus
Ap :=7%/(LZ)?

1 _ HL per
—zoe T O T dv, () (1.17)
_,)‘77 ’UGAL



where v, is Lebesgue measure on S, = [0,00) in the continuous case and v, is the
normalized counting measure 7% > pes, d, in the discrete case, where Hf”,fer is given
by the expression (|1.16|) for H} , changing the sums to run over v € Az, and {v,w} €

E(ApL) (the edge set of the discrete torus graph), and where

ghper / o—BHL () I dv (n0) (1.18)

vEA

is the partition function (normalizing constant). One may similarly define Gibbs mea-
sures with free or prescribed boundary conditions.

1.2.2 Convergence assumptions

We assume that the functions (f,)o<,<1 satisfy one of the following two conditions:
(in the discrete case, for convenience in stating the assumption, we extend f, to [0, c0)
by a linear interpolation)

1. Hard-core case: There is pep, € (0,00) and a continuous f : [0, pp) — R such
that:

(a) For every po € [0, pep),

hﬁ)l f+(p) = f(p) uniformly in p € [0, po]. (1.19)
gl
(b)
liminf f,(p) > lim f(p) € (—oo, 0] (1.20)
plﬁgp pTPecp

the existence of the limit lim p) in (—o0, 00| is part of the assumption).
ptocp

(c) Thereis pmax € (pep, 00) such that f.,(p) = oo for all p > pypax and 0 < v < 1.
In addition, for every p1 > pcp,

lim inf = co. 1.21
lim inf fy(p) = o0 (1.21)

2. Soft-core case: There is a continuous f : [0,00) — R such that:

(a) For every py € [0, 00),

liﬁ]l f+(p) = f(p) uniformly in p € [0, po). (1.22)
gl
v f(p)
o p
Omax '= lllgl&)nf gpQ € (0, 00]. (1.23)

p—00

To unify some of our later statements, we set anax := 00 in the hard-core case. We note
that the above assumptions imply that the box model is well-defined for sufficiently
small v and o < auax, in the sense made precise in Lemma

Remark 1.1. 1. In the hard-core case, it follows from ((1.19) that liminf .o fy(p) <

P—Pcp

liminf,,,, f(p). This complements the first inequality in (1.20), making it an
equality.



2. In the soft-core case, we note that (1.22]) and (|1.23)) imply that

@ > Omax- (1.24)

lim inf 5
5P

p—00
3. The above assumptions are satisfied for the boxed particle model, for which we
recall that f,(p) (see ) is the free energy for a system of particles that
take positions in the hypercubic volume y~¢ and interact via a superstable and
tempered pair potential. This is a consequence of well-known results by Ruelle [32,
33]. For more detailed references and a proof that these conditions are satisfied
for superstable and tempered potentials, see Appendix [A] and Proposition
In particular, the assumptions are verified when the interaction is a hard core, or
the Lennard—Jones potential, or the Morse potential; see Proposition

1.2.3 Main results

Our first result identifies the limiting grand-canonical pressure of the box model, show-
ing that it coincides with the expression obtained by Gates—Penrose in the limit v | 0
[16]. Define the canonical mean-field free energy density (following the nomenclature
of [31], (10.2.1.3)])

1
ox(p) = =2p = Sap” + f(p). (1.25)
Theorem 1.2. In every dimension d > 1,
lim — b log ZEPT — — inf ¢y (p) (1.26)
Lo By d[Ag] M p XD ‘

with the infimum over p € [0, pcp) in the hard-core case and over p € [0,00) in the
soft-core case.

The same result (with the same proof) also holds for free boundary conditions, or
for prescribed boundary conditions which are uniformly bounded as L — oo, | 0.

Lebowitz—Penrose [27] (canonical ensemble), followed by Gates—Penrose [16] (grand-
canonical ensemble), proved the existence of a liquid-vapor phase transition in the
mean-field limit v | 0 whenever the function ¢ is non-convex. Our main result estab-
lishes the liquid-vapor phase transition at positive 7 (i.e., before taking the mean-field
limit) in the box model.

Theorem 1.3. Suppose the dimension d > 2. Suppose 8 > 0 and 0 < o < qpax are
such that ¢y is non-convex (this property does not depend on \). Then there exists
Yo > 0 such that for all 0 < v < vy there exists A(7y) for which the box model admits
two distinct translation-invariant Gibbs measures that differ from each other in their
value for the average density.

Moreover, as we formulate next, we show that the critical chemical potential and
the densities of the liquid and vapor phases tend to their mean-field values as v | 0.

In the hard-core case, the function f is defined on the interval [0, pop). We extend
its domain to [0, pep] by setting

F(pep) = lim f(p), (1.27)



noting that f(pep) € (—00, 0] by (1.20)). This also extends the domain of ¢ to [0, pep),
for all A, via ([1.25]).

Suppose 5 > 0 and 0 < o < amax are such that ¢, is non-convex. Let A\, € R
be such that ¢,, attains its global minimum at (at least) two points p,_— < pi 4
with ¢,, non-constant on the interval [p, _, ps +]; such a A, necessarily exists by the
non-convexity of ¢, and , in the hard-core case, or , in the soft-core case.
Let

M= {p [ 62.(0) = inf 6. <p’>} (1.28)

be the points where the global minimum is attained. Fix py o with ps — < pso < ps
and p,o ¢ M.

Theorem 1.4. Suppose the dimension d > 2 and proceed in the above setup. Then
there exists y9 > 0 such that, for all 0 < v < 79, there exists \c(y) for which the box

model with A = A.(7y) admits two translation-invariant Gibbs measures Pf\tc(v)ﬂ/ and we
have
lim A.(7) = As (1.29)
740
and, for every open set U C R containing M,
E%P;C(Vm(ng ceUNI0,ps0)) = 131101?’1(7)77(7]0 € U N (px,0,00)) = 1. (1.30)

Remark 1.5. In the (generic) case when M consists solely of the two points p, +, it
follows from ([1.30]) that the distribution of 7y under Pi converges in distribution

My
to a delta measure at py +.

1.3 The (J,w)-spin model and a condition for first-order
phase transition

The main idea of the proof of Theorem is to use the reflection positivity of the box
model to derive a chessboard estimate, which allows us to use a result by Dobrushin
and Shlosman [35] guaranteeing the existence of the phase transition. For the sake of
completeness, we state and prove a version of the Dobrushin—Shlosman criterion that
is suited to our result in Section [21

Our analysis applies to a wider class of models. In this section, we introduce this
class and state a condition that ensures a first-order phase transition therein.

1.3.1 The (J,w)-spin model

Given J > 0 and a Borel measure w on R™ with finite, positive total measure (i.e.,
w(R™) € (0,00)), we give the name (J,w)-spin model to the n-component Gaussian
free field with coupling constant J and single-site measure w. This is the model on
configurations 7 : Z¢ — R™ whose formal Hamiltonian is

Hn) = J Y o = ™ (1.31)

v~~Yw

11



To apply the chessboard estimate, we consider the model on the discrete torus
A = Z4/(LZ)%: Tts finite-volume Hamiltonian is

Him=7J > lne—nul (1.32)
{vw}eE(AL)

on configurations n : A, — R™, where F(A) denotes the usual edge set of Az, thought
of as a graph, and || - || is the Euclidean norm (when convenient, we also regard such
configurations as periodic functions on the entire Z?%). The corresponding finite-volume
Gibbs measure is

L7 ]. 7HL
P (dn) = —ppee W [T widn,) (1.33)
Hva ’UEAL
where E{j’gfr is the partition function:

EP = /eHW) [T w(dn,). (1.34)

vEAT,

We will need (a bound on) the grand-canonical pressure
= liminf — log ELPeT
Yw = iminf -5 log =" (1.35)

For later applications, we note the simple inequality

¢br > sup e diam($)? () (1.36)
S

where the supremum is over all measurable S C R" and diam(S) := sup, ,eg ||z — y|[-
Indeed, for each such S we have

Jw

glper / e~ Hi () Hw(dm) > e_Jdiam(s)2‘E(AL)|w(S)‘AL|' (1.37)
SAL "

1.3.2 A continuous family of (/,w)-spin models

We consider a continuous family of (J,w)-spin models, indexed by A in an interval
[A—, Ay]. Precisely, we consider a continuous function A — Jy > 0, and a function A —
wy from [A_, A\;] to the set of Borel measures on R™ with finite, positive total measure
that is continuous in distribution, in the sense that, for any converging sequence A €
[A_, A\+] with Ay — A and any bounded continuous g : R" — R,

1 1
lim ———— d =— dwy . 1.
ST / gdon = R / g dw) (1.38)
The box model defined in ((1.14) corresponds to choosing n = 1, letting
1
Tag = 5B (1.39)

and letting
Wiy (dp) = e TRt T H 0Dy, (dp), (1.40)

where v, was defined after (1.17). These choices define a continuous family of (J, w)-
spin models; see Section

12



1.3.3 First-order phase transition

We now introduce further conditions that we will use for showing the existence of
a first-order phase transition. In these conditions, it is convenient to normalize the
single-site measures using the pressures of (1.35)): define, for each A € [A_, A{],

@y 1= e Yireawy, (1.41)

Assumption 1. There exist closed sets G_, G4 C R™ and 61,602,603 > 0 such that

1. The complement of G_ U G4 has small measure: for all A € [A_, A;],
(G- UGL1)°) <04 (1.42)
2. G_ and G are separated: for all A € [A_, \{],
e~ 2 st (G—.G4)% (5 (GL)on(G4)) Y2 < s (1.43)

with dist(G_,G4) :==inf,_cq_a.ecq, ||o— — 24|

3. The region G4 is dominant at A\4:
Wn, (Gy) <03, #e{—,+}. (1.44)

Theorem 1.6. Suppose the dimension d > 2. For each ¢ € (0,1/2) there ezists
c(e,d) > 0 depending only on € and the dimension d such that the following holds. If
Assumption[1] holds with max{61,62,03} < c(e,d), then there exists Ac € (A—, A}) such
that the (Jx,,wx,)-spin model has two distinct translation-invariant Gibbs measures

P_,P,. Moreover,
P:ﬁ:(nO S Gi> >1—e (1.45)

Remark 1.7. An explicit expression for the constant c(e,d) can be obtained by exam-
ining the proofs in Section [3.2.2]

2 The Dobrushin—Shlosman criterion

The main tool in the proof of Theorem|L.6]is the Dobrushin-Shlosman criterion [12], [35]
Section 4] for the existence of a first-order phase transition. We present below a version
of the criterion, adapted to our setting with the (.J,w)-spin model.

Theorem 2.1 (Dobrushin-Shlosman criterion). Let (Jx,wx)xep_,x,] be a continuous
family of (J,w)-spin models. For each A € [A_, \y], let Py be a translation-invariant
Gibbs measure of the (Jx,wy)-spin model, such that the family of probability measures
(PA)/\G[A,,M] 1s tight. Let 0 < € < % Suppose that there exist disjoint closed subsets
G_,G4+ CR" and 61,92 > 0 such that

1. (51+52§1—§—\/1—6;

2. for all X € A_,\{] and v,w € Z°,

Px(no ¢ G- UG,) <4y,
Px(ny € G=,nw € G1) < dy;
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3. Pr,(no € Gy) > 1 —€ for 4 € {—,+}.

Then, there exists A € [A_, Ay] such that the (Jy,,wx.)-spin model admits two distinct
translation-invariant Gibbs measures Py, _ and Py, . Moreover,

Prs(no € Gg) 21— #€{— +}. (2.3)
We give a proof of the theorem for completeness, starting with the following lemma.

Lemma 2.2. Define Ay, := {—L,—-L+1,...,L— 1,L}d for each L > 2. Let X\ €
[A_,\+]. Let n be sampled from Py. Define

1
II = lim ——
#(n) = lim A

S de, ), #€{-+} (2.4)

vEAL

which exist almost surely by the Birkhoff-Khinchin ergodic theorem. Under the assump-
tions of Theorem[2.1], for all §3 > 0,

2
Py (max {TT_,T1,} > 1—d5) > 1 — (‘51(;”52) (2.5)
3
Proof. For each L > 2 and configuration 7, define
1
H#7L(77) = T Z ]lG'# (771))7 # € {_a +}7 (26)
ALl 2%
1
L(n) = p) Z g2 ue2 )c(mmw) (2.7)
|AL‘ v,wWEA]

Let L > 2. By (ZI) and (22),

Py(ny € G_UGL)+Pr(ny € G_UG
ALP m%:AL[ A & +) +Pa(nw ¢ +) 28)

+PA(mw € G-, 1w € G4) + PA(nw € G-,y € G4)] < 2(01 + 62).
Hence, by Markov’s inequality,

2(51 + 52)

IP))\(\I’L < 53) > 1-—
03

: (2.9)
Now, since G_ and G are disjoint, II_ ;, + 11} 7 <1, so
max {I1_ 1, T4 1} > max {TI_ o, T4} (- p 41014 1) > 112 +11% ;) = 1-V,. (2.10)

Combining (2.9) and ([2.10f), we get that

2(61 + o
Py(max{IT_ 7, T, 1} >1—d3) >1— (1;2). (2.11)
3
We conclude the proof using that Il ;, — IIx almost surely as L — oo. O

We are now ready to prove Theorem
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Proof of Theorem [2.1] Define
Ty :={Ae A, A1) |Pa(mo € G) > 1—€}, #e{—,+} (2.12)

We consider two cases.
First, suppose that 7_ U Ty # [A_, Ay]. In other words, there exists \. € [A_, A4]
such that

Pr.(mo € Gyg) <1—e€ #e€{—,+} (2.13)

By considering the ergodic decomposition of Py (see, e.g., [19, Theorem 14.17]), we
have that (recalling (2.4]))

]P))\C(n(] S G#) = E)\C[H#], # € {—, —|—}. (2.14)
Using Item [I] of the assumptions of the theorem, it is straightforward to check that
there exists d3 > 0 such that (1 — d3)(1 — 2(d1 + 02)/d3) =1 — € and 03 < e.
Claim 2.2.1.
Py (g >1—-03) >0, #€{—+}. (2.15)

Proof. We treat only the # = — case, as the other case is similar. Suppose by contra-
diction that Py (IT- > 1—43) = 0. By Markov’s inequality, Lemma and the choice
of 43, we have that

Ex (L] > Py (IL, > 1— 65)(1— ;) > (1 - 2“;“) (1—d)=1—c (210

On the other hand, from (2.13)) and (2.14]), it follows that E,_ [II}] < 1 — €, which
contradicts ([2.16]). O

We now deduce that Py, is not ergodic. Indeed, suppose by contradiction that P
is ergodic. As {ILx > 1 — d3} is a translation-invariant event, Claim implies that
Py, (IIy > 1 —463) =1, # € {—,+}. Thus, there exists a configuration 7 such that
My(n) >1—063, # € {—,+},s01 >T_(n) +I1(n) >2(1 —¥d3) >2(1—¢) > 1, a
contradiction. Therefore, Py is not ergodic, so its ergodic decomposition [19, Theorem
14.17] contains two translation-invariant Gibbs measures Py__, Py, of the (Jy, ,wx,)-
spin model such that

IP))\C,#(UO S G#) = E)\m#[l—[#] >1—-63>1-— €, F€ {—, —|—}, (217)

establishing Theorem in this case.

Second, suppose that 7_ U T} = [A_, Ay]. By Item [3| of the assumptions, \_ €
T_ and Ay € T4, so T— and T, are both non-empty. As [A_, ;] is connected, it
follows that there exists A € T_ NTy (where A denotes the closure of a set A). Let
(An,—)n>1 C T- satisfy A~ — Ao As the family (Px)xep_x, is tight, it follows
that IP’A%’? — PPy, — in distribution for some subsequence (ny)i>1. The limit measure
is a Gibbs measure of the (Jy_,w,,)-spin model (see Proposition and is clearly
translation-invariant. Moreover, since G_ is closed,

Pr.,—(no € G-) > limsupPy,, (o€ G-)>1—e (2.18)

k—o0

By a symmetric argument, we obtain a translation-invariant Gibbs measure Py, ; of
the (Jy.,wy.)-spin model satisfying Py, 4 (10 € G+) > 1 — e. This completes the proof
of the theorem. O
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3 Phase co-existence in the (J,w)-spin model

In this section, we prove Theorem|[I.6] Our proof is based on a criterion for the existence
of first-order phase transitions due to Dobrushin and Shlosman [35]; see Theorem [2.1
We re-prove this Theorem in Section [2]in greater detail than the original reference. In
particular, our proof of this result applies to models with unbounded spin values.

3.1 Reflection positivity and chessboard estimate

We rely on the chessboard estimate, which follows from the reflection positivity of the
(J,w)-spin model. It is convenient to use reflections through hyperplanes intersecting
edges.

3.1.1 Notation

We continue to work on the discrete torus Ap = Z?/(LZ)?, restricting to even values
of L. For1<i<dandp€eZ+ %, define the reflection of Aj, through the hyperplane
orthogonal to direction ¢ at coordinate p,

2p—v; (mod L) ifj=i

(Tip(v)); = { (3.1)

oF otherwise

Now 7; , naturally acts on spin configurations 7, and on functions of spin configu-
rations. With a slight abuse of notation, we denote these actions by 7; ;, as well:

(TipMo =N,y (0)> Tipf (1) 1= f(Tip(n)- (3.2)

Given z € Z% and / € Z%o such that 2(¢; + 1) divides L for all i, define R = Ry =

H?Zl[azi, i+ !7;] NZ% as the box with corner x and side lengths £. Let TE be the group
of isomorphisms of Aj, that is generated by the reflections

d
1 N
U {Tiyp |p€x— 5 + (4 + 1)Z} . (3.3)
i=1
Note that 4
L
TR =] =—". 3.4
|T7'| H1 Tl (3.4)

We also let T be the group of isomorphisms of Z% generated by the reflections in
(so that T is infinite).

Recall that configurations of the (.J,w)-spin model are functions n : Z¢ — R™. An
observable, i.e., a measurable function f : (R")2" — R, is called R-local if f(n)) depends
only on the restriction of n to R.

3.1.2 The chessboard estimate

We are now ready to state the chessboard estimate. Its proof is standard (see e.g.
[4, Theorem 5.8], [14, Theorem 10.11 and Remark 10.15], or [30, Section 2.7.1]), and
follows from the reflection positivity of the (J,w)-spin model, which is also standard
(see e.g. [14, Section 10.3.2]). We will not reproduce either proof here.
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Lemma 3.1 (Chessboard estimate). Let J > 0 and w be a Borel measure on R™ with
finite, positive total measure. Let L € Z>q and { € Z%O satisfy that 2(¢; + 1) divides
L for alli. Let x € Z% and R := Ry . Let A C TE and (fr)rea be bounded R-local

observables. Then
er R|L
Pl (H rﬂ) < IT 1515 (3.5)

TEA TEA

RIL

where || - ”J,w is the chessboard seminorm of f, defined by

y|Tf
IIfH?,LL = [Pﬁi?er< 11 (Tf))] : (3.6)

R
TET]

noting that ’Tf’ is given by (3.4).

In our use of the chessboard estimate, it is convenient to pass to infinite volume.
We first define the notion of a torus-limit Gibbs measure, taking care to take the limit
on tori with highly divisible side lengths, to satisfy the assumptions of the chessboard
estimate for arbitrary £ € Z%O.

Definition 3.2. We call a Gibbs measure P;,, a torus-limit Gibbs measure of the
(J,w)-spin model if it is obtained as a limit in distribution along a subsequence of the

(finite-volume) torus Gibbs measures (Pﬁffer) k-

Corollary 3.3 (The chessboard estimate in the limit). Let J > 0 and w be a Borel
measure on R™ with finite, positive total measure. Let x € 72, ( € Zéo and R := Ry _.

Let A C T® be finite and (f;)rca bounded, R-local, lower semi-continuous observables.
Let Py, be a torus-limit Gibbs measure of the (J,w)-spin model. Then,

P (H rﬁ) < [T 115, (3.7)

TEA TEA

where we define
R . R|k!
|70 = T s | 725 (3.8)
— 00

Proof. By an immediate application of the Portmanteau theorem and the finite-volume
chessboard estimate (Lemma [3.1). O

Though not needed for our results, we remark that it is desirable to extend
to general periodic Gibbs measures, rather than just torus-limit Gibbs measures. Such
an extension was demonstrated in [20] for a different model. However, while the proof
of [20] applies in some generality, it does not cover the (.J, w)-spin model for w with non-
compact support due to the fact that its interaction energy ||, — nw||? is unbounded.

3.2 Proof of Theorem [1.6

We now prove Theorem [I.6] by verifying the assumptions of the Dobrushin—Shlosman
criterion (Theorem [2.1), where we take Py to be a torus-limit Gibbs measure (see
Remark of the (Jy,wy)-spin model, A € [A_,A;]. This requires verifying the
tightness of this family of measures as well as three probabilistic estimates. In Section
we resolve the first issue by taking advantage of the continuity of the mappings
A — Jy and XA — wy. In Section we use Assumption [T] to tackle the second issue.
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3.2.1 Tightness of torus-limit Gibbs measures

It is convenient to use the following notation in this section: Given a Borel measure w

on R™ with finite, positive total measure, we denote its normalized probability measure

by
w

W=
w(Rn)
We formulate the tightness property of the torus-limit Gibbs measures in slightly
greater generality than needed.

. (3.9)

Proposition 3.4 (Tightness of torus-limit Gibbs measures). Let I be an arbitrary
index set. Suppose that {J; |i € I} is a bounded subset of R>o and {w; |i€ I} a
family of Borel measures on R™ with finite, positive total measure, such that the family
{w; | i€} is tight. For each i € I, let P; be a torus-limit Gibbs measure of the
(Ji, w;)-spin model. Then, the family of measures {P; | i € I} is tight.

Proposition is sufficient for our purpose. Indeed, recall that we are consider-
ing a continuous family (Jx,wx)aeia_r,] of (J,;w)-spin models. The continuity of the
mappings A — Jy and A — wy imply that the set {J) | A € [A\_, A4]} is bounded and
that the family of probability measures {wy | A € [A_, AL}, as the continuous image of
a compact set, is compact, thus tight.

We begin the proof of Proposition [3.4] by establishing the tightness of the family of
finite-volume torus Gibbs measures of the (J;, w;)-spin models, i € I.

Lemma 3.5. Let I be an arbitrary index set. Suppose that {J; |i € I} is a bounded
subset of R>o and {w; | i € I} a family of Borel measures on R™ with finite, positive
total measure, such that the family {cv; | i € I} is tight. Then, the set of (finite-volume)
torus Gibbs measures

{Pﬁvper |L>2 even, i€ I} (3.10)

Wi

18 tight.

Proof. Let e > 0. We will construct a family (K ),z of compact subsets of R™ such
that

Pg;ﬁr(m € K, forallvez%) >1—¢ forall L>2evenandic I. (3.11)

This completes the proof of the lemma, since the product [], .z Ky of these compact

sets is a compact subset of (R”)Zd by Tychonoff’s theorem.
We proceed with the construction. By a union bound, it suffices to choose the sets
(Ky,e)peza such that

Z PLPer (¢ K,¢) <e forall L>2evenandic . (3.12)

Jiwi
vEZ

Fix i € I and an even L > 2. By the chessboard estimate (Lemma [3.1)), for any v € Z¢
and compact subset K C R", we have that

PLPer(n, ¢ K) < L2 (5, ¢ K for all w € Ap)Y/™, (3.13)

Jiwi Wi
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where

1
P;LI:E(”W ¢ K forall we Ar) = w/( 5, H w;(dn,,). (3.14)

“Ji,wi wEAL
Bounding H i (n) > 0 and using the lower bound (1.37) on :{; P we conclude that

L,per wi(Kc) _ J)Z'(KC)
IP)J Wi (771) ¢ K) e—dJi diam(S)Qwi(S) T e—dJ; diam(5)2a}i(s)

(3.15)

for all measurable S C R™. By the tightness of the family of probability measures
{@w; | i € I}, we may choose S to be a compact subset of R” such that inf;c; w;(S) > 1/2.
Next, fix a function § : Z% — R such that >, .74 8(v) < 1. Using tightness again and
recalling that the set {J; | i € I} is bounded, we choose, for each v € Z¢, a compact
set K, C R" such that

@i (KC,) < eb(v)e~ddiam(S)* supyres i inf w;(S), foralliel. (3.16)
’ i'e

It remains to check that the family (K, ¢),cz¢ thus chosen satisfies (3.12)), but this is
an immediate consequence of (3.15)), (3.16]), and the fact that }° ;. d(v) < 1. O

Remark 3.6. It follows immediately from Lemma that every (J,w)-spin model ad-
mits at least one torus-limit Gibbs measure. In turn, this justifies our choice of Py as
a torus-limit Gibbs measure of the (Jy,w))-spin model for each A € [A_, \4], as made
at the beginning of this subsection.

We now deduce Proposition
Proof of Proposition[3.4 By Lemma the set of torus Gibbs measures

G = {PL*’“ | L>2 even,ic I} (3.17)

is tight, namely (using Prokhorov’s theorem [3, Theorem 5.1]), its closure G is compact.

Further, for each ¢ € I, P; is the limit in distribution along a subsequence of the torus
. | .. .. .

Gibbs measures (Pic,;’zir)kzl by definition. Thus, the set of torus-limit Gibbs measures

{P; | i € I} is a subset of G. As G is compact, {P; | i € I} has compact closure, hence
a tight family of measures (again using Prokhorov’s theorem [3, Theorem 5.2]). O
3.2.2 Verification of key estimates

We now verify the three estimates in the Dobrushin—Shlosman criterion (Theorem [2.1))
with the help of Assumption [I}
We start with (2.1]) of Item

Proposition 3.7. Under Assumption for all X € [A_,\y], if Py is a torus-limit
Gibbs measure of the (Jy,wy)-spin model, then

Py(no € G- UG4) < 6. (3.18)
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Proof. Let R := {0} denote the origin of Z%. Consider the R-local event E :=
{neQ|n € (G-UG4)¢}. By Corollary (3.3

R|k!

PA(E) < limsup [|E[[;, ., (3.19)
k—oo
where the chessboard seminorm
1/(kH®
RJk! k!,
[P :13,;;1( N T(E)> (3.20)
‘rGT,f!2

is well-defined for all k > 2. To estimate the probability on the RHS of (3.20)), we use
the following simple bound on the partition function of the (Jy,w))-spin model in Ag;.
Let v > 0. By ((1.35), there exists k, € N such that, for all k£ > k,,

1 —k!,per
(k1) log Z5100 = Yinewn — V- (3.21)

On the other hand, the event ﬂTGTg T(F) consists of configurations with all spins in
(G_ @) G+)c' Thus, '

Kl.per wa(G_UG)ET
PJA?“”( ﬂR T(E)) = 6(1/’J)\,W,\_V)(k!)d < (6 91)( ) ’ (322)
TET

where we used (1.42) of Assumption [l in the last inequality. Inserting (3.22) into
(3.20)), recalling (3.19)), and taking v — 0 complete the proof. O

Next, we verify Item

Proposition 3.8. Under Assumptz'on for # € {—,+}, if Py, is a torus-limit Gibbs
measure of the (Jy,,wx, )-spin model, then

IP))\# (770 S G#) >1—06;3. (3.23)

Proof. The proof is analogous to that of Proposition replacing (G- UG4)¢ by G
and using ((1.44]) of Assumption (I} we get that

]P))\# (no € G%&) < 63, (3.24)
which immediately implies (3.23)). O

Finally, we verify (2.2) of Item

Proposition 3.9. For all 02 > 0, there exist constants 01(02),02(d2) > 0 such that, if
Assumption[]] holds with 0 < 0; < 6;(82), i = 1,2, then, for all X € [A_, \y], torus-limit
Gibbs measure Py of the (Jx,wy)-spin model, and v, w € Z°,

IP))\(HU eG_,ny € G+) < bo. (3.25)

Remark 3.10. It is possible to extract quantitative estimates for the constants 6;(d2),
i = 1,2, as promised by the proposition from a fully explicit chessboard-Peierls argu-
ment, in terms of the smallness of certain series. We do not attempt this here.

20



Proof. The proof is by a standard chessboard-Peierls argument, which we do not be-
labor here and refer the reader to the literature [I5] for detailed implementations.
Intuitively, the conditions n, € G_, 1, € G4 imply the existence of geometric inter-
faces in Z¢, consisting of edges connecting vertices which are costly neighbors due to
their spin values. Of particular relevance to the chessboard-Peierls argument are the
set of boundary edges of the connected component of {u €z, € G,} containing
v, where each edge connects a spin in G_ and another in G¢ = G4 U (G- UG4)¢, and
an analogous set of edges for w. The probability of observing these costly edge events
simultaneously is then controlled using the chessboard estimate.

In our case, we consider the following edge events. Let R := {v1,v2} be an edge of
74, Define

EU_177—'L_2 = {77 € ’ Ty € G—ﬂ?vg € G+}7 (3.26)
Byt = e, € G, € (G-UGL)TY, (3.27)

and similarly E;“l’;2 and ESLI”%T In view of the above outline of the chessboard-Peierls
argument, to prove the proposition, it suffices to show that the chessboard seminorm of
each of the four edge events can be made arbitrarily small by taking § correspondingly
small. We establish this for EJI’IQ and EJI’%Q in individual claims below, and note that
symmetric arguments yield identical bounds for E;rl’;z and E;rl’,%z,.

We start with EU_I’%Q which is simpler to deal with.

Claim 3.10.1. Under Assumption [} for all A € [A_, \y],

_ R
H vl’,(zj)QHJA,M— 1

(3.28)
Proof. Observe that the edge event EU_I’B)Q is contained in the single-vertex event that
N, € (G- UG4). Recall from the proof of Proposition that the chessboard
seminorm of the latter is bounded by ¢ (the proof there is written for when vs is the
origin, but this is inconsequential). The monotonicity of the chessboard seminorm then

implies ((3.28]). O

The treatment of EJI’IQ is complicated by the fact that it is not an open event, i.e.,
an open subset of 2, so its indicator function does not fulfill the lower semi-continuity
requirement of the chessboard estimate in the limit (Corollary . To overcome this
technical nuisance, we construct below a sequence of open events containing E;;;;
satisfying suitable properties.

Claim 3.10.2. There exists a decreasing sequence of open events (Ef’Jr )j>1 such that

v1,02;]
oo _7+ — _7+ .
L2 By = Bodoes

2. under Assumption |1} for all A € [A_, A\;],

R
lim sup HE*’Jr ‘

o0 v1,02;]

< 63. (3.29)

Jx,wa

Proof. For each j > 1, define the open 27 7-extensions of a set A C R” by

O;(A) := A+ (-277,279)", (3.30)
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where + denotes the Minkowski sum. Observe that if A is closed, then
A=(0,(A). (3.31)
j=1

Using the above notation, define, for each j > 1,
B, i =1 € Q] € 05(G-),m, € 05(G4)} (3.32)

which forms a decreasing sequence of open events. Property [I] immediately follows
from (3.31]). To prove Property [2| fix j > 1 and consider the chessboard seminorm

' _ . ||RIK!
= limsup Evl,vz;j

H -+
Ixn,wa k—o0

R
v1,v2;] ‘ ‘

2/(kh?
. | T _
NN - 1IIICILSOIip Pix?jx ( ﬂ T(Evll—:)—z;j))
TETS

(3.33)
Note that the probability on the RHS of is well-defined for all & > 4. To
bound this probability, let v > 0 be arbitrary and recall the lower bound on the
partition function of the (Jy,wy)-spin model in Ay, which holds for all £ > k,, for some
k, > 4. Taking into account that the constraint mreT,ﬁ‘ (B, ’;; ;) forces exactly 1/2d

of the edges in Ay to connect a spin in O;(G-) to another in 0;(G4), we get that

Jn,wa a V1,237 62(111‘]»“,)\ —v)
TET

2/(k1) OGO (G2
Pk!,per( ﬂ B )> < wx(0;(G-))wx(0;(Gy))eIx dist(05(G-).0;(G+))

(3.34)
for all k > k,,. Taking the limit superior k¥ — oo and then v — 0, we conclude that

R ar(05(G)enr(05(Gy e B0 )01

H i+ (3.35)

v1,02;]

I ,wa 621/)‘]/\7“’)\

Finally, using again ({3.31]) for the closed sets G_, G4 and using our assumption (|1.43]),
we deduce Property O

O]

4 Phase co-existence in the box model

In this section, we derive Theorems and as consequences of Theorem

Our convergence assumption describes four possible behaviors for f, and the limit-
ing f (discrete vs. continuous and hard-core vs. soft-core). Our proofs will be stream-
lined to apply uniformly to all these cases, as much as possible. In the discrete case, for
convenience in using the convergence assumption, we extend f, from S, = Y4710, 00)
to [0,00) by a linear interpolation.

Throughout the section we fix 8 > 0 and 0 < a < amax such that the mean-field
free energy ¢, (see ) is non-convex, as in the assumption of Theorem The
coupling constant Js > 0 and the dimension d > 2 are also held fixed.
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4.1 Deduction of Theorems [1.3 and [1.4l

Translating to the (J, w)-spin model language Let 0 <~ < 1. To apply The-
orem we recall from Section the expression of the box model as a continuous
family (J),,wx) of (J,w)-spin models, indexed by the chemical potential A € R:

1 _
Dy = 5287 I (4.1)
dwy, (p) = e ) du, (p), (4.2)

where the reference measure v, was defined after (1.17) and we introduced the short-
hand

63(p) 1= ~Ap — 507+ £(p). (4.3)

Our assumptions imply that wy ,(R) € (0,00) for sufficiently small v as required
for (Jx~,wx) to be a continuous family of (J,w)-spin models with respect to X\. The
next lemma makes this precise, and also, in the soft-core case, clarifies that f, must
increase quadratically at infinity.

Lemma 4.1. There exists yg > 0 such that wy~(R) € (0,00) for all 0 < v < 749 and
X € R. In addition, for each o € (0, imax) there exists Yo, > 0 and pa, € [0,00) such

that f(p) > 500p* for p > pag and 0 < v < ya,-

Proof. The uniform convergence statements (hard-core case) and (soft-
core case) imply that if + is sufficiently small, then f, < oo on a subset of .S, of positive
vy-measure, so that wy (R) > 0.

In the hard-core case, f,(p) = oo for p > pmax so that the quadratic lower bound
on f, holds trivially. In the soft-core case, for each ag € (0, dmax), for the quadratic
lower bound to fail there need to exist sequences v, | 0 and p,, T oo on which f,, (pn) <
%aop,%. However, as ag < amax, this contradicts .

The quadratic growth at infinity implies that f[pl,oo) e ox4(p) dv, < oo for some
p1 < oo and all sufficiently small 7. To conclude that wy 5(R) < oo for small v and

A € R, it then suffices that inf pe[o o] f(p) > —oo for small 4. In the soft core case,
this follows directly from In the hard-core case, it follows from (| , -

and (T21).

The family (J ,wy ) is a continuous family of (J,w)- spin models with respect to
A € R, for any fixed values of 3,7, in the sense of Section [ This follows from the
continuity of ¢, in A and the dominated convergence theorem (using Lemma .

Applying Theorem In the hard-core case, set, in addition to (|1.27)),

f(p) :=00 for p> pep. (4.4)

With this extension, the domain of the function ¢, also extends to [0, 00), for all A,
via its definition (|1.25)). We point out for later use that

®x 1 [0,00) = (—00, 00] is continuous except possibly at pep. (4.5)

23



We proceed with the notation A, ps —, p«0, p«,+ as introduced before Theorem
Define

1= . 4.6
m pen[})lgo)@() (4.6)

noting that it is necessarily finite.
Remark 4.2. By Theorem —my is equal to the Gates—Penrose mean-field pressure.
The following proposition verifies the assumption needed to apply Theorem

Proposition 4.3. There exist k,50 > 0 and 0 < vo < 1 such that the following holds.
Let 0 € (0,0p). Define Ay(9) := A\ = k0 and the closed sets

(5) <(ﬁ N[, ms +6]) N[0, pup), (47

+(6) (I, ma + 6]) N (ps0, +00)) UT(S),

where 1(5) := 0 in either the soft-core case, or in the hard-core case when ¢y, (pep) >
My, and where I(8) := [pep, pep + 9] in the hard-core case when ¢y, (pep) = M.

Then, for each 0 < ~v < =y, Assumption [ is satisfied for the continuous fam-
ily (Inrys War)aeir_(8),048)] Of (J,w)-spin models and the sets G+(0), with parameters
01(0,7),02(9,7), 03(5 7) whzch tend to zero as y | 0.

Remark 4.4. The interval I1(4), added in the hard-core case when ¢y, (pep) = M, is
required for the proposition to hold since it is possible, when ¢y, (pcp) = my, that
the measure w) , concentrates its mass at densities p > p¢p, which, in the absence of
1(0), would violate of Assumption |1l We note, however, that the precise choice
of I(9) is unimportant and the proposition remains true (with the same proof) with

1(6) = [pvapCp + f(9)] for any f(5) >0
We now deduce Theorem [I.4] from Proposition noting that Theorem [T.4] imme-
diately implies Theorem

Proof of Theorem|[1.4 Let r,5p > 0 and 0 < 79 < 1 be as in Proposition and
recall the notation c(e,d) from Theorem Fix two strictly decreasing sequences
(5n)n21 C (0,50) and (en)nZI C (0, 1/2) such that lim, . 6, = lim, o0 €, = 0. By
Proposition for each n > 1, there exists 0 < 7y, < 79 such that

sup max 0;(0p,7) < c(en, d). (4.8)
0<v<Yn 1<¢<3

Without loss of generality, we may take (7,)n,>1 to be strictly decreasing to 0.
We now specify a function A, : (0,71) — R satisfying the requirements of Theo-

rem as follows. Since (y,)n>1 is strictly decreasing to 0, for each 0 < v < 71,

there exists a unique n(7y) > 1 such that v € [Vp(y)41, Tn(y)). Using (4.8), we let Ac(7)
be given by Theorem i.e., such that A\.(7) € (A — Kdy(y), As + KOp(y)) and the
(Sxe(9),7 Wrc(7),7)-sPin model admits two distinct translation-invariant Gibbs measures

Pi (1 satisfying

Pi(ym(no € G+ (0p(y))) = 1 — €y (4.9)

We now verify that the function A, chosen above satisfies the requirements of Theo-
rem Property ([1.29) follows from the construction Ac(7y) € (Ax—Kdp(y)s Ax+Kdp(q)),
the monotone convergence of (d,),>1 to 0, and the monotonicity of n(y) in . For
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Property (1.30), let U C R be an open set containing M. By the continuity of
®a,, there exists o0y > 0 such that, for all 0 < 6 < 0y, G_(6) C U N[0, pso) and
G+(0) CUN (ps0,00). By (4.9), for all small enough v > 0,

P;C(W)W(TIO € UN|0,ps0)) = ]P;C(V)W(UO € G—(én('y))) 21— €n(y), (4.10)
P;\FC(W)N(UQ elUnN (,0*70,00)) > Pi—c(,y)ﬁ(no S G+(5n(,y))) >1- €n(y)- (4.11)
Now, (1.30) follows by taking v | 0 in (4.10) and (4.11), and using the monotone
convergence of (€,),>1 to 0 and again the monotonicity of n(y) in 7. O

4.2 Verifying Assumption

In this section, we deduce Proposition from the next proposition, which will itself
be established in Section The normalized measures @) , are defined as in (1.41]).

Proposition 4.5. For all non-empty Borel B C [0, 00) such that inf,cp f(p) < oo and
all compact K C R,

lim sup sup {’yd logy~(B) + 8 | inf ¢r(p) — inf (b)\(p)] } <0, (4.12)
710 AeK peB p€[0,00)

with B denoting the closure of B.

Lemma 4.6. There exists pr < oo such that

it > my + 1. "
AG[A*I—HLA*H] oa(p) 2 ms + (4.13)

pE[pT,00)

Proof. In the hard-core case, f(p) = oo when p > po, by (4.4), so we may take
any pr € (pep,00). In the soft-core case, the claim follows from the quadratic lower

bound (|1.24)), the fact that o < amax and the definition (|1.25) of ¢. O
Deduction of Proposition[{.3. Fix

. 1 in the soft-core case,
0< 8y < mln{¢)\* (p*,()) — M, } or the hard-core case with ¢y, (pcp) = M
min{oy, (px,0) — M, 1, ¢, (pep) — ms}  hard-core case with ¢y, (pep) > M
(4.14)
arbitrarily. Fix the 0 < 50 < 1 of Lemma [t.1} Fix 0 < s < min{1, ;——} for the pr

of Lemma [4.61

Let 6 € (0,00). We first note that the sets G4(d) are closed. Recall that ¢, is
continuous in the soft-core case, and is continuous on [0, pep| (allowing it to be infinite
at pcp) and is infinite on (pep, 00) in the hard-core case. Thus, as my + 0 < @y, (pP«0),
we have that G_(0) = qb;*l([m*,m* +6]) N[0, ps0 — € and G (0) = ((b;*l([m*,m* +
d]) N [px,0 + €,00)) UI(0) for some € > 0, whence G+ (9) are closed (noting that I(6) is
closed).

Fix K := [\« — k0, A\« + kd]. Proposition implies that for any set B as in the
proposition, there exists a function eg : (0,7] — [0, 00) satisfying lim, oep(y) = 0
such that

oro(B) < expfr (ea) = 8 [ onlo) -~ int_ar(o)| )} por 255, (419

pEB p€E[0,00
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We start with ((1.43) of Assumption |1, We apply (4.15) with B = G1(J), noting
that inf,cq, (5) f(p) < oo by the definition of G+(d) and m.. We obtain, for each
A€ K and 0 < v < v,

e 3 SO DO @y (G- (8)an (G4 ()2

1 ) 1 _
< oxp { =5 (G- 620 + 77 (ea_(0) + e,

-8 Leinf oa(p) + inf (dx(p) =2 inf )qfu(p))D} (4.16)

G_(9) pEG (%) p€(0,
1 11 .
< eXp{—QV d [QJQ/B dist(G— (), G1(0))* — ec_5)(7) — €c. (o) (7)] }

Since G_(0) and G4 (0) are closed and disjoint we have that dist(G_(0),G+(d)) > 0.
Therefore,

lim sup e~ 240 BUE= OGO (5, (G (8))a(G1(8)))/2 = 0. (4.17)
0 \eK

We continue with ([1.42]) of Assumption We apply (4.15) with B = (G_(0) U
G4(0))¢, noting that inf,cp f(p) < oo since p,o € B and, in the hard-core case,
Px,0 < Ps+ < pcp- We obtain, for each A € K and 0 < v < 7y,

x5 ((G-(0) UG1(9)))

< eXp{W_d <€(G_(5)UG+(6))C('Y) =B | ___inf  ¢\(p)— inf ¢A(P)D }
(

pe(G_(8)UG, () p€[0,00)

Now, for each A € K, on the one hand,

pei[l(f)lio) PA(p) < OA(Ps4) < M + KOs . (4.19)
On the other hand, recalling the definition of G () from (4.7)) and applying Lemma
using the fact that K C [\, — 1, \x + 1] (since ,6 < 1),

it > M + 6 — kpr = M + (1 = Kp7)0. 4.20
pe (G (B)UG (8)° Oa(p) 2 My + 8 — wOpr = ms + (1 — kpr) (4.20)

Moreover, we claim that

e oA(p) = inf o (p). 4.21
pe(G-(8)UG+(8))° o) pE(G_(8)UGL (8))¢ A(P) ( )

This is clear in the soft-core case since ¢} is continuous. It follows in the hard-core case
when ¢y, (pcp) > my, since in this case pe, belongs to the open set (G_(0) UG (9))¢ by
the definition of G4 (d) from and our choice of §, whence the boundary 9(G_(§)U
G4 (8)) consists only of continuity points of ¢ by (4.F)). It also follows in the hard-core
case when ¢y, (pep) = my since a neighborhood of pcp is contained in G (6) by the
definition (making use of I(9)), so again the boundary 9(G_(6) UG4()) consists

only of continuity points of ¢y by (4.5). Therefore, since x < et

AEK\ pe(G-(5)UG+ ()" pel0,00)

inf < inf or(p) — inf QS,\(p)) > 0. (4.22)

26



Together with (4.18)), this implies

lim sup @y »((G-(8) UG(5))°) = 0. (4.23)
O xeK

Lastly, we check ([1.44) of Assumption |1} Let # € {—,+}. We apply (4.15) with
B = G4(0)¢, noting that inf,ep f(p) < oo as, again, p,o € B. We obtain, for each

0< v S Y0,
Wiy (G4(6)%) < eXP{V_d (60#(5)4% - B Lecig(é)c Pay(p) — pei[ggo) Py (P)]) }
(4.24)

where we recall that Ay () = A, £ k0. Now, on the one hand,

inf > inf + inf (—(Ax —A)p) > me — (Ax — A)peo, (4.25
peglﬂ&)dui(p)_pegl;(é)cbx*(p) pe}i(a)( (A+ = A)p) = M — (Ax — A)ps, (4.25)

which, using that

GL(0)° = G (6)°UdGL(6) = G=(5) U(G_(0) UG+ (0)) (4.26)

and using (4.21)) and (4.20)), implies that

inf _ ¢n, (p) = mu +min{—(Ag — A)ps0, (1 — kpr)d}

PEG#(6)°
) mu+min{kp.0,1 - Kpr}d  FHF=— (4.27)
My + min{—kps 0,1 — kpp}d # =+
On the other hand,
. My + KOps—  F# = —
inf < « =My — (At — M) Pt = ’ . (4.28
ot Dy (p) < Oxy(Pat) (Ag )P 4 {m* S (4.28)
Therefore, using that p, — < p.«o < ps+ and using again that x < o +1+ o
inf ¢y, (p)— inf ¢y, (p) > 0. 4.29
0= R 6r.(0) (4.29)
Together with (4.24]), this implies
1’31101@,\#77(6’#(5)0) =0. (4.30)
The proposition follows from (4.17)), (4.23) and (4.30)). O

4.3 Technical lemmas

We will deduce Proposition 4.5 and Theorem [1.2] from the two technical lemmas intro-
duced in this section. Recall that, in the discrete case, we extended f, to [0,00) by a
linear interpolation.
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Lemma 4.7. For any compact K C R and non-empty, Borel B C [0,00) such that
infpeB f(p) < OO,

lim sup sup {fyd logwy ,(B) + 3 infqﬁ)\(p)} <0 (4.31)
10 AeK peB

Claim 4.7.1. For all non-empty, bounded Borel B C [0, 00) such that inf,cp f(p) < oo
and all compact K C R,

liminf inf 4 inf — inf > 0. 4.32
im inf inf { inf Pr~(p) ;EB@(P)} > (4.32)

Proof. Suppose, to obtain a contradiction, that the claim does not hold. Therefore,
there exist € > 0 and sequences (v;) C (0,1], (A;) C K, and (p;) C B, with v; | 0,
such that ¢, ,(p;) < oo and

d))\j,’yj (p]) < 1I1£ ¢Aj (p) — € (433)
peB

for all j. By compactness, we may further assume that \; = Ao € K and p; — poo €
B. To obtain a contradiction, it suffices to show that

h}gg)lf ¢>\jﬂj (Pj) = Pase (Poo) (4.34)

using that lim;oc inf 5 ¢x;(p) = inf 5 édr.(p) by the boundedness of B and the
continuity of ¢y. In the soft-core case, (4.34]) follows from (1.22)). In the hard-core

case, ({4.34]) follows from ((1.19)) if po < pep, follows from (1.20]) (and (1.27)) if poo = pep,
and follows from (1.21)) if pos > pep- O

Claim 4.7.2. For any compact K C R,

lim limsup sup {'yd log wy ~([p1, oo))} = —o0. (4.35)
P10 410 NeK

Proof. Fix ap € (at, tmax). Lemma[4.1]shows that there exist ya, > 0 and pa, € [0, 00)
such that f,(p) > %aopQ for p > po, and 0 < v < ,,. Therefore, for all A € K, and
taking 0 < v < 74, sufficiently small and p; > p,, sufficiently large, it holds that

/ =B %24 (0) dv, (p) < / o874 (—pmin K+ (ao—a)p?) dv (p)
[p1,00) [p1,00)

< / e B (pt1) dvy (p) < efﬁ'y‘dpl,/v([pl, p1+1)) Z e Bk < =B
[p1,00) k=1
(4.36)

where the second inequality uses that —pmin K + %(ao —a)p? > p+1 for sufficiently
large p, the third inequality uses the monotonicity of the integrand and the 1-periodicity
of v, and the final inequality uses that 7 is sufficiently small and the definition of v,.
The claim follows. O
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Proof of Lemmal[{.7 Let K C R be compact and B C [0, 00) be non-empty and Borel,

satisfying that inf,cp f(p) < co. To prove (4.31)), we first use Claim to find p; > 0
such that

lim sup sup { ¢ log/ e~ P12 (p) dv, (p) p < =B sup inf ¢y(p). (4.37)
~0  NeK [p1,00) MeK peEB

Let By := BN0,p1] and By := BN (p1,00). Splitting wy (B) = wx(B1) + wx(B2)
and using the elementary inequality log(a + b) < log2 + max {loga,logb}, we bound

the LHS of (4.31)) by

lim sup sup {vd log 2 + max {log wy  (B1), log wa~(Ba)} + 8 inf m@)}
vl0  AeK pEB

= max {lim sup sup {Vd logwy (B1) + B inf. ¢A(P)} : (4.38)
0 ek peB

70 AeK pEB

lim sup sup {fyd logwn(Bs) + 8 inf 61 (p) }} -
On the one hand, using Claim and that inf,cp, dx(p) > inf e dr~(p),

lim sup sup {’yd logwy ,(B1) + B inf ¢)\(P)}

B
70 AeK pE (4.30)
<1i 4] By) — Bliminf inf q inf — inf <0.
< limsup 7 log vy(B1) — B im inf inf { inf Pr~(P) inf ¢A(p)} <
On the other hand, using (4.37)),
lim sup sup {’Yd logwy(B2) + B inf d’A(P)}
0 XeK peB
(4.40)
< limsup sup < v¢ log/ e P17 0x4 () dvy (p) ¢ + B sup inf ¢y(p) <O0.
0 AeK [p1,00) AeK pEB
Combining (1:38), (39), and (@EA0), we get (I31). 0
Lemma 4.8. For any compact K C R,
liminf inf inf § ———— log ELP" inf >0 4.41
iminf inf inf {’Y_d| Ag] 850 + 5,361[300) ¢A(p)} >0, (4.41)
where we introduced the shorthand V¥ y := ¥y, | w, -
Claim 4.8.1. For any compact K C R,
limlimsup sup  inf sup  day(p) — inf oa(p) p <0. (4.42)
€40 0  AeK po€[0,00) PEI[po,po+E] p€[0,00)
Proof. Let € > 0. In the soft-core case, choose p; < oo such that
inf ¢x(p) = inf ¢r(p) forall A e K. (4.43)
p€[0,p1] p€[0,00)
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This is possible since K is bounded and using the quadratic growth (1.24)) of f, together
with our choice o < amax (and the definition (1.25]) of ¢,). In the hard-core case, choose
p1 < pep such that

sup{ inf ¢r(p) — inf }qu(p)} <e. (4.44)

Aek L pel0,p1] PE[0,pcp

This is possible since K is bounded and as f is continuous on [0, pep) (at pep, we mean

this in the generalized sense ([1.27) if f(pcp) = 00).
As ¢, is continuous, for each A € K, there exists pg(A) € [0, p1] such that ¢ (po(N)) =

inf ,c(0,p,] #A(p). Then, for all small enough &, v > 0,

sup inf { sup  Pay(p) — inf a(p )}

AeK Po€[0:00) | pepo,po+¢] PE[0,00)
< sup sup dan(p) — inf da(p)

XeK | p€lpo(N),p0(N)+E] PE[0,00)

(4.45)

< sup sup oa(p) — inf da(p) p +e

AeK | p€lpo(N),p0(A)+¢] PE[0,00)
< sup {on(on(0) = int on(o) | + 2

AeK p€[0,00)
< 3¢,

where we used the uniform convergence assumption (1.19)) (hard-core case) or (1.22))
(soft-core case) in the second inequality, the uniform continuity of (X, p) — ¢x(p) on

K x [0, p1 +¢] in the third, and the definition of pg(\) and p; in the last. The proof is
complete after taking v ] 0, £ 1 0, and € | 0. [

Proof of Lemmal[{.8 To prove (4.41]), we bound, using ([1.37)),
1
inf ———log Ef’ser > sup { —dJ), diam(S)* + logwy () } . (4.46)
2 ’ S

Let £ > 0. By restricting to sets S of the form [pg, po +&], where pg € [0, 00), we bound
the LHS of (4.41)) below by

_d 2, .d
hr’rylilonfigépozl[i)poo){ YdINAE7 + logwAﬁ(S)+ﬂp€1[nf oa(p )} )
4
= ——BdJ&* + liminf inf su HNog wy -(S) + inf }

5 5&? ni Aeroe[Op ){7 gwxy(5) BPE[OOO o (p)

where S is the shorthand for [pg, po + &]. Thus, it suffices to show that

limliminf inf sup < ~¢ log/ e~ P00 (0) gy p)+ B inf oy > 0.
€0 0 AEK 5c(0,00) { [00,p0+€] 7 ( ) p€[0,00) ( )
(4.48)
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We bound

sup {fyd log/ 6*5’7_‘1(1»\,7(9) dV'y (P) + ,8 inf (Z))\(p)}
po€[0,00) [Po,p0+E] p€l0,00)

> sup {loguy([po,po+ &) — B  sup  éas(p)+ B inf ¢r(p)
po€[0,00) pE[po,po+E] p€[0,00)

inf {7 1oguy (oo, po +€)} — B inf { sup  dan(p) — inf ¢A<p>}.

o pOG[O,oo) poG[O,oo) pe[p(),pOJrﬂ pE[O,oo)
Since
liminf inf { 4og v , Po + }:O, 4.50
ninf inf 7 logws([po, po +€)) (4.50)
we deduce (4.41)) using Claim [4.8.1] O]

4.4 Deduction of Proposition from Lemma [4.7] and
Lemma 4.8

Let K C R be compact and B C [0,00) be non-empty and Borel, satisfying that

infpe f(p) < o0. By (LAT),
7" log @x(B) = v*logwx(B) = 7", (4.51)
so the LHS of (4.12)) is bounded above by
lim sup sup {vd logwy ~(B) + B inf ¢>\(P)}

A B
710 eK pe (452)

+ lim sup sup {—vdd))\ﬁ — [ inf gb,\(p)} )

v10  AeK p€[0,00)

The proposition now follows from Lemmas |4.7|and 4.8|and the definition (1.35) of 1y .

4.5 Proof of Theorem 1.2
Let A € R. By Lemma [4.§

lim inf

1 L
——log =P inf > 0. 4.53
L’ﬁ(o)o {’Y_d|AL‘ 0og Ay + 611’p1 ¢)\(p)} - ( )

For an upper bound, we use the trivial bound H i 7(77) > 0 in ([1.34) to obtain

1
supy ———
L>1 {vdIALI

Applying Lemma with B = [0, 00), we get that

log zf;gef} < logwy ~ ([0, 00)). (4.54)

1
lim sup {—d log Ef’f;er + Binf gb,\(p)} < limsup {7‘1 logwy (B) + Binf ¢)\(p)} <0.
L V7 (Al ’ p 710 P
gt

(4.55)

The theorem follows from (4.53)) and (4.55)).
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A Convergence assumptions for particle systems

The convergence assumptions in Section [1.2.2] are satisfied for systems of particles
interacting via well-behaved pair potentials. These results were proved by Ruelle [32]
33], and are recalled in this appendix.
Consider a continuum particle system in the box [0,7~!]¢, interacting via the Hamil-
tonian
H(zy, - an) =Y ¢lai — ) (A.1)
1<)
where ¢ is an even function of R?. We say that ¢ is stable [33, Definition 3.2.1] if there
exists B > 0 such that
H(zy,---,zny) > —NB (A.2)

and tempered [33, (1.12)] if

o(z) < Alz|™ for |z| > Ry (A.3)
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for some A > d and A, Ry > 0. Let f,(p) denote the canonical free energy

1 1
dy . —BH Sy
(8 is the inverse temperature, which we consider fixed, and so do not make it explicit
in the notation.)

Theorem A.1l. ([33] Theorem 3.4.4]): If the potential is stable and tempered, then
there exists pep, € [0,00] and a convex (and thus continuous) function f : [0, pep) — R
such that, for all p > 0 and any p, such that py, — p, the following hold. If p < pep

lim f5(py) = f(p) (A.5)
0
if p=pep
lim inf f, (py) > lim f(p) (A.6)
740 pTpcp
and if p > pep then
lim £, (py) = o0. (A.7)
740

The limit in (A.5)) is actually uniform, as mentioned (in a slightly different context)
in [33, Remark 3.3.13]. We give the argument here for the sake of completeness.

Corollary A.2. The limit in is uniform.

Proof. Suppose the limit were not uniform, then there would be € > 0 and a sequence
v — 0 such that |fy,(n,) — f(p)| = €. This contradicts Theorem since it applies
to any p, and in particular to n.,. O

As we will see below, these results allow us to prove assumptions 1(a), 1(b), 1(c),
and 2(a) of Section To obtain assumption 2(b), we will need to impose a stronger
stability condition. The potential is said to be superstable if [33], Section 3.2.9]

H(x1, - ,xy) > N(CNy? - D) (A.8)
for some C' > 0 and D > 0. (Note that superstability trivially implies stability.)

Lemma A.3. If the potential is superstable, then
1
fx(p) = p <p0 -D+ B(logp - 1)) - (A.9)

Proof. Plugging (A.8) into (A.4)), we find

NoBy s b TN N2y sND A10
fr(Ny%) = a8 Ny e (A.10)

and we conclude using N! > NVNe=N, O
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Superstability will thus allow us to ensure assumption 2(b) of Section How-
ever, the condition is not very explicit. Ruelle derived [32] a more elementary
condition on the potential that implies superstability. Since in [32], this condition is
formulated only in three dimensions, and is not separated clearly from the rest of the
discussion, we state Ruelle’s result here and give a proof, following Ruelle’s original.

Ruelle proved [32] that, if ¢ is superstable, then f, grows at least quadratically at
infinity. This result is not written explicitly in [32] as a theorem, so we reproduce its
proof here.

Lemma A.4. ([32]) If ¢(z) = ¢o(x) where ¢o is continuous, Lebesgue-integrable,
[ ¢o(x)dz > 0 and the Fourier transform of ¢y is non-negative, then ¢ is superstable
for sufficiently small ~.

Proof. We bound

1 N
H(z1,- - on) = ;%(@ —aj) =5 Zj: do(wi — ;) = —-60(0). (A.11)
Now, the Fourier transform of ¢q is defined as
. 1 .
oo(k) = 7 /d:r ek po () (A.12)
(2m)’

in terms of which

d
2

Z¢O($i —zj) = !
i (

/ dk do(k) > eltmimmalk, (A.13)
27T) ij

Now, given any unit vector u, >, j eP(@i=2;)u ig entire in p, and it is real, so, expanding
the exponential will only yield the even terms:

ip(zi—zi)u — (—=1)p™ n
S girtern 3 (;m (1 — 2;)u)? (A.14)
i, n=0 ) i,j

and since |z; — x;| < 7'V,

» : 9] p2(2n—1) 1\/» 2(2n-1)
ip(x;—;)u > 1— - n— —
PIC -~ nzl an—mi VY

A.15
cosh (w_lp\/c?> — cos (7_11)\/&) ( )

=N?[1-

2
Defining
cosh (p\/g) — cos (pﬂ)

f(p) ==max< 0, | 1— 5 (A.16)

we thus have 4
Zezlg(wi_zj)“ > N2f(y1p). (A.17)

/[:7j
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Plugging this into (A.13)) we have, recalling that ¢g > 0

2
o 2 ~1) —
§j3¢o Ry / dk do(k) f (' K])

2

ﬂm / Ak do(vk) F(K]). (A.18)

Note that f has compact support and ¢30 is bounded (since ¢q is integrable) so, by the
dominated convergence theorem,

tim [ dk ook £(K) = G0(0) [ i f(1H]) (A19)
and so, for any A < ¢o(0) J dk f(|k]), there exists vy such that, if v > ~, then
[ akéoibf(al) > (4.20)
Putting all this together, we find that
Hizn e on) > — 4 N0, (A21)
2y-d(2m): 2

In summary, H is superstable with D = max{0,3¢(0)} and C can be chosen
arbitrarily close to (27r 75(;50 ) J dk f(|k|) (at the expense of making y smaller). [

We now have all the ingredients to easily prove the following proposition.

Proposition A.5. If the potential is superstable and tempered, then the conditions of
Section are satisfied.

Proof. Conditions 1(a), and 2(a) follow immediately from and Corollary
Condition 1(b) follows from (A.6]). Condition 2(b) an immediate consequence of Lemma
We are left with condition 1(c).

Suppose the potential has a hard-core: ¢(z) = oo for |z| < R. The existence of
Pmax is then obvious. Now, f, is continuous, as it is obtained from the discrete function
f(N~?) using a linear interpolation, so the infimum of f,(p) over p € [p1, pmax) is
reached, say at py. Condition 1(c) then follows from (A.7]). O

Finally, using Lemma [A4] we can find many examples of superstable, tempered
potentials, and thus find particle models that satisfy the conditions of Section [1.2.2

Proposition A.6. [32, Appendix| The following potentials are superstable and tem-
pered:

e In any dimension, ¢p(x) = 0, ¢ is compactly supported, and ¢(x) > a > 0 in the
vicinity of the origin.

e In three dimensions, the Lennard—Jones potential: ¢(z) = 4e((R/|z|)12—(R/|z|)%).

e In three dimensions, the Morse potential: ¢(z) = e(e=2UzI=F) _ ge=allz|=R)) fo
R > 16.

It is proved in [32] that these potentials are superstable (the first bullet point is
only stated in three dimensions, but its proof extends trivially to arbitrary dimensions).
The fact that they are tempered is obvious.
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B Continuity results

We prove here a useful continuity property of Gibbs measures of the (J,w)-spin mod-
els, used in the proof of Theorem namely that any (subsequential) limit of these
measures in distribution along a convergent sequence ((J;,w;));>1, (Jj,w;) = (J,w),
is a Gibbs measure of the (J,w)-spin model. We note that a result of a similar flavor
is proven in [19, Theorem 4.17], although it does not apply directly to our situation.

Proposition B.1. Let J;,J > 0, and wj,w, j > 1, be Borel measures on R" with
finite, positive total measure. Suppose that J; — J and wj — w in the sense of .
For each j, let P; be a Gibbs measures of the (J;,wj)-spin model, and suppose that
(Pj)j>1 converges in distribution to P. Then, P is a Gibbs measure of the (J,w)-spin
model.

To prove Proposition it is necessary to make the notion of prescribed boundary
conditions, alluded to after , more explicit. Given a finite, non-empty A C Z¢
and a configuration 7 : A — R", the set of configurations with prescribed boundary
conditions 7 is

N = {nzzd—nR" | 9y = 7, for allveAC}, (B.1)
the corresponding finite-volume Hamiltonian H f;’T :OMT 5 R s defined by

A7
Hy™():=J > e —mal? (B.2)
{00 }NA£D
and the corresponding finite-volume Gibbs measure is the probability measure IP’/}L: on
QM7 given by

AT
Py (dn) = —_y-e O T w(dn,) (B.3)
‘—‘Jw vEA

where Hg’ is the normalization constant which makes IP’ " into a probability measure.
We start by making the following observation.

Lemma B.2. Let A C Z¢ be finite and f : Q — R be bounded and continuous. Then,
A,T . . . . .
E;, [f] is continuous respectively in (J,w) and in 7.

Proof. Recall the normalization @ of w from ([3.9). Write

ESI = =55 [ [T @tdn,)e H3T0) £ (), (B.4)
‘_‘Jw vEA
AT AT
E/}’w = /H w(dn,)e (), (B.5)
veEA

The continuity of E{}:[ f] in 7 follows from the bounded convergence theorem and the

continuity of H(/]\’T and f in 7. For the continuity of El}; [f] in (J,w), we rely on the
following elementary observation: given 0 < a < b, there exists a constant C' > 0 such
that for all z,y € [a,b] and t > 0, —e W < Clz—y|. Let ((Jj,wj));>1 be a
sequence converging to (J,w) as j — oco. We write

=50, = [ Matan o577 =m0 [T oyane 570, @)

vEA vEA
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We bound the first integral as follows. Recalling the form (1.32]) of the Hamiltonian
and using that the sequence (J;);>1 is necessarily bounded, we deduce using the earlier
observation that there exists a constant C' > 0 such that

jexp{~H}7 ()} — exp{~H} () }| < C1J; - I, (B.7)

so the first integral of is bounded in modulus by C|J; — J|, which vanishes as
7 — oo. For the second integral of , we note that w; — @ in distribution implies
the convergence in distribution of the corresponding product measures [3, Theorem
2.8]: [l,ean@j — Il,ea @ By the continuity and non-negativity of the Hamiltonian,

=A,7
=

we conclude that the second integral converges to =’ as j — oo. Having thus shown

the continuity of E/J\(: in (J,w), we note that the same argument applies to the integral

in (B.4), which corrfpletes the proof. O
We now deduce Proposition

Proof of Proposition[B.1l Our goal is to prove that P verifies the DLR condition [19,
Definition 2.9] with the Gibbsian specifications of the (J,w)-spin model. By [13, Chap-
ter 3, Proposition 4.6(b)], it suffices to show that, for all finite A C Z? and bounded,
continuous f : Q — R,

E[f | nae] = B30 1), (B.8)

which is, in turn, verified if for all bounded, continuous, and .%.-measurable g :  — R,
Anpc

Elg - E[f | nac]] = Elg - E; " [£]]- (B.9)

As g is Fpc-measurable, the LHS of reduces to E[f - g]. In the meantime, we
write the RHS of as

Elg - EY[f]] = (Elg - E)I (7] - Eslg - B3 [4]])

(B.10)
Anac Anac Anpc
+Eylg - B0 1 =By 0 D]+ Eylg - B0 (£,
where the last term further reduces to
Ampe
Eylg - B [f]) = Eslg - B[ | nacl] = Ey1f - gl (B.11)

By Lemma the first two terms on the RHS of (B.10) both vanish as j — oo, so
. Anpc
Bly BIf |l = BIf gl = T Blf g = Elg B} (Ba2)

as required. O
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