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Abstract

We derive diffusive macroscopic equations for the particle and energy density of a system whose
time evolution is described by a kinetic equation for the one particle position and velocity function
f(r,v,t) that consists of a part that conserves energy and momentum such as the Boltzmann equa-
tion and an external randomization of the particle velocity directions that breaks the momentum
conservation. Rescaling space and time by € and €2 respectively and carrying out a Hilbert expan-
sion in € around a local equilibrium Maxwellian yields coupled diffusion equations with specified
Onsager coefficients for the particle and energy density. Our analysis includes a system of hard

disks at intermediate densities by using the Enskog equation for the collision kernel.
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I. INTRODUCTION

The derivation of macroscopic equations such as the Navier-Stokes equations or the dif-
fusion equation from the microscopic Hamiltonian dynamics governing the motion of the
atomic constituents of matter is one of the central problems of nonequilibrium statistical
mechanics [1].This is a very difficult problem whose full solution is currently out of sight.
An intermediate step is the derivation of macroscopic equations from kinetic equations, such
as the Boltzmann equation for gases, which describe the time evolution of the one particle
distribution function f(r,v,t) in the one particle position and velocity space, c.f.[2]. These
nonlinear equations have local conservation laws arising from the microscopic dynamics, cor-
responding to particle, momentum and (kinetic) energy densities. These conserved quantities
evolve on a suitable coarse grained space-time scales according to macroscopic equations.
The actual mathematical derivation for all the conserved fields is a daunting task which is
far from complete even for this model mesoscopic evolution [3]. It is therefore of interest
to study simplified model systems where the transition from mesoscopic kinetic equations
to macroscopic equations can be carried out more explicitely. We hope that these methods
will enable us to derive also more general macroscopic equations such as the compressible

Navier-Stokes equation from the Boltzmann equation.

In this note we study a model kinetic system in which there are only two conserved
quantities: the particle and energy densities. We eliminate momentum conservation by con-
sidering situations in which the particles undergo, in addition to interparticle collisions, also
collisions which do not conserve momentum, e.g. collisions with a substrate of randomly
fixed scatterers. This happens for instance when particles move in a porous medium where
they exchange momentum with fixed obstacles or when modeling the diffusion of electrons
in a metal [4]. We then use diffusive space time scaling to derive coupled macroscopic dif-
fusion equations for the particle and energy densities in two dimensions for different models
of inter-particle collisions: BGK, Boltzmann and Enskog. The 3d case will be considered in
a separate paper [5]. We will use these 2d results to compare the transport coefficients ob-
tained from Enskog equation with the results of molecular dynamic simulations of hard discs
evolving according to Hamiltonian dynamics plus virtual collisions, in a rectangular domain
in which the top and bottom walls are kept at different temperatures [6]. Fluctuations in

the nonequilibrium stationary state of that system will be compared with the predictions of
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macroscopic fluctuation theory (MFT) [7].

II. THE GENERAL SCHEME

Let f(r,v,t) represent the density at time t of particles at a position r of a periodic torus
A, r € A C R, with a vector velocity v € IR?. The distribution f is assumed to satisfy an

equation of the form,

Ohf+v-Vf=Qc(f)+aQp(f) =Q(f) (1)

where the nonlinear term Q¢ ( f) represents the time variation of f due to particle interactions
e.g. the Boltzmann collision term[2], and the linear term Qp(f) represents collisions with
a background. Qc(f) satisfies the basic conservation laws of the underlying microscopic
dynamics, i.e. the density, momentum and the kinetic energy. This is expressed by the
equation

[vowaetn=o v )
where ¢(v) = 1, v and v? respectively. Qp(f) on the other hand only conserve the density
and energy.

Using the diffusive scaling: 7 = €%t and & = er, where the parameter € is the ratio of
some microscopic mean free path to a typical macroscopic length, the rescaled distribution
reads [3]:

g(z,v,7) = fle'r,v, e %7) (3)
and (1) takes the form:

€0-g + ev - Vg = Qc(g) + aQp(9) (4)

We now make a formal e expansion of g:
9=g0+eg+O0(e) (5)

usually called Hilbert expansion [2]. Substituting this into eq. (4) we get order by order in

€ the infinite set of equations:

O(e”) : Q(g0) =0 (6)
O(e) = v-Vgo = Q1(90, 1) (7)
O(€%) = Drgo+v - Vg1 = Qa(g0, 91, 92) (8)

3
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where we have set Q(g) = Q(go) + €Q1(90, 91) + €2Q2(go, g1, g2) + O(€®). The equation for

the collision invariants, ¢(v) = 1 and v?, reads

6287—/d1) o(v)g(x,v,7) + Ezai/dv o(v)vig(z,v,7) =0 (9)
and its first nontrivial order (€?) is:

3T/dv d(v)go(x,v,7) + Z@i/dv o(v)vigr(z,v,7) =0 (10)
which is going to be the key equation for usl. The solution of eq. (6) has the form:

go(x,v,7) = Go(v; Pz, 7)) (11)

with ¢(z,7) = [ dvé(v)g(x,v,7). That is, go depends on = and 7 only through the fields
¢(x, 7). We will then look for a solution of eq.(7) that depends on x only through ¢ and
its gradients: g1(z,v,7) = g1(v; [¢(x, 7)]). Consequently the equation for the invariants (10)
would be a set of closed kinetic equations for ¢(z, 7). Thus, given @), we only need to get

9o, g1 to build the set of diffusive equations through eq. (10) .

III. THE MODEL

Restricting ourselves to two dimensions we shall consider various forms of Q¢ (f): the
Boltzmann (B) collision term, the Bhatnagar-Gross-Krook (BGK) kernel and the Enskog
(E) modified B term. The solution of Q¢(go) = 0 is the Maxwellian

M(vin,u,T) = n p[_w]

v _ n ‘. T 12
5T ex 5T nm(v;a,T) (12)

The background collision term @Qp(f) will have allways the form (in the rescaled vari-

ables):
Qolg) = / di gz, ", 7) — glz,v,7)] (13)

where v” is the velocity after the randomization;
V' =v—2n(v-n) (14)

The collision invariants for Qp are ¢(v) = 1 and v? (it does not conserve momentum).

The solution of the equation Q(go) = 0 is:
go(x,v,7) = M(vin(z,7),0,T(z,7)) (15)

4
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where

/dvg T,0,T) Particle density

oNOYTULT D WN =

9 wi(z,7) =n(z, )" /dv vig(x,v,7) (i =1,2) Hydrodynamic velocity (16)

1
11 T(x,7)=n(z,7)" /dv Q(U —u)?g(z,v,7)  Temperature

14 The relevant fields at the diffusive level are n(z,7) and T'(z, 7). Obviously, when a = 0, we

will recover the Q)¢ invariants. The transition from a nonzero to zero is singular.

19 IV. THE BGK Q¢

22 We first consider the BGK approximation [8]. (¢ is chosen to be a Maxwellian minus

24 the one-particle distribution:

20 BGK (g) = v [M(v; n(w, 7), u(z, 7), T(x, 7)) — g(x, v, 7)) (17)

with v a positive rate constant and n(x,7), u(z,7) and T(z,7) are defined in egs. (16).
31 Then Q(g) = QE“K(g) + Qp(g) and the zeroth term in the e expansion, go(z,v, ), is the

33 Maxwellian 12 with zero @. This implies that u(x, v, T) is of order e:

36 u(z,v,7) = /dv vg(x,v,7) = e/dv vg1(z,v,7) + O(€*) = euy(x,v,7) + O(e?) (18)

Therefore, we should include the expansion of v in € in the maxwellian term of Q5¢K.

40 The € expansion of () then gives the terms:

43 Q(g0) = v[M(v;n(x,7),0,T(x,7))] — go(z,v,7) + a/dv [g0(x, 0", 7) — go(x, v, T)]

vuy(x, T)
T(x,T)

48 + Oé/dv [91(11@,7//77') - gl((L‘,U,T)]

45 QI(QOagl) =V |:M(U;TL(ZL‘,T),0,T<(£,T)) - gl(ZL‘,’U,T):|

51 We substitute these expressions into eqs. (6) and (7) to get the first two terms of the
¢ expansion of g. The first of these equations give us the expected result: go(z,v,7) =
54 M (v;n(z,7),0,T(x,7)). From the second we get the value of g;. We look for solutions of
56 the form:

58 gl(l',U,T) = M(U;n(x,T),O7T($7T))U'A(U)) (19)

60 5
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where A(w) is an unknown vector that is a function of the modulus of v: w = |v|. Substi-

tuting (19) into eq. (7) and using the fact that A(w”) = A(w) we get:

Aw) = 1 {ﬂ _Vn (w_2 _ 1> g} (20)

Observe that g is a function of u;. We substitute eq. (20) and eq. (19) into eq. (18) to find
the value of u;. In fact we just need to know that (v?)g = nT and (v?v?)y = 4nT? where

(o = [dv - go. Finally the value of u; is,

(21)
Substituting (21) into eq. (20) we get

1 |Vn 1 w? vT
Alw) = =522 {7 T T ora ( *2ma (ﬁ - 1)) T] (22)

We can now use eq. (10) to obtain equations for n and T

on(x,7) + Vi (x,7) =0

Or(n(x, 7)T (2, 7)) + Vp(z,7) =0 (23)
with
J(2,7) = ——— [TVn 4 nVT] = ———vP (24)
& T) = 2ma non 27«

T 2 T 2P
Tn(w,7) = —— {TVn VT (1 + ﬁ)] - vP- 2 vT  (25)

o v+ 2ra ye’ v+ 2rx
where we have used (v?v1)q = 24nT? and P(z,7) = n(z,7)T(z,7) for the pressure. Thus
when and only when J,, = 0 (or equivalently ui(x,7) = 0), the pressure is a global constant,
P(z,7) = P. This will happens at equilibrium when T and n are independent of 2 and also
in the stationary state corresponding to a temperature gradient imposed by the boundaries
of the box.
From eqs. (24) and (25) we can get the diffusion constant D and the thermal conductivity

k. They are respectively:
J, = —DVn when T = cte, J, = —kVT when J, =0 (26)

In our case these are:

D=— K= ——" (27)

Page 6 of 26
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Observe that D is proportional to the temperature and that the thermal conductivity is
constant when the pressure is constant. That is, for the stationary state in a box with a
temperature gradient and J, = 0, the temperature profile will be linear for this form of

Qf)-

Finally we are interested in the Onsager’s coefficients [9] defined by

=L — 4+ L — 2
Jn(a:,r) v T + nth ( 8)
—u 1
=L —+ L — 2
Jh(ZE,T) iV T + hth ( 9)

where p is the chemical potential for the underlying local equilibrium state. In our case u

is the one corresponding to an ideal gas:
n
p:TlogT—i-C'T (30)
where C'is a constant. Forming the gradient of /T and comparing terms with eqs. (24)

and (25) we find:

T T2 2nT? 3
Ly, = n_ ; Lnn = Lpn = n_ ) Lpn = n V—i_—m
2T T T V4 21Q

(31)

In the Appendix we derive the kinetic equations and the Onsager coefficients for the
a = 0 case in the BGK approximation. In particular, for the non-convective case (u=0) we

find:
2V (nT?)

(32)

that implies
K= (33)

V. THE BOLTZMANN COLLISION KERNEL

We can now follow the strategy used in the BGK approximation to get the diffusion

equations for the Boltzmann ()¢ for hard disc collisions:

Qelo) = 5 [ di [ dosl(w = ) -l .5, gl ) = glavva gl m)] (34)

where b is the cross section, equal to the hard disk diameter, n = (cos®,sint) is a unit

vector and the integral extends over ¢ € [0,27], v is the velocity of the reference particle

7
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distribution and vy is the velocity of the particle colliding with the reference one, and v’ and
vy are the system velocities after the collision:

UI

v—mn((v—uvy)-n)

~

v + (v — ) - 1)

N~

(%

The solution gy of eq. (6) is still go(z,v,7) = M(n(z,7),0,T(x,7)). The solution of eq.

(7) for g; is discused in Appendix III where we show that the currents are:

Jn = —LVP
2T
T P n_(N)
=-——VP — + — T
I, mv + [Qm + 50 ] \% (35)

where P = nT" and ag) is a coeflicient that depends on the truncation of a known infinite
matrix into a N dimensional one.
The diffusion coefficient and the Onsager’s coefficients L,, and L, are the same as in

the BGK case:

T
D=
2T
P
Lnn - T
2ma
T2
th = Lhn = n_ (36)
yiye%

r and Ly, depend on N. We can get an explicit expression for them for some particular

N values:
o N =2
onT3 o
3 _ 1 37
o { T et bn(wT)l/zl (37)
2nT
(2 _ 38
" 21+ bn(nT)1/? (38)
e N=3
2nT 48 39bn T/
L === 1142 ra T+ S9hn (39)
TQ 2 4872 + 637w/ 2banT + 19b2n2T
1/2
B 3nT 16w + 13bn(7T)Y (40)

7 48ma? + 63ban(wT)Y? 4+ 196*n?T
Other values of N can be studied but the algebraic expressions are much larger and no
relevant information arise from them. Below we will compare numerically all the different

methods and several values of N.
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VI. THE ENSKOG EQUATION FOR INTERMEDIATE DENSITIES

The Boltzmann Q¢ is only valid in the very low density regime. In fact, the local equation
of state is the ideal gas one. The Enskog equation tries to go beyond this limit by introducing

a spatial dependence in the collision kernel Q¢ [10]:

@t =1 [ an /( e () {x($+ D) (o + b, v 1) (2,011
b

— x(z — §ﬁ)f(x, v, t) f(x — bn, va, t)] (41)

where x(z) is proportional to the equilibrium pair correlation function of hard disks at
contact at the local density [11-13].
As before, we introduce the diffusive scaling : 7 = €2t, = er. The scaled equation using

(3) now reads:
€0rg+ev-Vg=Qco+€Qc, +€Qcz +aQp+O(€) (42)
where

ngo = bx(r) /dﬁ/ dvy ((v2 —v) - 1) [g(r, v, 7)g(r, ', ) — g(r,v, 7)g(r, v, T)
(v2—v)-A>0

b2 ) .
Qg,l =-3 /dn/ dvy ((vg —v) - 1) {(g(r, v, 7)g(r, v, T)
(v2—v)-n>0

+ g(?”, v, T)g<r7 V2, T)) (ﬁ ’ VX) + 2X(g(7n7 UI7 T) (ﬁ ’ Vg(?”, Uéa T))
+4(r,0,7) (- Vg(r,0a,7)|
b3
Qbo = — /dﬁ/ dvy ((v2 —v) - n) Zﬁiﬁj {QX((%Q(T, vy, 7)g(r, v, T)
4 (szv)-ﬁ>0 ij
- aijg(rv V2, T)g(T‘, v, T)) + QaZX (ajg(r7 U;7 T)g(’l", 'U,> T) - ajg(rv V2, T)g(T‘, v, T))
1 / !
+ 5(%)( (g(r,vg, T)g(r,v',7) — g(r,v, 7)g(r, ve, 7')):| (43)

where we have transformed x(z) — x(r). We can introduce now the Hilbert expansion

g = go + €91 + ... and identifying € orders at both sides of eq. (42) we obtain:

O(e°) = QE,(90) + Qnlgo) =0 (44)

O(e) : v+ Vgo = QF0.1(90,91) + Qpi1(91) + Q&1:0(90) (45)
O(€%) : Orgo+v - Vg1 = Qb 02(90, 91, 92) + QE1.1 (90, 91)

+QC20(90) + Qpialg2) (46)

9
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where

Qc.i(9)” = Qgi(go +egr+ g +..)

= Qi0(90) + Q811 (90, 1) + €QF1:2(90, 91, 92) + O(€?) (47)

We can solve the above equations for gg, g1, ... order by order. The general solution of eq.

(44) is again the maxwellian:
gO(xaU7T) = M(U;n(I,T),O,T(ZL‘,T)) (48>

The solution of eq. (45) for g; needs a bit more work and it is done explictly in Appendix
IV.

Once we know the solution g; we can use eq. (46) to get the diffusive equations for n
and T. We multiply both sides of eq. (46) by ¢(v) (= 1,v?) and integrate with respect to
v. Thus yields

0,600+ S 600ha = [ d00(0) @ alior .0

+Qg,1;1<907 gl) + Qg,2;0(go) + QD;2(92)} (49)

where we have used g; = go® (see Appendix IV). The ¢(v) are invariants of Qg,o and Qp
and therefore their integrals with ¢(v) are equal to zero, order by order, in the e expansion
of g:

[ 060)QE ol 91,99 =0 [ dwo)@paten) =0 (50)

However, the remaining terms have not, a priori, the same collision invariants and they

should be computed for each case.

e ¢ = 1. One can show by the time reversal symmetry of the equations that

/dv Qg,l;l(gmgl) =0, /dv ng;o(go) =0 (51)
therefore
0.+ VI =0 (52)
with
- n — n - VT
JTSN) = §f1 (n)b11Vn + §f2(n)b12T (53)

10
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where we have computed explicitely (v;¢(v)®), and
- .o T L
pN) 5(17N) Fjglﬁ(JvN) (54)

This notation was already explained in the Boltzmann kernel case. Observe that ISYIV)

and Bg) do not depend on N (see Appendix IV).

e ¢ = v% In this case we get

f3(n)
fa(n)

(002 ®)o = nT f1(n) <B§]§ ) 4 Bgff)) ain + nfa(n) (BQ n ME&? >) T (55)

f2(n)

/dm QF 1.1 (90,91) Za [—xn2T<f1( ) <3B§]§’ L3l 2)553“) ain

fa(n)
+ foln) (3b2;V + (3?28 — o ) aTT)} (56)
/dvv QE.2.0(90) Za Sxn?(rT)"20,T] (57)

and the corresponding diffusion equation is then
0.(nT) + VIV =0 (58)

with

1 _ _
I = ST fi(n) (Ol + b ¥
1
+ 5 [faln) (X + biz) — b xn(aT) 2] 9T (59)
Before computing the diffusion coefficient, the thermal conductivity and the Onsager’s

coefficients we need to fix the value of x(n). In the case of a hard disk system at equilibrium

we know that its equation of state should be of the form

Q=Tp(1+ H(p)) (60)

where ) = Prb?/4, P is the pressure and p = wb?n/4 is the areal density for a system of
hard disks. While the exact form of H(p) is not known there are good approximations to it

for moderate densities [14]. The pair correlation function at contact is then

x(n) = == (61)
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The local equilibrium equation of state for our system coincides with the equilibrium one

for any value of the o parameter, i.e.

Q(x) = T(x)p(z)(1 + H(p())) (62)

We know that at any stationary state with no local particle current, the local pressure should
be constant all along the system.

The absence of particle current at the stationary state implies that JT(LN) = 0 and from

eq. (53):

- - VT
f1(n)b11Vn + f2(n)bl2T =0 (63)
The constant pressure condition implies V) = 0 and then, from the equation of state:

o - VT

(1+H+pH)Vp+p(1+ H) T 0 (64)

both expressions should be correct for any Vn and VT values which forces the relation:

b21+f~1~|—€ﬁ/ _ fl(n)@l _ fi(n) (65)

dp(1+H)  fo(n)biz  2f2(n) — f3(n)
and we have used the explicit values of by; and by obtained in Appendix IV. Observe that
the f’s depend on x(n) and therefore on H(p). This equation relates H(p) with H(p). It is
a matter of algebra to show that H(p) = H(p) for all values of c.

The diffusion coefficient for any N reads

D

s
_ 1 b2 _b2 2 /] 66
oy [ + b nyx + 50X (66)

and the thermal conductivity is now
- 2, e b3
w9 = O (g 50 1 Dy (o7
2b11 2
In order to obtain the Onsager’s coefficient we need first to compute the chemical potential of
the local equilibrium reference system. We write the chemical potential as an H dependent

function using the fact that the free energy can be written as

T P H(p
f(p,T) =log— — / dﬁﬁ + cte (68)
P 0 P
Then, the chemical potential is:
0 T P H(p
= —T((?L;) =-T {log o dﬁﬁ — H(p) + cte (69)
0

12
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Thus, the terms V(—p/T) that appear on the definition of the Onsager’s coefficients in egs.
(28) and (29) can be computed:

v (‘—“) =Y H) ¢ o) " (70)

oNOYTULT D WN =

T T
10 This yields:

12 nT
13 Ln

B 2may

T2 mb?
15 Lo = L = — |14+ -
16 " " Tax [ N T

T 3 g
p— (3 + 7T62nx) — <1 + gﬂb2nx> bg) + b3l /2 2TV

18 Lo _nT?

= 1
19 =y (1)

21 In particular, for N = 2 we get:

23 @ 321320203/ Ty + nT (mnb?x ((16 + 97)nb?x + 48) + 64)
24 K'Y =

25 32 <2m + ﬁnbﬁx>
57 Lf) B nT5/2

" 327 <2ﬁa + nbﬁx)

X

31 {327r2nb3xa2 +V7VTa (7rnb2x ((16 + 17m)nb*y + 112) + 192)

+ 4nbT'y (7mb2x + 4)2]

37 VII. RESULTS AND CONCLUSIONS

40 In order to compare the above results with numerical experiments it is convenient to

42 define « as s

22 o= %:—g (72)
46 where 7¢/7p is the number of particle velocity randomizations done in a fixed time interval
divided by the number of hard disk collisions that occur in such interval. From kinetic
theory 7¢ can be taken as the mean free time, 7o = br'/2/8pT"/? and 7pp = 1/a.. From now
51 on we are going to do such substitution. In the BGK case we also are going to consider
53 v=1/27¢.

First we study the convergence with N of @’s. Let us remark a few properties of them:
56 5 _pTV/2

57 agl):anz_

_ 73
58 8712 par. (73)

60 13
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where a, = 7¢/7p and A(N) = ag) /a1, only depends on o, and N. Also it can be seen
that

lim A(N)=1 , lim A(N)=3 (74)

as—0 Qg—00
In figure 1 we show the behavior of A(5) as a function of as. We also show the relative
error with respect A(5). Observe how the worst case, N = 2 and a, ~ 0 the relative error
is of 0.6% and it decays uniformly with a,. Therefore we may conclude that the matrix

truncation Iy is a very good approximation of the real solution even for small values of N.

0.6
3.0
0.5
2.5 —_
< 0.4
—~ ©
© <
i = 0.3
zé 2.0 13
< <
o 0.2
S
1.5 T
0.1
1.0 0.0
0 2 4 6 8 10 0.0 0.5 1.0 15 2.0
aS aS

FIG. 1. Left: A(N = 5) as a function of as. The dashed red line is the asymptotic value of A

when a, — oo. Right: Relative error of A(N) with respect A(5) as a function of ay: Blue curve

(N =2), Red curve (N = 3) and Black curve (N = 4).

The diffusion doefficient is given, in the three different approaches we have studied, by:
Dpex = Dp =Dy ,Dcg = Dy [X_l +4p + 2PZX_IX,} (75)

where Dy = bT'/2 /167" /%a,p. See figure 2 for the behavior of D/Djy as a function of p for

the Chapman-Enskog case and we have used the Henderson equation of estate

H(p) = 20712 = (o) = (70
that it known to be accurate up to a 1% at the intermediate range of densities [15].
We can also study the heat conductivity. For the BGK case we find:
1
KBGK = ﬁom (77)

14
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIG. 2. Diffusion coefficient for the Enskog equation vs areal density. Dy is the diffusion coefficient

for the BGK and Boltzmann cases.

with kg = 27%/2/br'/2. That is, it has no density dependence. Similarly, the Boltzmann
approach has a more involved o, dependence but it lacks a density dependence:

. 8053063680 + 1295425536042 + 6551619492a + 1038480183
— 9322122547206 + 5987008512063 + 3907581505662 + 106015996766 4 1008650032

KRB

where & = ma,. Kpgx and kg look very different but they are not so. We plot in figure
3 the behavior of kKpgr/ko and Kp/ko as a function of a;. We do not see there any clear
difference. Their relative difference E, is at most of 3% and it diminishes to zero for large a
values. Again, BGK seems to be a very good approximation of the Boltzmann kernel. The
Enskog case has a density structure that depends on a, as we show in figure 4 for different
values of a, where we have used again the Henderson equation of state. For low densities
the Chapman-Enskog approach and the Boltzmann one coincide. Finally let us write down
explicitly the N = 2 case that it is the one shown in most books for o, = 0 (see for instance

oD 16 +9
m
i p°x?
s

Once we know the transport coefficients of our system at the diffusive scale we are ready

1
£ = kg——— |1+ (3 + 16pas)px +

X + 4mag (78)

to apply the Macrosocopic Fluctation Theory to it. One can show (see ref. [17]) that it
is enough to consider a local white noise matrix whose intensity is defined by the Onsager

coefficients. In concrete terms the fluctuating equations are

0o+ Y 0 [Jai + O] =0 (79)
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FIG. 3. Left: kpgk/rko (black line) and kp/ko (red line) versus ag. Right: Relative error:

E, =100(1 — kpgr/KkB) versus as

14

12

10

K/Ko
®

FIG. 4. Heat conductivity for the Enskog equation (]\7 = 5) vs areal density for different values of
as: as = 0, 0.3 and 1 (black, red and blue curves respectively). The dotted curves are the heat

conductivity at the Boltzmann approach for the same values of o, accordingly with their colors.

where oo = d, h and O(z,7) is a gaussian white noise field with covariances:

(On,i(x,7)Os, (2", 7")) = 2L4p0; j0(z — ") (T — 7') (80)

with L,s being the Onsager’s coefficients computed in each case.
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15 APPENDIX I

18 In this Appendix we study the behavior under scaling of equation:
21 atf + va = Oé/ dn|v” ’ nls [f(xa U”7 T) - f(xu U’T)] (81>

23 It is convenient to work with v in polar coordinates f(r,w,6,t) where v = w(cos 6, sin @),

25 w € [0,00] and € € [0,27]. The corresponding equation for f(r,w, 0,t) is:
27 O f(r,w, 0, t) +w(cos 0Dy +sinfdy) f(r,w,0,t)

w/
= 2aws/ 2dq§ cos(¢p — 0)° {f(r,w,9+2¢+7r,t) + flr,w,0 — 29+, t)

0
32 _2f(T7 w, 97 t):| (82>

35 where 0; = 0/0r;. It is convenient now to introduce the Fourier transform of the angle

coordinate 0:

~

37 ) g
o 2m

with [ € Z. Its evolution equation is, after using eq.(82) ,

42 o A A A A
a3 auf(r w1 1) + 300 | frw L= 1,8 + flrw 1+ L8)| + 20, [, 1= 1,6) = frow. 4+ 1,8)|

45 = —2aw’ A(s, l)f(r, w,l,t) (84)

47 with
48 812
49 A0,l) =71 =d0) , A1) = 21

51 We now introduce the diffusive scaling: 7 = €2t and x = er. We observe that [ = 0 and

(85)

53 [ # 0 have different behavior with e. For [ = 0 we get:

57 tes0a [9(a,w, —1,7) = gla,w, 1,7)] = 0 (86)
]

60 17
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and for [ # 0:
§(z,w,l )——Llﬁr(xwl—l )+ g(x,w, 1+ 1,7)]
g\r,w,t, 7) = EQOéA(S,l) 92 1 19\T, w, , T g\T, w, , T
1
+ 5:02 [9(z,w, 1= 1,7) = (2,0, 1+ 1,7)] | + O(€) (87)

1

where §(z,w,l,T) = f(e_ x,w,l, e 27). We observe that g(z,w, [, ) is of order ¢ when [ # 0.

Therefore, at the limit € — 0 we can get a closed equation for g(z,w,0, 7):

aT.g(a:7 w? 077_) = D(w7a7 S)Ag<x7 w? 077_) (88)
where
w2fs
D(U%Oéws‘) = m (89)

is the diffusion constant for a given particle velocity w. Observe that if we choose any typical
particle at equilibrium w ~ 7""/? and this mechanism will diffuse the particle with a diffusion
constant D ~ T'=%/2, If s = 0 the diffusion is Brownian-like (D ~ T') and D ~ T'/? when

s =1.

APPENDIX II

The BGK approximation when a = 0 and in the diffusive scaling is computed in this
appendix. We take Q(g) = QPYK given by eq. (17) that it has four collision invariants: 1,
vy, vg and v?. Assuming that g = go + €g; + . .. the equations (6) and (7) read in this case:

Q(g0) =0
v-Vgo = —vg

therefore go(z,v,7) = M(v;n(x,7),u(z,7),T(z,7)) and
o gO(xa U, T) Vzn VZT VZT 2 ]_
gi(z,0,7) = —TZ%[ o Top-u) s fZ(Uj —u)Viu) | (90)

i J

and we can obtain the evolution equations associated with the collision invariants by using
eq. (10):
orn(z,7) + Vi, (2, 7) =
Oy [n(z, T)w(x,7)] + VI (2, 7) = 0
O |n(x, 7)T(x,7) + %u(m,T)2 + Vi (z,7) =0

18
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where

1
k ” % [(nT0; . + nu;ug]
1
u,k iy % [T (01 pui + 0wk + Opiw) + nugugiy]
1
Jhp=—— g V; [nT(4T +u?)0p; + (6T + u2)nuiuk}
V=
These currents may be written as combinations of thermodinamic forces and Onsager’s

coefficients. We first use a more compact notation. We define ng = n, n; = nuy, 1o = nus

and n3 = nT + u*/2. The kinetic equations are then

Ortpy + VI, = 0 (91)
therefore
Tk = Lok piXpi (92)
B,

where Xz, = V,yz are the thermodynamic forces with

1
T (93)

(see ref. [?7 ]). And L-s are the Onsager’s coefficients that in our case are:

Lok oi = —(Tk; + uwiug)

n

v
n .

Lok,ji = Ljior = ;(T((Sk‘,iu]‘ + 0k ju; + 0; jur) + wiugug) (5 =1,2)
n

Lok 3i = Lzior = g(T(ﬁlT +u®) s + (6T + u®)usuy,)

(T?(8;40k1 + 051605 + 0;00k.4) + T (S pusu; + Sy ujuy, + O

n
Lipii = —
g

+ 0wy + 0 gy + 05 uuy) + i) (17 =1,2)
n
Liksi = Laigx = 5(T(6T +u?) (O i + Sk + Opiw) + (8T + ) wupy) (1 =1,2)

Lajsi = 41(T(24T2 + 16Tu? + (u?)?) S + (6T + u?) (8T + u?)u;uy) (94)
1%
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APPENDIX III

In this appendix we obtain ¢g; for the Boltzmann collision kernel. g¢; is the solution of

Equation (7) that reads

(T T (1)
/dN/dvzl v —v2) - nlgo(v2) [B(V) + P(vy) — (v) — P(vy)]
/ W) — () (95)

where we have set

g1(z,v,7) = go(z,v,7)P(x,v,7T) (96)

and we have simplified the notation: the fields n and T depend on (x,7), all the other
functions depend on (z, v, 7) and we only explicitly write the arguments that change and/or
when it is needed to stress some fact.

We write the unknown function ® in the form:

(2)
n A()T

(97)
where w, W', we and w} are the modulus of the vectors v, v, vo and v} respectively. Then we
substitute ® into eq. (95) and we consider Vn and VT as independent variables. Therefore
we can identify each gradient coefficient at both sides of the equation and consequently we

get one equation associated to each of the gradients:

/ di / dua(v — v3) - Algo(v2) [AD (W' + AD (wh)uh, — AD (w)v — AD (wy)us]
— 2 AW 1,2 (98)

where GV(w) = 1 and G®(w) = w?/2T—1. In order to solve these equations it is convenient
to build a way to do explicitly the integrals. Therefore we expand the unknown functions
A® with respect to an orthogonal polynomial base. We choose the associated Laguerre’s of

order 1 [16]:

AD(w Z al L(n n= v (99)

These set of polynomials have the form:

p

1 _ (p+1)!
£al _; RCESY I (100)
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and they have the property:
/0 dze *L(2)Ly(2)z = (p+ 1)dpq (101)

Next we substitute the expanded A® functions (99) into eq. (98), we multiply both sides of
the equation by v, by the distribution m(v;0,7T) = (27T) ! exp [-v?/2T] and we integrate

over v. Thus, equation (98) can be written as:

= i Fpeal? (102)
q=0
where
'yg /dvv m(v; 0 T)[,l( VGO (w) (103)
and

Fpy = /dvm(v 0,7)L { /dn/dv2| v — ) - Ailm(va;0,7T) {51( B0

+ E}I(n;)vé U — E;(n)v Sy — E;(ng)vg : v} — 27Ta£;(77)v . U:| (104)

where ' = v"2/2T, n, = v3/2T and 7}, = v}?/2T. Hence, g; is known once we obtain the
aéi)’s that depend on the inversion of an infinite dimensional square matrix. The solution
is approximated by truncating the infinite matrix to a N-dimensional one and studying its

convergence when N — co. The approximate N-order equation is then written as:

N
= Fal™ p=1,....N (105)
q=0
whose solution is given by

=D (F ) (106)

or in matrix notation

aleV) = Fly N (107)

where ’y(’VN ) is the N’th order dimensional vector built with the first N coefficients of
7@, When equations (107), (99), (97) are substituted into eq. (96) it gives g; at the
N-approximation. Therefore, the currents for the diffusion equations for n and T (23) are

written in this case as:

N 1 %
JIV) = §d§]f)Vn + %ag)VT

~ T n ~ ~

N N — —(N —(N
I = 5@ +a)vn+ 5@ +ay)vr (108)
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where

N T R
G =7 gy (109)
Therefore, the diffusion coefficient and the thermal conductivity are given by

G (N v (N2 _(N)(N
pW — g™ ) i (@2 _ g (110)
a1y

Finally, the Onsager’s coefficients in the N approximation are,

q n_(N) . (L L nT () | _(R)y.  (F nT? () o (F), (W
ng]r\z[) = —50,51); LL = Li(m) = —7(a§1)+a§2)); L;Lh) = —T(a§1)+2a§2)+a§ )> (111)
One can get explicitely the values of the ’s coefficients and the components of the square

symmetric matrix Fg:

%(11) = 2T040 ) Vq(z) = 2T (0g,0 — 0g,1) (112)
and
F=T [bn(47TT)1/2F~'C — 47raF’D] (113)
with
0 0 0 0 0
0 -2 1/2 1/16 1/64
- 0 1/2 -39/8 91/64 53 /256
. /2 ~39/s 91 / -
0 1/16 91/64 —4433/512  5435/2048
0 1/64 53/256 5435/2048 —108335/8192 ...
and

(Fp)pg = (p+1)d,, p,g=0,1,... (115)

We observe that for any N value we can compute the coefficients of the inverse matrix F:

_ 1 _
7w =~ g (5 =0 o
which implies
T
a;; = a1 = ——— (117)
T

22
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APPENDIX IV

In this appendix we compute g; for the Enskog collision kernel. We solve the equation:

v-Vgo = Qg,m(go, 91) + Qpalgr) + Qg,l;o(go) (118)

with functions Qo.;, @pi1(g1) and QF1.(go) defined in egs. (43) and (47). Observe that the
two first terms on the right hand side are the same as we had at order € for the Boltzmann
equation kernel above, eq. (95), with just the inclusion of x in front of Q¢ there. Moreover,
the last term in eq. (118), le;o, just depends on g, that is, only depends on n and T fields
and we can put them together with ones similar on the left hand side of eq. (118). In fact,
one can show that
b Vx Vn VT (3v?

Q10 = —T—NGgoxv - {7 t2—tom ! (119)

Therefore, if we assume g; = go®, we can write a set of very similar equations as we did for

the Boltzmann case at order e:

o- (5w + T (g~ fi) ) ) =

/ i / 0| (0 — 03) - nlgo(2) [B(') + B(uh) — B(v) — B(u)
di [D(v'

b
2
—i—a/

(v") — @(v)] (120)
where

1 /

fi(n) = = | = + wb*n + w222
n X 2Xx
1

fa(n) = X + gwan
11,

fs(n) = X + Zwb n (121)

where we have changed the value of o from the Boltzmann kernel case: o — ax and we
have assumed that y depends on r only through the density field, x = x(n) and therefore
X' = dx/dn.

We now suppose that

vT

d=v-|BY(w)fi(n)Vn+ B? (w)fg(n)T (122)
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and substituting this expression into eq. (120) and identifying gradients as in the Boltzmann

kernel case, we get the same equations (98) with the changes:
GY - HO . A® _ BO (123)

where HV(w) = 1 and H®(w) = w?/2T — f3(n)/f2(n). At this point we follow the
same path as in the Boltzmann kernel case to solve the equations only taking into account
the functional differences pointed out. We decompose B® with respect of the associated

Laguerre polynomials:

o 2
i i w
BOWw) = Y400y 0= o (124)
p=0
the equation (120) is then written as
4= > Bt (129
q=0
with
n
=2t a2 =ar (2= g2 o =20 1
2

Observe that the coefficients of the matrix F', I}, are the same as in the Boltzmann kernel

case. The N’th truncated solution is given by

N
b =3 (F e (127)

p=0

We can get the values of Z; ) from the already computed ones, alv from the Boltzmann

ij
kernel case. We see that ﬁc(,l) = a((]l) and Bq = af]Q) +2T(1—D)é,0. Therefore, it is a simple

matter of algebra to find:

T

by =a; = ——

o (e 2 )

1
-3 ()
2o T fs(n) (2 )

= Gy, (128)

wa fo(n)

24
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where by; and b15 do not depend on the N as in the Boltzmann case.
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