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We study the nature of and approach to thermal equilibrium
in isolated quantum systems. An individual isolated macro-
scopic quantum system in a pure or mixed state is regarded
as being in thermal equilibrium if all macroscopic observ-
ables assume rather sharply the values obtained from ther-
modynamics. Of such a system (or state) we say that it is in
macroscopic thermal equilibrium (MATE). A stronger require-
ment than MATE is that even microscopic observables (i.e.,
ones referring to a small subsystem) have a probability dis-
tribution in agreement with that obtained from the micro-
canonical, or equivalently the canonical, ensemble for the
whole system. Of such a system we say that it is in micro-
scopic thermal equilibrium (MITE). The distinction between
MITE and MATE is particularly relevant for systems with
many-body localization (MBL) for which the energy eigen-
fuctions fail to be in MITE while necessarily most of them,
but not all, are in MATE. However, if we consider superposi-
tions of energy eigenfunctions (i.e., typical wave functions
¥) in an energy shell, then for generic macroscopic systems,
including those with MBL, most v are in both MATE and
MITE. We explore here the properties of MATE and MITE and
compare the two notions, thereby elaborating on ideas in-
troduced in [18].

1 Introduction

The notion of a thermal equilibrium state of a macro-
scopic system (say, one with N > 10%° degrees of free-
dom) is basic to thermodynamics. Its existence is Postu-
late 1 in the Tisza—Callen formulation of thermodynam-
ics [7]. Informally, one can use Onsager’s description:

These “thermodynamic” states are typically de-
fined as states of “equilibrium” under specified
restraints in composition, energy, and external
boundary conditions, in that no spontaneous
change can occur in the system as long as the
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constraints remain fixed [41]. (quotation marks in
original)

One would, of course, also like to have a microscopic
description of what it means for a system to be in ther-
mal equilibrium in terms of the micro-state considered
in statistical mechanics, i.e., in terms of the phase space
I" of a classical system or the Hilbert space 2# of a quan-
tum system.

When speaking of thermal equilibrium, one often
refers to a thermodynamic ensemble, which corresponds
classically to a probability distribution over I' and
quantum-mechanically to a density operator on .#. For
example, the canonical ensemble at inverse temperature
B has, classically, the density function

1
B(X) = — g PHXD 1
P (X) - )]

for any X € I', with normalizing constant Z and Hamil-
tonian function H : I' — R. In quantum mechanics, the
canonical ensemble corresponds to the density operator

1 N
AB) _ —BH 2
o ==e 2)

with a different normalizing constant Zand Hamiltonian
operator H on 7. Likewise, the micro-canonical ensem-
ble is, classically, the uniform density p™¢ over a micro-
canonical energy shell

FmC:{XeF:E—AE<H(X)§E} 3)
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whose width A E represents the macroscopic resolution
of energy. In quantum mechanics, the micro-canonical
ensemble corresponds to the density operator

ame 1 A

= dim %mc Pmc P (4)
where 4, also called the micro-canonical energy shell,
is the subspace of . spanned by the eigenvectors of H
with eigenvalue between E — AFE and E, and P, is the
projection to ..

However, such an ensemble does not answer the need
for a definition of “thermal equilibrium,” as one often
wants to consider an individual closed, macroscopic sys-
tem in thermal equilibrium. For example, we want to
know whether this particular thermos bottle of coffee
is in thermal equilibrium. Put differently, we assume an
“individualist” attitude, as opposed to the “ensemblist”
attitude [25]. An individual system corresponds classi-
cally to a point in phase space, rather than to a distri-
bution over phase space. Also in quantum mechanics,
one often wants to regard a system in a pure state |v/)
as being in thermal equilibrium, while its density ma-
trix p = |¥)(y| is far away from the p¥) of (2) and the
p™¢ of (4). This is certainly possible; in fact, it has been
an active field of research for a number of years now
to study how a closed quantum system in a pure state
can display thermal equilibrium behavior; see, e.g., [11,
12, 21, 23, 36, 45, 46, 48-50, 52, 53, 60], after some pio-
neering work even earlier [9, 29, 57, 66]. In Section 2 we
elaborate on the reasons for considering systems in pure
states.

In this paper, which elaborates on ideas introduced
in [18], we explain how the idea of thermal equilib-
rium of a system in a pure state can be defined for a
macroscopic quantum system. Of particular interest in
this context are systems featuring many-body Anderson
localization (MBL) [1, 3, 39]. These are quantum sys-
tems whose Hamiltonian H has eigenfunctions that are
in a certain sense spatially localized, which can be an
obstacle to reaching thermal equilibrium (in whatever
sense).

A natural definition of thermal equilibrium is to say
that a system with (pure or mixed) density matrix p is in
thermal equilibrium when all macro observables assume
rather sharp values in p that agree with their thermo-
dynamic equilibrium values; we call this notion macro-
scopic thermal equilibrium (MATE). As we discuss below,
the pure states ¢ in MATE in a given micro-canonical en-
ergy shell are all close to a certain subspace of Hilbert
space, the thermal equilibrium subspace 7% for this en-
ergy shell. For many systems including those with MBL,
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H;q has the overwhelming majority of dimensions in the
energy shell, and most pure states in the energy shell are
in MATE, as are most mixed states. Here and through-
out this paper, “most” means “the overwhelming major-
ity of” (or “all except a small set”) relative to the relevant
uniform distribution; for example, “most pure states in
the energy shell” means the overwhelming majority rela-
tive to the uniform distribution on the unit sphere in %,
(see Remark 1 in Section 4.1).

Now, for generic macroscopic systems, with or with-
out MBL, most y’s have a stronger property: That micro
observables (i.e., any observable referring to a small sub-
system S) have a probability distribution in ¢ that coin-
cides with their thermal probability distribution; we say
that a system with such a v (or, in fact, such a p) is in
microscopic thermal equilibrium (MITE). This property is
a sign of a high degree of entanglement in  between S
and its complement.

A dynamical aspect of our theme is the approach to
thermal equilibrium, by which we mean (for either MATE
or MITE) that a system starting out away from thermal
equilibrium sooner or later reaches thermal equilibrium
and spends most of the time in the long run in thermal
equilibrium. This behavior is connected to the eigenstate
thermalization hypothesis (ETH), which asserts that the
energy eigenfunctions are in thermal equilibrium, and
which therefore can be considered in two variants, as
MATE-ETH or MITE-ETH. If all energy eigenstates are
in MATE, then it can be shown [21] that all pure states
approach MATE; for MITE, the situation is a bit more
complicated, as discussed in Section 7. For MBL sys-
tems, some pure states fail to approach either MATE or
MITE, which is related to the failure of MATE for some
eigenstates and MITE for all eigenstates for such systems
(again, see Section 7).

In the remainder of this paper we explore the two
notions, MATE and MITE, their properties and relations
to MBL. The remaining sections are organized as fol-
lows. In Section 2, we describe our motivation for con-
sidering an individual system, possibly even in a pure
state. In Section 3, we take a look at the classical situa-
tion of thermal equilibrium. In Section 4, we give a de-
tailed description of the concepts of MATE and MITE.
In Section 5 we focus on the dynamical approach to
MATE or MITE and the eigenstate thermalization hy-
pothesis (ETH). In Section 6, we illustrate MATE and
MITE for specific simple MBL systems. In Section 7, we
explore further aspects of MATE and MITE. In Section 8,
we address cases in which no dominant macro-state ex-
ists. In Section 9, we review a couple of other proposed
definitions of thermal equilibrium. We conclude in
Section 10.
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2 Why include pure states?

Readers familiar and comfortable with the individualist
attitude may want to skip this section.

2.1 Classical mechanics

In the ensemblist attitude, one would say that ther-
mal equilibrium occurs when, for a classical system, the
probability density is close to that of a suitable thermo-
dynamic ensemble—say, to p®) or p™. Thus, thermal
equilibrium would seem to require a “mixed state” (i.e.,
a probability distribution over phase space), and not a
“pure state” (i.e., a point in phase space). So why do we
insist on considering pure states?

The reason is that an individual system has a unique
phase point X (a pure state), and it seems meaningful
and necessary to talk about whether this system is in
thermal equilibrium. For example, we can talk about this
particular thermos bottle of coffee, how the energy is
spatially distributed in it, in particular whether the local
temperature is constant throughout the coffee.

To be sure, our knowledge of the system can be rep-
resented by some probability density function pynew Over
the phase space, and since our knowledge is usually very
limited, as we do not know the exact position and mo-
mentum of every molecule in this bottle of coffee, piow is
usually very spread-out (not at all a pure state). However,
when we ask whether the coffee in this particular bottle is
in thermal equilibrium, we are not asking whether pinow
is close to p# or p™¢; instead, we are asking about how
the energy is spatially distributed, and whether the lo-
cal temperature is constant. We are asking about prop-
erties of the phase point X, not of our knowledge pinow
(a point made particularly in [35]). In fact, if we do not
have the relevant knowledge about X, if we do not know
the spatial distribution of energy in this particular bot-
tle, we have to answer that we do not know whether the
content of the bottle is in thermal equilibrium, and we
need to make measurements on the system to find out
whether it is in thermal equilibrium. We do not want to
say that the system is not in thermal equilibrium just be-
cause we do not know its phase point—or because we do.

So, we say that a phase point X is in thermal equilib-
rium if it has all the properties of thermal equilibrium,
such as a uniform spatial distribution of energy over the
volume of the bottle (see Section 3 below for more detail).
By I'eq we denote the set of those X. Should our knowl-
edge correspond to pgnow = p™¢, then we are >99.99%
confident that X is in thermal equilibrium, as Ieq has
most of the phase space volume of I'y.

1600301 (3 of 20)
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2.2 Quantum mechanics

In quantum mechanics, the situation is a bit more com-
plicated and richer than in the classical case. That is
mainly because a mixed state, i.e., a density matrix p
on s, can arise in two ways: either as representing
our lack of knowledge (analogously to probability dis-
tributions in the classical case), or as a consequence
of entanglement, i.e., as a reduced density matrix ob-
tained by tracing out another system with which our
system is entangled. For that reason, we do not in-
sist that the system be in a pure state, but we in-
sist that a system in a pure state can be in thermal
equilibrium!

As in the classical case, we regard the experimenter’s
lack of knowledge as irrelevant to the question of
whether the system is in thermal equilibrium. This atti-
tude already suggests using a definition of thermal equi-
librium that allows also systems in pure states to be in
thermal equilibrium: Since classically a single X could
be in thermal equilibrium, why not a single ? Likewise,
since knowing X did not matter, why would knowing
matter? As in the classical case, when we ask whether a
system is in thermal equilibrium, we do not ask a ques-
tion about our limited knowledge but one about the fac-
tual state of affairs. For that reason, we admit the possi-
bility that the system may have a pure state v that we do
not know.

Moreover, if by thermal equilibrium we mean that
(e.g.) energy is uniformly distributed (within suitable tol-
erances) over the volume, then that can very well be the
case also for a pure quantum state y. (For MITE, it is
very relevant that small subsystems have thermal (highly
mixed) density matrices, but the whole system may well
be in a pure state).

Finally, the concepts of MATE and MITE show that
thermal equilibrium can be defined in a way that allows
a system in a pure state to be in thermal equilibrium.
At the same time, they also allow a system in a mixed
state p to be in thermal equilibrium, without requiring
that 4 be close to p» or p™¢. For example, even if the
system is entangled with another system, and its state
is not pure, it could be much less mixed than 5™¢; e.g.,
0 could have rank 2 (i.e., could be a mixture of 2 pure
states).

Another subtlety in the quantum case arises from su-
perpositions of macroscopically different states, such as
Schrodinger’s cat states. Here, our investigation touches
upon the foundations of quantum mechanics. For the
purposes of this paper, however, we can leave this prob-
lem aside.
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Figure1 Coarse graining function fwith AE = 0.1.

3 Thermal equilibrium in classical mechanics

A definition of thermal equilibrium for a classical system
in a pure state amounts to the specification of a set of
phase points that we regard as being in thermal equilib-
rium; that is, a subset I'eq of phase space I'. Such a set T'¢q
has been defined by Boltzmann [5, 14] as follows. Con-
sider a collection of macro variables M;, j=1,..., K;
each of them can be regarded as a function on phase
space, M; : I' — R. Since macro measurements have lim-
ited accuracy (say, AM; > 0), we want to think of the M;
as suitably coarse-grained with a discrete set of values,
say, {kAM; : ke Z}. Then two phase points X;, X, €T
will look macroscopically the same if M;(X;) = M;(X>)
for all j=1,..., K. In this way, the collection of func-
tions {M, ..., Mk} defines a partition of phase space I'
into equivalence classes

ruz{xa:z\/fjoozvjv;}, ®)

one for every macro-state v = (vy, ..., vg) described by
the list of values of all M;; we call T, a macro-state. Some
of the T, represent thermal equilibrium.

More specifically, since a coarse-grained version of
the energy is usually among the macro variables, say
M;(X) = f(H(X)) with coarse-graining function f(E) =
[E/AE] AE and [x] denoting the nearest integer to x €
R (see Fig. 1), every macro-state I', belongs to a par-
ticular micro-canonical energy shell 'y, so that 'y is
partitioned into macro-states I', (see Fig. 2). In most

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 2 Schematic representation of the partition of an energy
shell 'y in the phase space of a macroscopic classical system
into subsets I',, corresponding to different macro-states v. One of
the subsets, I'eq, contains more than 99.99% of the volume (not
drawn to scale) and corresponds to thermal equilibrium.

macroscopic systems (see Section 8 for a discussion of
exceptions), there is, for every energy shell I'y., one
macro-state I', = I'¢q that contains most of the phase
space volume of I'y; see, e.g., [14, 19, 33, 34]. A realistic
value of the size of I'¢q is

volTeq

VOl T ~1-ep(-1070N), ©
where vol denotes the 6 N-dimensional phase space vol-
ume and N is the number of degrees of freedom (or of
particles) of the system; this estimate is derived in Sec-
tion 7.1 (having in mind a system that is macroscopically
large).

Since the phase point X(f) cannot leave the energy
shell, and since phase space volume is conserved by Li-
ouville’s theorem, most X € I'eq stay during their time
evolution in T¢q for a long time (in fact, usually for
an extraordinarily long time), though not forever. Then,
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this set T'eq is the thermal equilibrium subset for energy
E, and the system is in thermal equilibrium whenever
X(#) € Teq.

There is some arbitrariness in the choice of the func-
tions M;. As a consequence, there is also some arbi-
trariness about which set exactly I'eq is. The attitude of
Boltzmann’s followers (including the authors) is that this
arbitrariness is unproblematical, as any reasonable
choice of I'eq will take up most of the volume of Iy,.
Rather, this arbitrariness makes it evident that there is
no reason to expect a unique criterion for exactly which
phase points are in thermal equilibrium, just as there is
no unique criterion for exactly which strings of 0’s and 1’s
should count as “purely random-looking.”

4 Thermal equilibrium in quantum mechanics

As already mentioned, unlike in classical mechanics, in
quantum mechanics we need to consider two different
notions of thermal equilibrium, which we describe in
turn in the following two subsections.

4.1 Macroscopic thermal equilibrium

For quantum mechanics, a construction analogous to
the subdivision of 'y, into I',’s (Fig. 2) goes back to von
Neumann [25, 66] and, in a preliminary form, to Einstein
[10]. Let

Se) ={y e x|y =1} @)

denote the unit sphere in Hilbert space. Consider a
collection of macro observables, corresponding to self-
adjoint operators M;, j=1,..., K, on . These can be
based on a partition of the system’s available volume
A c R? into cells A; that are small on the macro scale
but still large enough to each contain a large number
of degrees of freedom. Examples of natural choices of
Ms are, for each cell, the number of particles of each
type, the energy of the cell, its momentum, and/or its
magnetization. Again, we think of each M as suitably
coarse-grained, so that its eigenvalues are separated by
gaps whose magnitude corresponds to the inaccuracy of
macro measurements. For example, the Hamiltonian H
of a macroscopic system usually has eigenvalues sepa-
rated by gaps much, much smaller than the macro en-
ergy inaccuracy AE, so coarse graining at coarseness
AE, asin My = f(H) with f(E) = [E/AE] AE as before
(see Fig. 1), leads to a high degree of degeneracy of each
eigenvalue.

1600301 (5 of 20)
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As von Neumann [66] argued, the M; can be taken to
commute with each other,' by changing them if neces-
sary, in addition to the coarse-graining, in a way that is
negligible on macro scales [21, 25, 40]. Then the simulta-
neous diagonalization of the M; provides a decomposi-
tion of Hilbert space into a sum of orthogonal subspaces
an

A =P A, ®)

where v = (v, ..., vg), and % is the joint eigenspace of
the M; with eigenvalues v;. We call the 7, macro-spaces,
as they are the analogs of the I, and correspond to dif-
ferent macro-states. If M, is again the coarse-grained en-
ergy, then its eigenspaces are the micro-canonical energy
shells ., which are also decomposed by a subcollec-
tion of 7% ’s. In general, one macro-space in each %y
has most of the dimension of J#,., and this is the ther-
mal equilibrium subspace #,q. In analogy to the classical
case, a realistic value of the ratio of dimensions is (see
Section 7.1)

dim s%

— Ty —1075N).
dim %, exp(=10"7) ©

We choose a suitably small tolerance § > 0 and say that
a system with state p is in macroscopic thermal equilib-
rium (MATE) if and only if

tr(pPog) >1-36. (10)

We also write MATE for the set of all p’s in 7%, satisfying
this condition, as well as for the set of all pure states ¥ €
S(##nc) such that p = |) (| satisfies (10). A definition of
thermal equilibrium along these lines was used, e.g., in
[15-17, 21, 26, 43, 52, 62]. We look at realistic values of §
in Section 7.1.

Remarks 1.

1. Most pure states in the energy shell are in MATE. We
note that this statement is also true of MBL systems.
As a precise version of the statement, suppose that

' Foradifferent but closely related notion of thermal equilibrium,

proposed by Tasaki, see Section 9.1. In this approach one avoids the
necessity of rounding the macro observables to make them com-
mute. This approach adds support to there always being a domi-
nant macrostate. It is however not so convenient for discussing the
joint values of the macro observables, especially the nonequilib-
rium values.
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one of the macro-spaces, %, is dominant,

dim %

_— 1-— 11
dim 2, ° (11)

with 0 < ¢ « 8. Then

Une (MATE) > 1 — g ~1, (12)

where uy,. is the normalized uniform (surface area)
measure on S(nc).

Indeed,
/ Unc () (Y] Pegvp) = tr(p™ Peg) (13)
S(Hnc)
dim %4
= m >1—¢, (14)
but the average of f(y) = (y| Peqll/f) could not be that

high if no more than 1 —¢/§ of all ¥’s had f(¥) >
1-34.
In practice, as an order of magnitude,

e <1071 (15)

(as follows from (9) for N> 3 x 102°) and § can be
taken to be ./z, which is still comparable to 10-1°;
then, according to (12), the fraction of states outside
of MATE is also < ./e.

2. Most eigenstates of H are in MATE. In fact, for any or-
thonormal basis {b, ..., bp} of 5%, at least the frac-
tion 1 — ¢/ (close to 1 since ¢ « §) of all basis vectors
are in MATE, since

D
Z bi| Peg | bi) =

Thus, for example, also for Hamiltonians exhibit-
ing many-body localization, most eigenstates are in
MATE.

3. Most mixed states in the energy shell are in MATE.
In fact, this is the case relative to any unitarily in-
variant distribution, uniform or not, over the den-
sity matrices in .#y.. In other words, suppose that
/=", Puby)(by|is chosen randomly, with the eigen-
basis {b, ..., bp} uniformly distributed over all or-
thonormal bases of 4, (corresponding to the Haar
measure over the unitary group) and the eigenvalues
pi, ..., pp independent of b, ..., bp with any joint
distribution on the set defined by the conditions 0 <
P <land} , p, = 1; then p € MATE with probabil-
ity near 1.

! tr(ﬁeq) >1—e¢. (16)

G \

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Indeed,
D
tr(p Pg) = ) piibil Pog| 1), (17)

i=1

which always lies between 0 and 1. If we av-
erage this quantity over the eigenbasis, we ob-
tain ) ; pi(dim J%q/ dim 5%4) > 1 — ¢ by (13). Since a
quantity between 0 and 1 whose average is close to 1
must be close to 1 with high probability, we find that,
in fact, even in the subset of ¢’s with fixed eigenvalues,
most p’s are in MATE, and a fortiori so if the eigenval-
ues are randomized.

4.2 Microscopic thermal equilibrium

The concept of microscopic thermal equilibrium (MITE)
is inspired by canonical typicality, the observation [11,
23, 44, 45, 60] that for any not-too-large subsystem S and
most wave functions v in the energy shell J4,.,

pY ~ pee, (18)
where
ps = trse [y)(y| (19)

is the reduced density matrix of S obtained by tracing out
the complement S° of S, and

PR = trge p° (20)

with p™¢ the micro-canonical density matrix as in (4). If
Sis small enough then

Py~ pd 21)

for suitable 8 > 0, where the right-hand side is the par-
tial trace, p(sﬁ = trg p®, of the canonical density matrix
¥ of the whole system as in (2). Let £, be the largest
length small enough so that (21) holds for every subsys-
tem S with diameter < ¢,. As a consequence of (21), for
small S, ¢ ~ . Hence, it does not matter whether one
starts from ,omC or /P (this fact is a version of equivalence
of ensembles), and we will call either one the canonical

or thermal density matrix for S.2 As a consequence, also a

2 The density matrix Zgl exp(—pB I:Is) with Hs the Hamiltonian
of Sis sometimes called the canonical or thermal density matrix
for S; it agrees with ﬁéﬁ) if the interaction between Sand its com-
plement can be neglected. If the interaction cannot be neglected,
then p A(ﬁ) is the correct density matrix to use.
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micro observable A concerning a small subsystem S be-
haves “thermally” in the sense that if we were to make a
quantum measurement of A then the probability distri-
bution over its eigenvalues would agree with the thermal
distribution, defined by 55 (or, equivalently, by 5™ or
ﬁ(ﬂ))_

For a system in a mixed state 5, we write ps = trg
for the reduced state of S. If p is such that

ps~ PR (22)

for every subsystem S corresponding to a spatial region
of diameter < ¢, (as defined after (21)), we say that the
system is in microscopic thermal equilibrium (MITE). We
also use the name MITE for the set of §’s in J#,. that
fulfill this condition, as well as for the set of pure states
Y € S(H4ne) that fulfill this condition. A concept along
these lines was used, e.g., in [36-38, 48, 53].

As a precise version of (22), we may take the condi-
tion

l6s — AS“Il <&, (23)

where ¢ « 1 is a chosen tolerance and || - | means the
trace norm, defined by

M| =tr|M] =tr~ M*M. (24)

Remarks 2.

4. In classical mechanics there is no analog of MITE for
pure states. Indeed, a classical system in a pure state
is represented by a point X in phase space, that is, by
a list of the positions and momenta of all particles.
For a subsystem S, be it defined as consisting of the
particles numbered 1 through 100 or as the particles
in a certain region % of the available volume in R3,
its state is then given by the list of positions and mo-
menta of the particles in §, i.e., by a point X in the
phase space of S that is determined by X. Thus, the
state of Sis itself pure and never close to p*). While a
notion of MITE is not available for pure states in clas-
sical mechanics, a notion of MATE is, as described in
Section 3 above.

5. Subsubsystem property. If ps ~ p3° for some subsys-
tem S then the same is true for every smaller sub-
system S contained in S, just by taking another par-
tial trace on both sides of the approximate equation
ps~ pgc. As a consequence, for a system to be in
MITE it suffices that g5~ 55 for a few subsystems
S = §; corresponding to spatial regions (possibly of

1600301 (7 of 20) www.ann-phys.org
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diameter > ¢,) such that every region of diameter ¢,
is contained in one of these regions.

. Most pure states in the energy shell are in MITE (even

for MBL systems). The basis of this fact is canonical
typicality [11, 23, 44, 45, 60], which can be understood
as an instance of the following mathematical proposi-
tion [60]: Let #% be any subspace of 2 of dimension
dr (we will later set .#% = %), let Py be the projec-
tion to ¢ and pr = Pg/dg; let ¥ be drawn randomly
according to ug, the uniform distribution over S(%).
Then, for any operator A:# — #,

E(W|AW) = tr(App) (25)
and
A Vi(pr)
Var (V| A|W) < A (26)
where
Vi(p) i= tr[(A - tr(Aﬁ))* (A - tr(Aﬁ))ﬁ] 27)
= tr(A* Ap) — | tr(Ap)*. (28)

This proposition follows by a little calculation from
the fact [11, 22, 65, 66] that the coefficients ¢, rela-
tive to any orthonormal basis {¢,} of a random vec-
tor ¥ =Y, ¢, ¢, thatis uniformly distributed over the
unit sphere in some Hilbert space 2 of dimension d
have the following moments: The first and third mo-
ments vanish, the second moments are

8ap
E(cics) = —, 29
(cy¢p) d (29)
and the only non-vanishing fourth moments are

146
E(lcl?lesl?) = ———2 30
(leaPlesl?) = goamss (30)
The above proposition yields together with the
Chebyshev inequality that for any operator A and any
>0,

unfw €S : |[(WIAW) - tr(Apn)| < ez

Vi(pr)
T oy

Now suppose that 7 = 4 ® # with dim 4 = d,.
By considering A’s that act only on 4, one can
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further conclude through a little computation that

i (32)

SZdR '

unlwr € S < ) — tra pal <] 21 -
That is, when
b < dy’ 33)

then ,6}/’ ~ try pr for most ¢ € S(#3). [In fact, the
tighter error estimate of Popescu et al. [44, 45] (see
Section 7.2 below) yields that d}e“ in (33) can be re-
placed by d}l{ ? (but not any larger exponent)]. Now for
SR = e and J4 the Hilbert space of a subsystem S,
this amounts to canonical typicality.

What if dy = oco? If we are considering a system
of Ni + N, spins (finitely many), then we do not
encounter this problem, as the Hilbert spaces 54
and % have finite dimension 2™ and 2™. But
if we are considering particles in a region A =
A1 UA, Cc R3, then both 54 and .4 have infi-
nite dimension, although /%,. has finite dimen-
sion, provided that A has finite volume (as then
there are only finitely many energy levels below E).
That is why d) = oo can occur. So, what if d; = co? Ef-
fectively, only finitely many dimensions of .#] are rel-
evant to .#%y.: Let /4 be the span of the eigenvectors
of tr, pmc with the largest n eigenvalues; take n large
enough so that the sum of these eigenvalues is close
to 1. Then /4 and an analogously constructed %% can
play the roles of 74 and /% in the above reasoning.
Concerning the size of S, it follows from (33) that
canonical typicality still holds if the size of S is almost
one quarter of the size of the whole; in fact, by the
tighter estimate dll?/ 2, almost one half (see Section 7.2
for elaboration). If the diameter of the whole is greater
than 4¢,, then a moderate number (such as 8 for a
cube) of nearly-half-size subsystems will contain any
spatial region of diameter < ¢,. By the subsubsystem
property, we obtain that most ¢ € S(J%,.) simultane-
ously satisfy ,33 ~ pg'° for every region S of diameter
< £o. That is, most y € S(#,c) are in MITE.

4.3 Relation between MATE and MITE

4.3 General framework of MATE and MITE as referring to
different observables

MITE and MATE are special cases of the following
scheme: Given a set &7 of observables, a state § in .7,
is in thermal equilibrium relative to < if and only if for
every A € <7, the probability distribution over the spec-

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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trum of A defined by p is approximately equal to that
defined by p™¢. For o = #Amre = {M, ..., M}, one ob-
tains MATE, and MITE is obtained for .&7 = g = Usas
with the union taken over all spatial regions S of diame-
ter < £y and .«s the set of all self-adjoint operators on 7%,
more precisely

s = {AO ® Is : Agself-adjoint onjfs} (34)

(with I the identity operator and S°¢ again the comple-
ment of S). Indeed, the condition g5~ p3° is equiva-
lent to tr(5 P) ~ tr(s™° P) for every projection of the form
P = Py ® Is with By a projection in 5.

In this sense, MATE means thermal equilibrium rela-
tive to the macro observables, whereas MITE is thermal
equilibrium relative to all observables concerning any S
of diameter < ¢,. The latter observables include those of
a more microscopic and local nature.

Yet another choice of & has been considered by
Reimann [51], who took & to contain one or a few fyp-
ical observables (instead of macroscopic or local ones).

4.3.2 MITE implies MATE for macroscopic systems

Since most € S(#%,c) are in both MATE and MITE (see
Remarks 1 and 6 above), it follows further that most
states in MITE lie also in MATE and vice versa. (Indeed,
if 99% of all states lie in MITE, and 99% of all states lie
in MATE, then at least the fraction 1 — 1/99 of all states
in MITE lie in MATE, and at least the fraction 1-1/99 of
all states in MATE lie in MITE). In fact, more is true: All
states in MITE lie also in MATE [18].

Indeed, since macro observables are sums or aver-
ages of local observables over spatial cells (say, of length
L), it follows from Section 4.3.1, as soon as L < £, that
states v that display thermal behavior for micro observ-
ables (i.e., lead to the same probability distribution over
the spectrum of the observable as p™¢) also display ther-
mal behavior for macro observables. And these i in-
clude those in MITE. The condition L < £, means that
py ~ p° at least up to the length scale of the macro ob-
servables, which is commonly the case; e.g., for a cubic
meter of gas at room conditions, we can realistically take
L~10“*mand/{, ~ 1073 m.

Example 1. A simple example of a state in MATE that is
not in MITE. Consider a system of N >> 1 non-interacting
spins-1/2, s = (C*)®V, with H =0 so that J#,. = #
and p™ = 2-N], in a pure product state ¥ = ®;v;. Di-
vide the N spins into m groups (“cells”) A; of n>»> 1
spins, so that nm = N, and take M to be a coarse-grained
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version of };_, 67, the total magnetization of A ; in the
z-direction. Then the thermal equilibrium value of M;
is tr(p™°M;) = 0, s0 Hq = N; kernel(M;) (where kernel
means the eigenspace with eigenvalue 0), and a typical
pure product state i lies in MATE. To see that ¢ does not
lie in MITE, note that for a single spin at site i, S = {i},

A = LI whereas p§ = |v:) (il (35)

so the two density matrices are not close to each other.

5 Dynamical approach to thermal equilibrium

We say that p approaches MITE/MATE if p, = e~ 111! p it
sooner or later reaches MITE/MATE and spends there
most of the time in the long run. In many systems, all
states in the energy shell approach thermal equilibrium
in this sense, but there are some exceptional macro-
scopic classical and quantum systems for which many
states do not come to thermal equilibrium in any sense
as time goes on. This is obviously the case for Example 1
above, but in fact there are more physically relevant sys-
tems (exhibiting MBL) which also have this property, as
we explain below.

A condition relevant to whether approach to ther-
mal equilibrium occurs is the eigenstate thermaliza-
tion hypothesis (ETH) [21, 52, 53, 57]. The ETH can
be formulated as the condition on H that all eigen-
states of H are in thermal equilibrium. Corresponding
to two kinds of thermal equilibrium, MITE and MATE,
we have two versions of the ETH. Let us focus first on
MATE-ETH.

5.1 Approach to MATE

Under the MATE-ETH, all  in the energy shell approach
MATE. Indeed [21], writing f(f) = limr_o, & [\ f(5) dt
for time averages, |«) for the energy eigenstate with
eigenvalue E,, and v, = ety

Wil Peql¥re) = Y (Wlat) €t (| g BYe Bt (Blyy)  (36)
a.p

S e el Pegley = > [(wlen | (1 — 8)

=1-39, 37
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provided H is non-degenerate, i.e., E, # E; for o #
(using et = 1 if E = 0 and = 0 otherwise).? Since its time
average is close to 1, (1/f,|f3eq|x/f,) must be close to 1 for
most ¢in the long run.

Conversely, if the MATE-ETH is violated, then it is
mathematically possible that no state outside MATE ever
approaches MATE. For example, choose H so that every
eigenstate is either in s% or orthogonal to it. As we will
see in Section 6, this happens in some MBL systems.

5.2 Approach to MITE

The ideal gas provides an example of a system for which
some states do not approach MITE. We now ask, Un-
der which conditions will all or most ¢ approach MITE?
There are several results [36, 48, 49, 52], all of which as-
sume the MITE-ETH, and that the Hamiltonian is non-
degenerate and has non-degenerate energy gaps, i.e.,

eitheroa =o’and g = g’

E, — Eg # E, — Ep unless {ora — Bando’ = g/,

(38)

a condition that is generically fulfilled.

We note here two results, the first of which [36, 48] as-
serts that if all energy eigenstates in J%,. are in MITE,
then most ¥ € S(5%,.) will sooner or later reach MITE
and spend most of the time in MITE in the long run.
More precisely, those ¢ will behave this way for which
the effective number of significantly participating en-
ergy eigenstates is much larger than dim J# for any
small S.

The second result [52] shows that all (rather than
most) ¢ will ultimately reach MITE and stay there most
of the time, under two assumptions, first again that all
energy eigenstates |«) are in MITE, and second Sred-
nicki’s [58, 59] extension of the ETH to off-diagonal el-
ements, i.e., that for A € e (as in Section 4.3.1),

(a|A|B) ~ 0 for « # B (39)

(see also [50]). Indeed, if H is non-degenerate and all |«)

are in MITE, then

Wil Aly) =Y (Wla)elEtal Ay E (Bly) (40)
a.p

3 Infact, the assumption of non-degeneracy can be dropped: If we
number the eigenvalues as E, with E, # Egfora # fandlet
|ar) denote the normalized projection of ¢ to the eigenspace of E,,
then the calculation (36)-(37) still applies.
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=Y (Wled el Aler) () (41)
~ tr(p™CA) . (42)

Furthermore, a calculation using (38) shows that

(At — el A} = Sl wlan P [l B[ [ep1vn .

afp
(43)

and if |(¢|A|B)| < e < 1for all & # B, then the time vari-
ance (43) is smaller than &2. It follows that, for most ¢ in
the long run, (V| Aly;) ~ tr(p™ A) for any A € g (in
particular projections), which yields that v, € MITE for
most ¢in the long run.

6 Many-body localized systems

There is no consensus on the definition of many-body
localization [12]. For the purposes of this paper we will
adopt the following definition: A system with Hamilto-
nian H is many-body localized if all the eigenstates of H
fail to be in MITE, this remains true under generic small
local (in real space) changes to H, and in each eigenstate
almost all subsystems S are “localized” with s having
substantially lower entropy than at thermal equilibrium.
Many-body localized (MBL) systems are the one
known example of many-body quantum systems that
fail to thermalize under their own dynamics where this
failure to thermalize remains under small generic local
perturbations to the system’s Hamiltonian. Since the ap-
proach to thermal equilibrium is connected to the prop-
erties of the energy eigenstates ¢,, it is of particular in-
terest whether the ¢, lie in MITE or MATE or neither.

Example 2. As a simple, and essentially trivial, example,
consider a chain of N non-interacting spins-1/2, each
subject to a local random field:

= 3 (44)

where i labels the spin, and 67 is the Pauli operator for
the z component of spin i. For specificity, let the lo-
cal static random fields %; be independent and identi-
cally distributed, drawn from the uniform distribution
on —W < h; < Wwith W > 0. Let us consider an energy
shell containing E = 0, which in a sense corresponds to
infinite temperature.

The eigenstates of H, are simply the simultaneous
eigenstates of each 67, all of which mutually commute

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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and thus also commute with F,. In this sense, we have
a (trivially) integrable system, with a complete set of lo-
cal conserved operators, the {6/}. We take as macro ob-
servables the M] of Example 1 above, i.e., the coarse-
grained total z-magnetization in each macro cell, along
with the coarse-grained energy My = f(H). So, #q =
Hne NN i kernel(]\7[j). Then, most of the eigenstates of
H, in %, are in MATE (in fact, even in Heq), With an
energy near zero (for this energy shell) in all large sub-
regions of the spin chain. But there are also a few eigen-
states where some large subregions have energies that
deviate substantially from the thermal equilibrium value
0, and these are the eigenstates that are not in MATE. In
fact, these eigenstates are orthogonal to /% (i.e., as far
from MATE as possible). So, the situation can be summa-
rized by the statement that

for every o, either ¢, € J%q0r¢, L #q. (45)

Thus, MATE-ETH is violated as strongly as consistent
with the mathematical fact (Remark 1 above) that al-
ways most eigenstates are in MATE. As a consequence
of (45), all states out of MATE stay out of MATE for-
ever (no MATE-thermalization and, since MITE implies
MATE, also no MITE-thermalization, the heat transport
coefficients vanish), whereas all states in MATE stay
in MATE forever (no fluctuations away from thermal
equilibrium).

It is moreover the case for A, (but not relevant to ther-
malization) that every eigenstate ¢, lies in some 7. In
contrast, a typical Hamiltonian, say one whose eigen-
basis in 4, was drawn uniformly among all orthonor-
mal bases in 74,., has eigenvectors ¢, that are typical
vectors relative to the uniform distribution over S(#yc),
and by the phenomenon of normal Zypicality [20, 25, 66],
| Bpo ||> ~ dim %,/ dim ., where P, is the projection
to J,; that is, ¢, is spread out over all 2#,; in fact, this
is the case for all « simultaneously [20, 25, 66]. Corre-
spondingly, [20, 21], for a typical Hamiltonian every ¢,
has a component of size 1 — ¢ = dim %,/ dim J%,. in
q and a component of size ¢ orthogonal to %4; as a
consequence, all ¢, lie in MATE [21]. It is ironical that, al-
though MATE is nearly the same as .#%4, almost none of
the eigenstates can lie in % if all of them lie in MATE
(and not all can lie in MATE if as many as possible of
them lie in J%,).

Several traits of the eigenstates of H, are quite typical
of MBL systems: The energy eigenstates ¢, of MBL sys-
tems tend to have a short range of entanglement. That
is, while they are not exactly product states, they are less
entangled between neighboring lattice sites than ran-
dom states v (and thus less than for Hamiltonians with
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a random eigenbasis). They can be approximated as un-
entangled between different cells A ;. That is, the ¢, of
an MBL system can be approximated as a product of
eigenstates of local energy, a situation of which Exam-
ple 2 is a strict case. As a consequence, some eigenstates
have a profile of cell energy that is very non-uniform,
and they will not be in MATE, but will be approximately
orthogonal to J%. In addition, for a generic interacting
MBL system there are presumably also a small number
of eigenstates that contain substantial components both
in J%4 and orthogonal to .7%; this should happen when
the profile of cell energy lies near the borderline of what
should be considered uniform.

Let us have alook at MITE in Example 2. In our energy
shell E = 0, the thermal density matrix of a single spin at
site i, S = {i}, is

pFC= I+ 31D (46)
analogously to the even more trivial Example 1 in Section
4.2. However, also analogously to (35), for every eigen-
state ¢ of H,, due to the product structure of ¢, ,6? = ,6?
is either [1) (1| or |{)({|, sO ,6‘51’ is far from p$*°. Thus, for this
system, the MITE-ETH is false, in fact none of the eigen-
states are in MITE. [In the full spectrum, there are two
exceptional eigenstates, namely the ground states of H,
and of — F,. These two states are (trivially) in both MITE
and MATE, as is always the case for non-degenerate
ground states. But we are not interested here in ground
states].

Also this situation is typical of MBL systems: It has
been shown analytically [28], numerically [42], or per-
turbatively [2, 3, 54] for various MBL models that none,
or almost none, of the eigenstates of H are in MITE—
although most pure states, when consideration is not
restricted to the energy eigenstates, are necessarily in
MITE. This is only to be expected considering that en-
tanglement has short range in ¢, of MBL systems, and
entanglement is the mechanism behind MITE. So, a typi-
cal MBL system has most energy eigenstates in MATE but
none in MITE,; it is thus as far from the ETH as possible,
in view of the mathematical fact (Remark 2) that most en-
ergy eigenstates have to be in MATE.

Correspondingly to the failure of MITE-ETH, typical
Y¥’s in Example 2 do not approach MITE. For example
(though not a typical one), if v is initially a product state
then it will forever remain one due to the form of (44),
and product states lack the entanglement needed for
MITE, so ¢ never reaches MITE.

Now consider a pure state ¢ € %, built out of the
eigenstates ¢, in MATE. Since it lies in a subspace in
which the MATE-ETH is true, ¢ approaches MATE (see
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Section 5.1). Can v be at all out of MATE (so that it is a
non-thermal state that thermalizes)? For an ETH system,
it is clear that the answer is yes, i.e., a non-MATE ¢ can
be superposed out of MATE eigenstates, as all eigenstates
¢y from 7, lie in MATE, and surely some v € %, are
not in MATE, so they must be built of ¢,’s in MATE. It
is equally clear that for Example 2 the answer is no, as
the ¢, in MATE lie in /%, so any superposition also lies
in /%4 and thus in MATE. So what about other MBL sys-
tems? This will be addressed by the next example.

Example 3. Take the same Hilbert space and Hamilto-
nian as in Example 2, but now take the macro observ-
ables M; to refer only to x-spin and not to z-spin, which
leads to a different choice of 4. (This example is less
serious because serious examples should have cell ener-
gies among their macro variables, and this example does
not; but we consider it anyway).

It is useful to consider the basis {b,} of /# consist-
ing of products of |—)’s and |«)’s; those b, that have ap-
proximately equally many |—)’s as |<)’s in every cell lie
in s%4, and the others are orthogonal to 7%,. It follows
that every energy eigenstate ¢, lies in MATE. As a conse-
quence, every ¥ € # approaches MATE for this choice
of macro variables.

For example, ¥ = |[>)®" is orthogonal to /%4, and
in particular not in MATE (and hence not in MITE).
Since all spins precess at different frequencies due to
the local random fields #; in (44), the macroscopic x-
magnetization relaxes to zero, and this i approaches
MATE, as it should.

In view of this example of a dynamical relaxation of
the x-magnetization, we may ask whether there are also
pure states of macroscopically non-uniform cell energy
distribution (i.e., non-uniform temperature profile, such
as a temperature gradient) that relax to a uniform cell
energy distribution. The answer is no, as it is clear from
(44) that the spins do not interact and thus energy can-
not be transported from one site to another. In fact, it
follows that a ¢ with a non-uniform cell energy distribu-
tion must consist exclusively of energy eigenstates with
the same cell energy distribution.

With respect to MITE, Example 3 behaves like Exam-
ple 2 because MITE does not depend on the choice of the
M;, which was the only difference between the two ex-
amples. That is, none of the ¢, lie in MITE, and approach
to MITE does not occur.

Example 4. Take again the same Hilbert space and
Hamiltonian as before, but now let us include among the
M; both the x-spin and the z-spin on the macro level.
That is, we include coarse-grained magnetization oper-
ators for each cell in the x- and the z-direction (a little
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adjusted so as to make them all commute). This is a nat-
ural choice that reflects better what can macroscopically
be measured.

Then, again, none of the energy eigenstates lie in
MITE, and approach to MITE does not occur. Some ¢,
(those with a macroscopically non-uniform density of |1)
factors) will be (approximately) orthogonal to J%, and
thus clearly out of MATE; |—)®" (or rather, its normal-
ized projection to %,.) will again be an example of a
state out of MATE that approaches MATE. So, some non-
equilibrium states thermalize, but a non-zero tempera-
ture gradient cannot relax.

Example 5. For a system that is less trivially localized, let
us now add some nearest neighbor interactions to this
spin chain model, as well as possibly a transverse field.
For example, Imbrie [28] adds non-random Ising inter-
actions and a transverse field:

Hs =Y (J676f, + 167 + hi6}). 47)
i

For W > 0and " small enough, he shows [28] under plau-
sible assumptions that this system remains fully many-
body localized (although the precise definition of MBL
that he uses differs from ours in ways that we expect are
not important for the present discussion). In this regime,
for any small local perturbation of H, one can define
localized conserved operators ¢/ that all mutually com-
mute and also commute with the resulting Hamiltonian
Hs [27, 54]. These operators %7 are made by “dressing”
each 67 with multi-spin operators that are localized near
site i. This means that the norm of any such dressing typ-
ically falls off exponentially with the distance of the far-
thest spin used in the dressing and the probability of hav-
ing strong long-range dressing also falls off exponentially
with the distance. In terms of these {£/}, the Hamiltonian
of this more generic system can be written as [27]

Hs =Y htf+ ) Jytiti+ > Kipdftiii+.... (48)
i

i<j i<j<k

where %; is the local effective random field, and the in-
teractions J;;, Kjji, etc. typically fall off exponentially
with the distance between the two farthest operators in-
volved, as does the probability of such a coupling being
strong.

Although Hjs has more interactions than H,, it is sim-
ilarly integrable with a complete set of localized con-
served operators, the {#7}. And H; has all the properties
outlined above for H, including some eigenstates that
fail to be in MATE, and having all highly-excited eigen-
states fail to be in MITE.
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It remains an open question whether or not all sys-
tems that are MBL have this structure, with a complete
set oflocalized conserved operators. No detailed descrip-
tion of how MBL would work otherwise has yet been
proposed.

7 Further aspects of MITE and MATE
7.1 Quantitative MATE

In this section, we focus on the practical size of ¢ and

8 in (10) and (11); that is, of ¢ = 1 — dim g/ dim

(o, classically, e = 1 — vol I'eq/ vol I'ryc), and of the § that

quantifies how far tr(s Peq) can deviate from 1 in MATE.
First, we stated in (6) and (9) that

e~ exp(—107°N) . (49)

The estimate is similar in the classical and in the quan-
tum case. To obtain it classically, we partition the avail-
able 3-volume A C R® into m (say, 10%) cells A; of
equal volume, consider simply the configuration space
A" instead of phase space, use the uniform distribu-
tion over A%, and take the macro variables to be M; =
[N;/NAM;] AM;, where N; is the number of particles
in A; (and, say, AM; =107'%). Then M; has equilib-
rium value vij =1/m (and the relative resolution is
AM;/ v?q = 107%); the distribution of N; is binomial with
parameters N and m~! and thus, if N is large, ap-
proximately Gaussian with parameters u = N/m and
o> =m'(1 - m )N~ N/m. For M; to deviate from its
equilibrium value requires that N; deviates from u by
more than NAM;, ie., by more than +/mNAM,; stan-
dard deviations, which has probability less than p:=
exp(—mN AM?). Since the Nj; are approximately inde-
pendent, the probability that any of the M; deviates from
its equilibrium value is mp, which here is still of rough
order of magnitude exp(—10~15 N).

In this example we have chosen numbers appropri-
ate for a truly macroscopic system (say, N > 10%°) and
require equilibrium values to a rather high resolution in
all of a rather large number of cells. The numbers can
reasonably be changed by many orders of magnitude to
consider much smaller systems, to demand equilibrium
values to different levels of precision and to divide the
system into different numbers of cells. At some point N
becomes too small to allow room for a reasonable defini-
tion of MATE.

We now turn to the question, How big should § rea-
sonably be chosen? Not too small, or else MATE will not
contain the majority of S(4,.), and not too large, or else
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¥ € MATE will have significant component orthogonal
to %4 and will not mean much. That is,

sk, (50)

Since a realistic value of ¢ is 10-1%° or smaller (taking N >

102%), there is a lot of different possibilities for 8. Since
3 represents the maximal probability, in an ideal quan-
tum measurement of Peq on ¢ € MATE, of obtaining the
outcome 0 and projecting ¥ to a subspace orthogonal
to J%4, we may want to choose this probability so small
that we can expect never to observe such an outcome.
Borel [6, Chap. 6] has argued that events with probability
< 1072%° can be assumed to never occur in our universe,
so we may want to choose § < 1072%°, A natural choice is

5= 5.

7.2 Quantitative MITE

As already mentioned, the statement that most ¢ €
S(##4nc) are in MITE is based on canonical typicality. A
tighter estimate of canonical typicality than the one in
Remark 6 is provided by a theorem due to Popescu, Short,
and Winter [44, 45], which asserts that, for any Hilbert
spaces J4, % of dimensions d;, d, any subspace 73 C
A ® 5 of dimension dg, and any £ > 0,

i st ot -] 22+ &

ngz). 51)

<4ex (—
= 2P 145

Let us explain how this estimate can be applied. We
can immediately consider several systems i, ..., S; si-
multaneously and ask, Under which conditions does the
set

M=(ﬂ¢esm%yﬁgwﬁy] (52)

i=1

contain most wave functions? Here, we take the relation
ﬁfi ~ pg° to mean

s, — 8| < (53)

for some fixed 0 < ¢ « 1. (This ¢ is independent of the
quantity called ¢ for MATE in (49) and (11)). Let d; =
dim 4%, dyne = dim 5%y, and let uy denote the uniform
probability distribution over S(5%,.). From the theorem
(51) we obtain: If

d; < 3e/dncforalli, (54)

1600301 (13 of 20)
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then

(55)

dmc<92> .

> 1 - 4rexp(-
Unc(M) = rexp(——5 3

Indeed, this follows by setting & = ¢/2, #g = #ne, 74 =
Hs, and 4 = Hse. By assumption (54), the probabil-
ity that, for a particular i, the total error & + d;/«/dmc is
greater than ¢ is at most

dncgz) .

7273 (56)

4 exp (—
The probability that this happens foranyi =1, ..., risat
most r times this quantity, which completes the proof of
(55).

It may be surprising that the subsystems S; do not
have to be very small for canonical typicality to hold but
can, in fact, take up almost half of the whole system. For
example, suppose that the system consists of a lattice of
N> 1 spins, so dim.# = 2V; suppose further that the
energy shell arises from partitioning the energy axis into
10%0 = 2200 intervals, so that, roughly, dy. = 2V2%. If a
subsystem S; consists of some subset of the Nspins com-
prising 49% of the lattice sites, then

di — 20.49N & 20.5N7100 — \/a! (57)

so (54) is satisfied. In fact, if we consider r = 10 such sub-
systems of equal size and ¢ = 10712 = 2740, then (54) is
satisfied for N > 14100.

(This leads to the question how large r can be in
(52). Continuing with the numbers just mentioned but
dropping the assumption r = 10, we obtain from (55)
that t4c(MITEs, . 5) > 1—10"% for r < exp(2N-2%2 —
71), which for large N allows us to include all sets of lat-
tice sites comprising no more than 49% of all sites. How-
ever, the definition of MITE in Section 4.2 required the
appropriate behavior only for spatial regions of diame-
ter < o, and as mentioned in Remark 5, a rather small
number r of regions of near-half volume, say r = 8 for a
system in a cube-shaped volume, will contain all regions
of small diameter).

So, for a subsystem S comprising 49% of the lattice
sites, we have that for most ¥ € S(J%,c),

Py~ e by (58)

That is, while the density matrix obtained from v is
close to that from the micro-canonical ensemble, the
latter is not necessarily close to that obtained from the
canonical ensemble for any . In fact, the canonical
density matrix arises from p™° for small subsystems S
(if the interaction between S and S° is not too large),
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and 49% of the lattice sites is not small enough for
this effect to occur. What about subsystems S greater
than half of the whole system (say, comprising 51%
of the lattice sites, so S° is still a macroscopic sys-
tem)? Is ,52’ ~ pg¢ still true of most ¥ € S(#n)? The
condition (54) is then not fulfilled, but that may have
been a merely sufficient condition. So here is an ar-
gument showing that canonical typicality will usually
fail for subsystems greater than half of the whole. Sup-
pose e = H = Hs ® Hs with d=dim.# =2V and
ds = dim s = 203N For typical v € S(s#), by canonical
typicality g% ~ p2¢ = dg! Isc = (ds/d) Is.. By the Schmidt
decomposition, ,65‘/{ has the same nonzero eigenvalues
as ,55"’5, which are d/ds = 2°*°N nonzero eigenvalues of
size ds/d = 27949, whereas p'° = d; ' Is has ds = 205N
nonzero eigenvalues of size 2-05'N, so 5% % pe,
Realistic values for d,,. are

between dy,c = 10M1° and  dy,. = 103V (59)
(and thus something like dy. = 10" or larger). Here
are simple reasonings leading to these value. First, con-
sider N spins, so dim . =2V =10V, and suppose
dme = (dim 22)'/2. Second, for a single particle of mass
min 1 dimension enclosed in a box of length L, the en-
ergy levels are E, = h?x?n?/2mL?. Thus, the energy lev-
els of N non-interacting particles in a 3-dimensional cu-
bic box of side length L are (W*72/2mL?) Y>> YN 12,
and the number n of levels up to energy E is ap-
proximately equal to the volume of the part with pos-
itive coordinates of a 3N-dimensional ball of radius
R = Lv2mE/hr around the origin; this volume is ~
273Ny 3N2 RSN/ (3N/2)! ~ (er R?/6N)*N/. For E = 3 NkT
with T the temperature and k Boltzmann’s constant, we
obtain n=~ (3eL?mkT/27k?)3N/2. Thus, the number of
levels in an energy interval of size AE = %NkA Tis nar ~
(3N/2)(BeL?>mk/2mh?)3N/2 T3N/2=1 AT, For AT = 102K,
T =300K, L=1m, and m=>5 x 1072kg (the mass of
a nitrogen molecule), we obtain that ny7 ~ N10336N-43;

. . 25
for a cubic meter of air, N = 2 x 10%°, so npr &~ 10197,

7.3 MITE for abstract subsystems

A natural mathematical generalization that is often
interesting to consider is based on dropping the
idea that S corresponds to a region in 3-space and
regarding S as an abstract subsystem defined by
any splitting of Hilbert space into a tensor product,

jfmc - ﬁfs ® ijC ) (60)

where S and S° can be thought of as just labels for the
two factor spaces. For example, S may comprise the spin

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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degrees of freedom and S° the position degrees of free-
dom, or S may comprise the oxygen atoms and S° all
other atoms in the system. Then, canonical typicality as
described in Remark 6 or in (51) still applies: if r is not too
large and each S; is not too large (dim /%, <« /dim %),
then most ¥ € S(#%,) are “in MITE relativeto Sy, ..., S;,”
i.e., lie in the set (52).

7.4 MITE for most abstract subsystems

One can also consider the set MITE,,osc comprising those
¥ € S(5#%) for which ;35‘4 ~ pg¢° holds for most abstract
subsystems S with dim J#s < . That is, instead of de-
manding ¢ € MITEg, for r particular subsystems S;, we
demand that ¢ € MITE; for most S. The key fact is that if

dy <« +/dim ., then

most ¥ € S(nc) lie in MITE s - (61)

This claim follows from canonical typicality. Indeed, let
. be the set of all abstract subsystems S of dimension <
dy, and let u be the normalized uniform distribution over
.. Since for every S € ., most ¢ lie in MITE by canoni-
cal typicality, it follows from Fubini’s theorem that under
the product measure p x Uy on .~ x S(H#c), the set of
pairs (S, ¥) such that v € MITEg has measure close to 1,
and further that, for most v, u{S € .7 : € MITEg} ~ 1.
On the other hand, a pure state { € S(5%,c) cannot si-
multaneously lie in MITEg for every abstract subsystem
S of dimension < 4. Put differently, for any given ¢ we
can construct a subsystem S for which v is atypical. The
simplest way of seeing this is to start with any given sub-
system §’; then to find a ' € 7%, that is atypical for §
in that ,55,’ is far from pg¢, for example ¥’ ~ ¢ ® x with
¢ € #%5 and x € #s); then to find a unitary operator IJ
on #. so that Uy’ = v; and finally to define S by apply-
ing Uto S. Another counterexample is described in [37].

7.5 Remarks

7. Superpositions of contributions from different energy
shells. Of course, some vectors in # have significant
contributions from %, for several macroscopically
different energies E. In this paper, we focus on vectors
in a single energy shell, as the implications for such
superpositions are straightforward.

8. Local thermal equilibrium. One often considers situa-
tions of local thermal equilibrium, in which for exam-
ple the temperature is not constant throughout the
volume occupied by the system, but varies slowly in
space and time, and small regions can be regarded
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10.

11.

as being in thermal equilibrium. For such situations,
there are then two different notions of local thermal
equilibrium, corresponding to MITE and MATE.
Macro values are almost constant in the micro-
canonical ensemble, micro values are random. For ev-
ery observable O, s™° defines a probability distribu-
tion over its eigenvalues, the micro-canonical distri-
bution; viz., the probability of eigenvalue « being

Pre) = tr(p™ B,) (62)

with P, the eigenprojection for eigenvalue o of O. For
a (coarse-grained) macro observable M, this distribu-
tion is almost constant, i.e., one value «y has proba-
bility close to 1, and this value «y is the thermal equi-
librium value. For micro observables, in contrast, the
distribution is not predominantly concentrated on a
single value. For a macro observable O = M again,
when considering a pure state y € S(#x.), the distri-
bution over the eigenvalues, p’ (a) = (¥|P,|¥), may
be very different from p™°(«) for exceptional v, but
for most v it must again be predominantly concen-
trated on o because the micro-canonical distribu-
tion (62) equals the average of the p¥ over all ¥ €
S(Hne)-

Non-macroscopic systems. While the thermodynamic
ensembles 5¥) and p™¢ (or classically p*) and p™)
can also be considered for a system that is non-
macroscopic to begin with (say, that comprises only
few particles), MATE (and its classical analog) are not
defined for such a system because it does not have
macro variables.* That is, the notion of MATE cannot
be applied.

Concerning MITE, if the system is too small then
canonical typicality will not apply (since canonical
typicality requires that the “bath,” i.e., the comple-
ment of the subsystem, be large), and the set MITE
may well be empty. However, MITE is well approxi-
mated in surprisingly small systems, such as for ex-
ample the six atom, six site Bose-Hubbard chain
studied experimentally in [31].

Other Measures of Typicality Than Micro-Canonical.
We have mentioned that most € S(J#%,.) are in

4
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If we make an arbitrary choice of variables ]\711 instead, then these
variables will usually not commute, not even approximately; and

if they do commute, so that they define an orthogonal decompo-
sition 7 = @, .77, then the JZ, will not feature the drastic dif-
ferences in dimension (or the I", defined by an arbitrary choice of
classical variables M; will not feature the drastic differences in vol-
ume) typical of macro-states, and there will usually not be a single
macro-state that has 99.99% of the size of the energy shell.
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both MITE and MATE; put differently, MITE and
MATE are typical properties relative to 4y, the uni-
form distribution over S(s#,.). This distribution can
be called the micro-canonical distribution of wave
functions, as it plays a role analogous to the micro-
canonical distribution of phase points in classical
mechanics. This brings us to the question whether,
instead of starting out from w4y, we could have
started from another distribution. Is there a distri-
bution of wave function analogous to the canoni-
cal distribution of phase points in classical mechan-
ics? And are MITE and MATE typical relative to that
distribution?

We conjecture that the answers are yes and yes. The
natural candidate for the canonical distribution of
wave functions is the measure known as GAP(5#)
(“Gaussian Adjusted Projected measure”). For any
density operator p on J#, the measure GAP(p) (22,
24, 30, 47], called the “Scrooge measure” in [30], is the
most spread-out distribution on S(#) that has den-
sity operator p. For comparison, the least spread-out
distribution would be concentrated on an eigenba-
sis of /6 with weights given by the eigenvalues of 4.
When ¢ is proportional to a projection, then GAP(p)
is uniform over the sphere in the range of that projec-
tion; thus, GAP($™) = un. It turns out [22, 24] that
for most ¥ € S(%y), the conditional wave function
of a small subsystem S is approximately GAP(5¢)-
distributed; in this way, this distribution is a quan-
tum analog of the canonical distribution of phase
points in classical mechanics, and one can say that
GAP(p"®) is the thermal equilibrium distribution of
the wave function.

We conjecture that most ¢ relative to GAP(p"")
have ﬁf ~ ﬁ(sﬁ) for small subsystems S. This paral-
lel between the canonical and the micro-canonical
distribution of wave functions would be some kind
of equivalence of ensembles. However, we note
that a uy-typical ¥™° looks quite different from a
GAP(p")-typical ¢#: While ™ lies in ., ®
does not; while the coefficients of ¥™¢ in the en-
ergy eigenbasis {¢,} are (with high probability) all
of roughly equal magnitude (or zero), the coeffi-
cients (¢,|¥?)) have rather different magnitudes,
whose squares are roughly proportional to e #%; as a
consequence, more coefficients are nonzero, and
more are significantly nonzero than for ¢™¢. In fact,
the energy uncertainty of ¢™¢ is of order 1/8 (inde-
pendently of N if we keep g fixed), while the energy
uncertainty of ¥ is proportional to +/N; both are
much smaller than the size A E of the energy window,
which is proportional to N.
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8 Exceptional cases

There are at least two exceptional situations in which a
dominant macro-state I'eq Or %4 does not exist. First,
at a first-order phase transition, such as in the ferromag-
netic Ising model in a vanishing external magnetic field,
some I', (or s#) has the appropriate majority of spins
up and some I',, (or J#,) has the appropriate majority of
spins down, each having nearly 50% of the volume of 'y
(of the dimension of J%,.) for a suitable energy interval.

Second, if the size of the system is exorbitant, say
its volume is greater than 10'°" cubic meters’ (which is
about 10'°" times the volume of the known universe,
which is 108 cubic meters), while we keep the size of
the cells A ; small on the macro scale, then the number
of cells will be correspondingly large, and it is to be ex-
pected by chance alone that a uniformly-randomly se-
lected phase point in I',c will possess a cell A ; some-
where in which a macroscopic observable M; deviates
significantly from its average value. As a consequence,
the set where every M, assumes its average value will
not have most of the volume. Likewise, for a randomly
selected ¢ € S(#y) in such an exorbitantly large sys-
tem, the joint probability distribution that  defines
over the eigenvalues v; of the macroscopic observables
M ; will not be overwhelmingly concentrated on a single
(\)1, ey l)[().

To obtain the estimate that 10'°" cubic meters is the
relevant volume (say, in the classical case), we subdivide
the volume into m cells of (say) cubic millimeter size,
consider the volume filled with air at room conditions,
which has n~ 2.5 x 10'® particles (i.e., N, molecules) per
cubic millimeter, and ask whether the number of par-
ticles in any cell will be less than 0.9997 or more than
1.001 7. Since for a random phase point, the particles will
be essentially uniformly distributed over the volume, the
number N; of particles in cell i has a binomial distribu-
tion with parameters nm and mi~!, which for large nand
m is approximately Gaussian with mean n and variance
n. The probability that N; < 0.999n or N; > 1.001nis of
order e~ (0:0017°/2n — g=1/2x10° ‘50 for an appreciable prob-
ability that this happens for any cell anywhere, we need
that m > e7/2x10° ~ 1010

> Of course, already at much smaller sizes than that, another phe-
nomenon that we are neglecting in this paper becomes very rele-
vant: gravity. It was for this reason that Onsager wrote [41]: “[T]he
common concept of a homogeneous volume phase implies dimen-
sions that are large compared to the molecules and small com-
pared to the moon.”

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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This effect, that for exorbitantly large systems none
of the I, or % is dominant, can be problematical when
we want to take the thermodynamic limit and let the vol-
ume tend to infinity. It can easily be dealt with, either
by increasing the cell size and the tolerances A M; as we
take the limit, or by defining I'¢q differently as the set of
those X e I',c at which most, but not all, macro observ-
ables M; assume their thermal equilibrium values (and
J3q as the subspace of 7, on which most, but not all,
macro observables M; assume their thermal equilibrium
values).

This effect also entails that the notion of MATE be-
comes meaningless for exorbitantly large systems (un-
less we increase cell size and tolerances or redefine /%),
while MITE remains unaffected by this situation. Indeed,
by virtue of the theorem of Popescu et al. [44, 45] about
canonical typicality (see Section 7.2 below), the probabil-
ity that for a (say, cubic millimeter sized) 3-cell A;, || ﬁ,'/\’i -
ARl > ¢ is, for fixed small ¢ > 0, of order exp(—¢?dic)
as dye = dim 5%, — oo. Thus, if we consider m cells, the
probability that any of them will be subject to a devia-
tion ||,6Xl_ — pacll > e is at most mexp(—&?dye), and since
dnc is of order me“™ with «, A > 0 as we keep the cell size
while increasing the number of cells (and thus the sys-
tem size), that probability gets small as m — oco. Thus,
as m— oo it has probability close to 1 for random v €
S(#nc) that all cells will simultaneously be close to ther-
mal equilibrium in the sense ﬁf‘_ A PR

So this is another difference between MITE and
MATE: MATE becomes meaningless for exorbitantly
large systems (unless we change the cell size and toler-
ances, or the definition of /%,) and MITE does not. As a
consequence, since MATE but not MITE exists in classi-
cal mechanics for pure states, it is also a difference be-
tween the quantum and the classical case: for an exorbi-
tantly large system, the notion of thermal equilibrium for
pure states becomes problematical in classical mechan-
ics but not (in the sense of MITE) in quantum mechanics.

9 Other proposed definitions of thermal
equilibrium

9.1 Tasaki’s version of MATE

Tasaki [63, 64] noted that there can be substantial prac-
tical difficulty about finding, for a specific example of
a physical system, a realistic orthogonal decomposition
(8) and proving that one of the macro-spaces 7, in
has >99% of the dimensions. He suggested the follow-
ing alternative definition (see [8, 60] for earlier work in
this direction), which is not strictly but approximately
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equivalent to MATE and which we call TMATE: For any
collection M, ..., M of self-adjoint operators (thought
of as representing macro observables but not necessar-
ily commuting), we say that a system with state p is in
TMATE if and only if

tr(pP)>1-86 Vj=1,...,K (63)
where

Pi =1y amvieanm (M), (64)
V) = tr(p™ M) (65)

is the thermal equilibrium value of Mj, and 1,4 denotes
the characteristic function (indicator function) of the set
A. Note that 15]- is the projection to the subspace spanned
by the eigenspaces of M, with eigenvalues within V; +
A Mj; thus, tr(p Pj) is the probability of finding, in a quan-
tum measurement of 1\7[]- on a system in state 5, a value
within V; £ AM;. In particular, the set of pure states in
TMATE is given by

K
TMATE:ﬂ{weS(%”mC):(ijW) > 1—5}. 66)
=1

If, for each j, the range of P; has almost full dimen-
sion (as did %4 in our previous conderations, and as
it should be the case for a macro observable M, and a
macroscopic tolerance AM;), then most y € S(J%,) lie
in (66). That is, quantitatively, if the dimension of the
range of P]- is greater than (1 — ¢/8) dim %, for each j,
then u,.(TMATE) > 1 — K¢/§, which is close to 1 if ¢ «
/K.

The basic point of TMATE is that the procedures in-
volved in the choice of the subspace %4, such as round-
ing off the M ; to make them commute, are not crucial for
obtaining a workable version of MATE, so that TMATE is
simpler than MATE as defined in (10) from the perspec-
tive of practical computation, while keeping the essence
of the concept of MATE.

9.2 Von Neumann’s proposed definition

Von Neumann [66] proposed a further definition of ther-
mal equilibrium, inequivalent to MITE and MATE, that
is also based on an orthogonal decomposition %, =
@, into the simultaneous eigenspaces of a commut-
ing family {1, ..., Mk} of macro observables. According
to this definition, a system with pure state ¥ € S(n) is
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in thermal equilibrium if and only if

dim .77,

Pyl ~ ——=
g4 dim %,

for allv, (67)
where P, is the projection to ., and a ~ bcan be taken to
mean (say) 0.99 < a/b < 1.01. See [20, 25] for discussion
of the property (67), called there normality. Suppose that
among the % there is a dominant subspace J#4. Then
von Neumann’s equilibrium states all lie in MATE, and
their macroscopic behavior is practically indistinguish-
able from other states in MATE, which is why MATE then
seems like the more natural definition.

Von Neumann considered only the case in which
there is no dominant %, which occurs if one takes the
inaccuracies A M; in the coarse-graining involved in the
construction of the macro observables M; smaller than
the typical size of fluctuations in thermal equilibrium.
That is, a smaller choice of AM; corresponds to a finer
partition of I" into I, or of 7 into /%, and for sufficiently
small A M;, none of the T', or »# will have 99% of the size
of the energy shell. According to the estimate
g = e MNAM; (68)

of Section 7.1, this may happen if

1
AM; < : 69)
I~ /mN
i.e., if
A M; m
relative error = —/ = mAM; <[ — (70)
v N

J

with v}? the eigenvalue of M; on #g; this means a rel-
ative error of 3 x 107% or less for m = 10° (number of
3-cells) and N =10 (number of particles). That a
macroscopic measurement could determine the num-
ber of particles in a given cubic millimeter of a macro-
scopic system (or the amount of energy, or charge, or
magnetization in that volume) with an accuracy of 6 dig-
its seems not realistically feasible, so the assumption of
such a small A M; is perhaps overly stretching the idea of
“macroscopic.”

This leads us to another difference between MITE and
MATE: If the A M; are chosen so small (as von Neumann
had in mind) that none of the macro-spaces /%, becomes
dominant, then MATE cannot be applied any more, while
MITE still can. This situation is parallel to that discussed
in Section 8 above.

It seems that Reimann’s [51] recent approach using a
typical observable A is closely related to von Neumann's
if we consider an orthogonal decomposition &,.7% that
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arises not from commuting macro observables but in-
stead as the eigenspaces of the single observable A.

10 Conclusions

Arguably, MATE is the more immediate concept of ther-
mal equilibrium. After all, thermal equilibrium is a no-
tion of thermodynamics, and its meaning there is that
the macro appearance of the system is stationary, and
that temperature and chemical potential are spatially
uniform (understood in terms of the spatial distribution
of energy). This meaning corresponds to MATE, not to
MITE.

Moreover, the notion of thermal equilibrium is not ex-
clusive to quantum mechanics, as thermal equilibrium is
equally possible in classical mechanics, and in fact the
concept originated in classical mechanics; so the defi-
nition of thermal equilibrium may be expected to be a
general one that applies to both classical and quantum
mechanics. This would be so for MATE but not for MITE
(which does not exist in classical mechanics for pure
states).

On the other hand, since MITE is the stronger prop-
erty, and since it is usually true that macroscopic quan-
tum systems approach MITE (MBL systems being an ex-
ception), it is natural to consider MITE, and it would
seem artificial to not regard it as a new kind of thermal
equilibrium property emerging from quantum entangle-
ment.

For MBL systems, most energy eigenstates ¢, have a
short range of entanglement. Usually, some ¢,’s of MBL
systems are not in MATE (so states with significant con-
tribution from them will not thermalize), and in fact
some ¢,’s are even approximately orthogonal to .
Since the ¢,’s are more or less product states of eigen-
states of local (cell) energy, they lack the long-range en-
tanglement relevant to MITE, and thus almost all fail to
satisfy MITE. Yet, considering, instead of energy eigen-
states, typical wave functions y from an energy shell,
they do feature long-range entanglement and thus are in
MITE, and a fortiori in MATE.

We note finally that while our analysis has focused ex-
clusively on macroscopic systems, there is strong numer-
ical and even experimental evidence [29, 31] that MITE
can be a very good approximation for surprisingly small
quantum systems of just a few spins or a few atoms, even
in pure states. For such systems MATE is not defined at
all in either classical or quantum mechanics. It is also not
clear whether (and if so how) the concepts of “thermo-
dynamics,” of Boltzmann entropy, and of the second law

© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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can be applied to such an isolated microscopic quantum
system.
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