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The properties of a partially ionized plasma in a long cylindrical tube subject to a uniform axial
electric field are investigated. The plasma is maintained by an external ionizing source balanced by
bulk and surface recombinations. Collisions between neutrals, whose density greatly exceeds the
density of charged particles, and of neutrals with ions, are sufficiently effective for their velocity
distribution to be close to a Maxwellian with the same uniform temperature, independent of the
external field. The behavior of the plasma is described by a collisional two-fluid scheme with charge
neutrality in the interior of the tube. Approximate nonlinear equations for the hydrodynamical
moments are obtained from a Boltzmann equation in which electron–neutral, electron–ion, and
electron–electron collisions are all important. It is found that under certain circumstances the
current and the temperature of the electrons undergo a drastic change, with hysteresis, as the electric
field is varied. ©1996 American Institute of Physics.@S1070-664X~96!00811-7#

I. INTRODUCTION

Instabilities are ubiquitous in strongly ionized plasmas.
They dominate the behavior of such systems and their study
forms the core of the subject. The origin of the instabilities
lies in the nature of the plasma interactions: on the one hand
they are long range and thus can produce strong cooperative
effects, and on the other hand they become ‘‘weaker’’ locally
at high energies~or temperatures!, as manifested by the de-
crease of the Coulomb cross section with energy rise.1 The
situation is different in weakly ionized cold plasmas, systems
that have attracted much attention recently.2,3 In such sys-
tems, collective phenomena play a smaller role and instabili-
ties are less common. Nevertheless there are cooperative
phenomena in these systems too, which, as we have shown
earlier4,5 for homogeneous idealized systems and will show
here for more realistic laboratory situations, can lead to dra-
matic, abrupt changes in the state of the plasma, when such
systems are driven by external fields.

There is a large literature on the behavior of plasma in a
cylindrical geometry~see for example Refs. 6–9!. The rea-
son for considering this system again here is that we are
interested in a regime in which the electrons are colder than
in the self-sustained discharge plasmas generally investi-
gated. The plasma has a sufficiently high degree of ioniza-
tion to make the electron–electron and electron–ion colli-
sions important. The condition of low electron temperature
permits us to neglect inelastic collisions but requires that we
include volume recombination effects.

The phenomenon in which we are most interested is a
rapid, essentially abrupt, change in the electron temperature
and current as the external electric field crosses a certain
critical value, which depends on the neutral–ion temperature,
degree of ionization, etc. The phenomenon is related to the
well-known runaway effect in fully ionized plasmas caused
by the decrease of the electron–ion collision cross section as

the external field increases the electron energy.10–12 In the
partially ionized gas the presence of the neutrals prevents
such a runaway. In fact, if one neglects collisions between
the electrons (e–e), as is done in the swarm
approximation,13 valid when the degree of ionization is suf-
ficiently small, then the stationary distribution~in the ab-
sence of inelastic collisions!will be of the Druyvesteyn
form,14 for which the current and electron mean energy are
smooth functions of the external field. The situation is simi-
lar when the size of the plasma is smaller than the energy
relaxation length of the electrons.9 There are, however, other
regimes, even in weakly ionized plasmas, where the effect of
thee–e collisions is sufficient to keep the electron distribu-
tion close to a Maxwellian.10,4 Such conditions can lead to
cooperative abrupt changes in the temperature and drift ve-
locity of electrons as the external field is varied. The origin
of the phenomenon is made clearer if one starts with a ki-
netic approach rather than with a macroscopic description.

While it is possible, even likely, that effects related to
those discussed here have already been observed indirectly in
the behavior of discharges, it would be useful for both theo-
retical and practical reasons to have experiments in which
the parameters can be controlled, so as to study the phenom-
ena in a quantitative way. We expect that the transition will
be seen as hysteresis in the current–voltage (I –V) charac-
teristic of the plasma when the external electric field is
slowly varying in time.4,5

We shall consider an experimental arrangement consist-
ing of a weakly ionized gas in a tube of radiusR subjected to
a constant external axial electric fieldE. The plasma is as-
sumed for simplicity to be produced through uniform ioniza-
tion inside the tube, by some external source, at a constant
rate a. It is balanced by two kinds of recombination pro-
cesses: a bulk one and a surface process on the tube wall.
The main bulk recombination for the regime we are inter-
ested in, are10 three-body processes involving two electrons
plus an ion, and dissociative recombinations in which a
metastable atom–ion complex recombines with an electron.a!Electronic mail: lebowitz@math.rutgers.edu
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The rates depend on the temperatures and densities of the
electrons, ions, and neutrals in a rather complicated way; see
Ref. 15. For the sake of simplicity we lump the two pro-
cesses together and assume an effective rate of bulk recom-
bination proportional toT23/2, whereT is the electron tem-
perature. We ignore the dependence of this rate on the
neutral and ion temperature and on the pressure that we keep
more or less constant. The recombination at the wall is also
treated phenomenologically. In particular, we assume that
the energy is absorbed by the wall that is kept at a fixed
temperature~see Sec. IV!.

We have in mind here a situation in which the great
majority of neutral atoms are some kind of noble gas, to
which may, or may not, be added a small amount of a more
easily ionized second species, though we realize that in the
latter case the analysis would be more complicated.16 This
will be reflected mainly in the rates of ionizationa and re-
combinationg, since we shall always consider a regime in
which the density of electronsn(r ,t) is much lower than that
of the neutrals,N, but big enough, due to the great disparity
between the electron mass,m, and the ion–neutral mass,M ,
for binary electron–electron collisions to dominate the en-
ergy exchanges in electron–ion and electron–neutral~e– i
ande–n! collisions. This requires4 that

sm

2pMe4
~kT!2!

n

N
!1. ~1a!

Herek is the Boltzmann constant ands is the total electron–
neutral particle collision cross section, which is taken to be a
constant in our work. Putting in appropriate values for the
parameters on the left side of~1a!gives ~see Ref. 4!,

1@n/N@831027, 431028, 1.531028, ~1b!

for He, Ne, Ar plasmas, respectively, whenkT is approxi-
mately 1 eV and it decreases asT2 for colder electrons. The
upper bound relates to the fact that we ignore any collective
self-induced electrostatic or magnetic interactions.

The ions in our model are assumed to have a uniform
temperature,Ti , the same as the neutrals, while their density
is n(r ,t), i.e., the plasma is treated as locally quasineutral.
We assume axial symmetry and longitudinal homogeneity so
the spatial dependence is only in the radial variabler<R.
The different mobilities of ions and electrons are compen-
sated by an internally generated radial ambipolar electric
field F(r ,t). We are thinking of a quiescent, long positive
column that fills the tube.6

The reason for considering external rather than field-
induced ionization is that we found in our previous works,4,5

in which we considered a spatially homogeneous case with
ana priori fixed plasma density, that as we varied the exter-
nal fieldE, there was a transition in the electron distribution
between regimes of weak and strong coupling to the ions.
~Ref. 5 presents a rigorous proof of such a transition for a
greatly simplified model system!. This mechanism of a ki-
netic transition, which we investigate here in a more realistic
physical situation, requires a low electron temperature and
relatively weak electric field, which seems hard to achieve
when the ionization is produced by the field~see Sec. IV!.

The basic idea in Ref. 4 and here is to consider situations
in which the collisions between electrons are strong enough
to force their velocity distributionf (r ,v,t) to stay close to a
MaxwellianM f with temperatureT and drift velocityw. The
values ofT andw, which are simply related to the first two
velocity moments of f , are then determined by self-
consistent ‘‘hydrodynamic’’ equations, i.e., we evaluate the
integrals entering the time evolution ofT andw with the help
of replacingf by this Maxwellian. For the spatially homoge-
neous case this yields ordinary differential equations in time
for T andw that can be reduced to a couple of transcendental
equations for stationary valuesT(E) andw(E) yielding, in
some cases, S-shaped curves as functions ofE5uEu. In the
region wherew decreases withE, the system is unstable. The
current and the electron temperature can therefore be ex-
pected to jump upward~downward!when the field increases
~decreases!. This will occur at different values of the field
intensity~see Fig. 3 below!. In the lower~upper!part of the
loop, the electrons will be supercooled~superheated!, creat-
ing in this way a hysteresis loop. The origin of this behavior
lies in a changeover frome– i to e–n coupling as the domi-
nant factor when the electron energy is increased by the field.

In the situation analyzed in this paper, we obtain nonlin-
ear partial differential equations forn(r ,t), T(r,t), w(r,t),
andF(r ,t). Their stationary solutions are the main concern
of this work. This is presented in Sec. III following the math-
ematical formulation of the problem in Sec. II. A discussion
of physical situations where the transition predicted by the
two-fluid model used in this paper might be observed is pre-
sented in Sec. IV. This is a much more restrictive domain
than that given by~1!. It requires essentiallyn/N;1024

whileN;1015 cm23 for light noble gases whenTi is close to
room temperature. At the transition, the electron temperature
jumps within a range of severalTi , staying significantly
lower than the usual temperatures in self-sustaining gas dis-
charges. This determines the experimental setup we study
here. The nature of the various approximations made is dis-
cussed in Sec. IV and in the Appendix.

II. MATHEMATICAL DESCRIPTION

The behavior of the system is described by kinetic equa-
tions for the electron and ion distribution functionsf (r ,v,t)
and f i(r ,v,t) normalized to the same densityn(r ,t). Under
the above assumptions the Boltzmann equation for electrons
has the form4

] f ~r ,v,t !

]t
2

e

m SE1
r

r
F~r ,t ! D –“vf ~r ,v,t !1v–“r f ~r ,v,t !

5ac~v!2gn f~r ,v,t !1
m

Mv2
]

]v F S bn1v4

l D S f̄ ~r ,v,t !
1
kTi
mv

] f̄ ~r,v,t!
]v D G1

bn

v3
L̂ f ~r,v,t!1

v
l

@ f̄ ~r,v,t!

2 f ~r,v,t!#1Q@ f #. ~2!

In ~2! the first two terms on the right side represent the ion-

4230 Phys. Plasmas, Vol. 3, No. 11, November 1996 J. L. Lebowitz and A. Rokhlenko

Downloaded¬11¬Feb¬2011¬to¬128.6.62.225.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright;¬see¬http://pop.aip.org/about/rights_and_permissions



ization and recombination, respectively:c~v! is the normal-
ized distribution function of newly born electrons with mean
kinetic energymv0

2/2,

E c~v!d3v51, E vc~v!d3v50,

~3!

E v2c~v!d3v5v0
2.

The third term with the prefactorm/M represents the diffu-
sion in the speed of the electrons due to collisions with ions
and neutrals. The effectiveness of thee– i collisions is pro-
portional ton and is strongly peaked at small speeds. The
constantb is given4,11 by b54pe4L/m2 ~L;10 is the Cou-
lomb logarithm!, whilel51/Ns is the mean-free path of
electrons ine–n collisions. The next two terms on the right-
hand side of~3! represent, respectively, the effects ofe– i
ande–n collisions on the angular parts of electron velocities
with

L̂5Sm,n

]

]cm
~c2dm,n2cmcn!

]

]cn
~m,n51,2,3!,

wherec5v2W andW is the ion drift velocity. We neglect
the difference betweenucu and uvu, in particular in the energy
exchange term in~2!, sinceuWu!v. For thee–n collisions
we have defined

f̄ ~r ,v,t !5
1

4p E f ~r ,v,t !dVv ,

as the sphericalized average off (r ,v,t).
For simplicity, we have written thee– i ande–n colli-

sion terms when ions and neutrals have approximately the
same massM . In the case of using an easily ionized impu-
rity, these collision terms have to be modified in an obvious
way. However, as long as the density of these impurities is of
order ofn, andn/N!1, we do not expect them to substan-
tially affect our result. Finally, the last termQ[ f ] represents
e–e collisions. We do not specify here the exact form of this
term~although we have in mind a Landau form10–12!, since it
conserves the hydrodynamical moments corresponding to
density, mean velocity, and kinetic energy that we are going
to derive from~3!.

We could, but do not, write down a similar kinetic equa-
tion for the ions. As already mentioned, we assumed them to
have a distribution close to a Maxwellian with a uniform
temperatureTi , equal to that of the neutrals. The assumption
of charge neutrality further implies that both electrons and
ions have the same density,

n~r ,t !5E f ~r ,v,t !d3v5E f i~r ,vi,t !d
3v i ,

and the same radial drift velocity, as we shall see in the next
section. The maintenance of this quasineutrality is the task of
the radial ambipolar fieldF(r ). The effect of recombination
at the wall and other wall effects will be discussed in the next
section.

III. HYDRODYNAMIC DESCRIPTION

Many properties of the plasma can be expressed in terms
of the first few velocity moments off and f i . To obtain these
we multiply ~2! by 1, v, v2 and integrate overv. This yields
expressions for the time derivatives of the densityn(r ,t),
drift velocity ^v&5w(r ,t), and ^v2&53kT(r,t)/m1w2(r,t)
which, however, involve unknown integrals overf . To ob-
tain a closed set of hydrodynamical equations, we follow the
procedure in Refs. 4 and 5, which is often used for colli-
sional plasmas, and compute all integrals overv with the
help of the replacement

f ~r ,v,t !→M f~r ,v,t !, ~4!

where

M f~r ,v,t !5n~r ,t !~m/2pkT!3/2 exp@2m~v2w!2/2kT#
~5!

is a local Maxwellian with the samer - and t-dependent first
moments,n, w, ^v2&, as f (r ,v,t). This assumption is moti-
vated by the fact that the local MaxwellianM f is the unique
distribution that makes thee–e collision termQ[ f ]50, and
should thus be a good approximation~after some transient
time! for situations in whichQ[ f ] is the dominant term in
determining the shape of the distribution function. This re-
quires, at the minimum, thatn/N satisfy ~1b! and thatE, a,
and g be small so that the energy exchanges in thee–e
collisions are most important in determining the shape of the
energy distribution of the electrons; the effectiveness of the
e–n and e– i collisions being reduced by the factorm/M ,
which is the physically small parameter in the problem.
Equation ~5! can be rigorously justified, as was shown in
Ref. 5, for sufficiently idealized models. We believe that the
evaluation of these integrals viaM f remains valid, at least
approximately, in certain realistic situations~see Sec. IV and
the Appendix!.

Using ~4! we obtain four equations for the electron den-
sity n, the longitudinal and radial components ofw, wz , wr ,
the temperatureT, and the radially directed electric fieldF.
In writing down these equations, we shall neglect higher-
order terms in the drift velocityw(r ) as compared to the
electron thermal velocityu(r )5A3kT/m ~this is a good ap-
proximation whenm!M ; see Sec. IV and the Appendix!:
~a! Electron density equation,

]n

]t
52

]

r ]r
~rnwr !1a2c

n2

u3
; ~6!

~b! electron flux in thez direction,

1

n

]~nwz!

]t
1
eE

m
522A6

p
wz

bn14u4/9l

u3
2
cnwz
u3

; ~7!

~c! electron flux in the radial direction,

1

n

]~nwr !

]t
1
eF~r,t !

m
52

8

9
A6

p
wr

u

l
2
cnwr
u3

2
1

3n

]

]r
~nu2!; ~8!

and ~d! the energy balance equation,
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1

2

]~nu2!

]t
1n

e

m
@F~r,t !wr1Ewz#1

5

6r

]

]r
~rnwru

2!

~9!

5
av0

2

2
2
cn2

2u
2A6

p

m

M S 12
v i
2

u2Dn bn18u4/9l

u
.

Here

u2~r ,t !53kT~r,t !/m5^v2&2w2~r !, v i
253kTi /m,

and we have setg proportional toT23/2, g5c/u3 ~see Ref.
6!. The temperature-independent parameterc describes
qualitatively the rate of the volume recombination. In the
case of dissociative recombination,c is typically10,15 in the
range 43~1013–1015! cm6/s4 and close to the lower value for
pure helium. The temperature dependence ofg represents a
combination of both dissociative process and three-body re-
combinations. The latter will be most important when the
electron densityn is large andT is low. It gives a reasonable
rate in the vicinity of 300 K for the neutral and ion tempera-
tures.

A similar procedure with the ion kinetic equation yields
~6! for the zeroth moment because charge neutrality implies
the samen(r ,t) and, therefore, the samewr(r ,t). The ion
radial flux is described by the following equation:

1

n

]~nwr !

]t
1
eF~r,t !

M
52

8

9
A6

p
wr

U

l i
2
cnwr
u3

2
1

3n

3
]

]r
~nU2!2

1

nr

]

]r
~rnwr

2!. ~10!

HereU is the ion thermal velocity (MU253kTi) and l i is
the mean-free path ini –n collisions with respect to momen-
tum relaxation. Unlike in~8! we cannot, in~10!, neglectwr

2

compared withU2. We do, however, neglect the ionic con-
tribution to the total longitudinal current and assume that the
ions have the same temperature as the neutrals, since they are
in much better thermal contact with the neutral particles than
the electrons. We believe that in our range of electron tem-
peratures we make only a small error in takingTi5const and
neglecting the ion heating. Dependence ofTi on r can be
easily incorporated by adding one more differential equation
similar to ~9!.

The nonlinear partial differential Eqs.~6!–~10! have to
be solved for the five unknown functions
F(r ),n(r),u(r),wz(r),wr(r). In the stationary state, the set
~6!–~10! can be reduced by the elimination ofwz(r ) and
F(r ) with the help of~7!, ~8!, and~10!. We obtain

wz~r !52
1

2
Ap

6

eE

m

u3~r !

gn~r !14u4~r !/9l
, ~11!

and three coupled equations,

d

r dr
~rnwr !5a2c

n2

u3
, ~12!

m

M

d

dr S n u21v i
2

3 D 1
d

r dr
~rnwr

2!

52S 89 A6m

pM

v i
l i

1
cn

u3 D nwr , ~13!

u~r !n~r !
du~r !

dr
2
1

3
u2~r !

dn~r !

dr

5
8

9 l
A6

p
nwr1

A~r !

wr
, ~14!

for n(r ),u(r),wr(r). Hereg5 b1 1
2Ap/6cand

A~r !5
1

2
Ap

6 S eEm D 2 u3~r !n~r !

gn~r !14u4~r !/9l

1
a

2 S v022 5

3
u2~r ! D 1

1

3
c
n2~r !

u~r !
2A6

p

m

M

3S 12
v i
2

u2~r !
Dn~r !

bn~r !18u4~r !/9l

u~r !
. ~15!

It is well known6–8 that in the hydrodynamic approxima-
tion the assumption of the charge neutrality leads to singu-
larities near the plasma boundaries due to the space charge in
the plasma sheath caused by the different thermal velocities
of electron and ions ande– i recombinations near the wall.
The singularity manifests itself in Eqs.~12!–~14! through the
determinant of the linear system for the derivativesdn/dr,
du/dr,dwr /dr becoming zero when the radial drift velocity,
at somer5r 8, reaches the value

wr5Ak
5Te13Ti

3M
, ~16!

that is close to the adiabatic sound speed.7 According to~8!
the infinite derivatives imply an infinite electric fieldF(r )
and hence a breakdown of the model. Following Refs. 7 and
8 we interpret this to mean that charge neutrality cannot hold
for r.r 8 and r 8 marks the boundary of the plasma sheath.
On the other hand, the thickness of the sheath is6 of the order
of a few Debye lengthslD 5 AkTi /4pne2 ' 1024 cm when
Ti5300 K, n'1012 cm23. Assuming thatR@lD , we can
neglect the difference betweenr 8 and R in Eq. ~16! and
instead use~16! as the boundary condition for~12!–~14!, as
is proposed by Persson7 and other authors~see Refs. 6 and
8!.

Our task now is to solve~12!–~14! subject to the condi-
tions

dn

dr
~0!50,

du

dr
~0!50, wr~0!50, ~17!

at r50 and towr(R) given by ~16! at r5R. The functions
n(r ), u(r) are finite on the tube axis,r50. Equations~12!,
~14!, and~17! therefore imply

dwr

dr
~0!5

1

2n~0! S a2
cn2~0!

u3~0! D , ~18!

andA(0)50. The last relationship is very important, and we
rewrite it as
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Ap

6 S eEm D 25gn~0!14u4~0!/9l

u3~0!n~0!
F2A6

p

m

M

3S 12
v i
2

u2~0!
D n~0!

bn~0!18u4~0!/9l

u~0!

2aS v022 5

3
u2~0! D 2

2

3
c
n2~0!

u~0!
G . ~19!

Solving the set~12!–~14!with conditions~16!–~19!, we
determine the density and temperature profiles as well as the
average temperatureT̄(E) and the total longitudinal current
I (E):

T̄~E!5
2m

3kR2 E0
R

u2~r !r dr ,

~20!

I ~E!52peE
0

R

rn~r !wz~r !dr.

When we studied in Ref. 4 the spatially homogeneous
problem without ionization and recombination, we hadc50,
a50,n5const,u5const, and~19!served as the equation for
the determination ofu, or the electron temperature, as a
function ofE. We have a similar situation here whenl /R!1.
In this case one can disregard the recombination on the tube
walls and we have again a spatially homogeneous problem
n5n(0), u5u(0). Theonly difference is that we have now,
by virtue of ~12!,

n5Aau3

c
.

Defining

f5
9

8
Ap

6

lv i
23/2

Aac
S eEm D 2, v5

9

4
blv i

25/2Aa

c
,

~21!

x5
u

v i
, u5

v0
2

v i
2 , m5

c

b
, e25

m

M
,

~19! can be rewritten in the dimensionless form

f5
v1x5/2

x3 SA6

p

e2

vm
~x221!~v12x5/2!1

~x22u!

2 D .
~22!

It is obvious from~22! thatf is not monotone inx and,
therefore,T(E) is not single valued if the parameterv is big
enough. In a helium plasma whereM /m'7000, we take
c5431013 cm6 s24, u510, and find thatv should be larger
than about 113 in order to have a transition corresponding to
an S-shapedT(E) curve; see Fig. 1, wherev5250. For
smallerc the critical value ofv is lower.

In terms of the ion temperature and the degree of ioniza-
tion, v can be represented as

v5pL
e4

s~kTi !
4

n

N
.

This is approximately equal to 23106 n/N for helium with
the ambient temperature of the background gas. We see that

the transition requiresn/N;1024 or higher. Real values for
the electric field and current densityj can be found with the
help of the following relations:

El51.2831024S Ti
300DAvf,

j l52.631023S Ti
300D

5/2 x3Av3f

v1x5/2
.

Here l is in cm,E and j are in Vs/cm and mA/cm2, respec-
tively.

A. The T5const approximation

As a first step in solving the nonuniform case~12!–~14!,
let us assume that the electron temperature is constant,u(r )
5u(0). It seems reasonable to study such a simplified prob-
lem, both as a guide for the more general case, which we
shall consider later, and as an approximation that often yields
reliable results for the positive plasma column.6

The energy balance equation~14! cannot hold now for
all r<R, but at the pointr50 it reduces to~19!, and our task
is to solve~12! and ~13! with the conditions~16!–~18!. For
fixed E andn5n(0), Eq. ~19! determinesu and, therefore,
the electron temperature in the tube. We then integrate~12!
and ~13!, find the profilesn(r ), wr(r), computewz(r ) with
the help of~11!, and using~20! find the total currentI (E),
which gives the current–voltage characteristic of the plasma.
We can neglect the difference betweenb andg, because in
noble gasesg/b21;m;1024.

To solve Eqs.~12!and~13!numerically, we pick a value
of u and find a suitablen(0) that allows us to satisfy~16!.
Equation~19! is used for the calculation ofE for each choice
of u and n(0). In this way we obtain the functionsn(r ),
wz(r) and substitute them into~20!. Figure 2 shows the elec-
tron temperature and the electric current thus computed ver-
susE2 in relative units, whenl /R50.2. CurvesT(E) are
single valued forv<66, with the sameu, c as before in a
helium plasma.

FIG. 1. The dependence ofx ~representing the electrons thermal speed!and
the current density onf ~the electric field squared! for the spatially homo-
geneous case (R5`) whenv5250. The dimensionless units are defined in
Eq. ~21! in the text.
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B. TÓconst

We solved numerically Eqs.~12!–~14! with boundary
conditions~16!–~19!. Technically, we choose for eachu(0)
a trial value ofn(0), computeE with the help of Eq.~19!,
and solve the differential equations~12!–~14! for this triple.
The resultingwr(r ) will generally not satisfy the boundary
condition ~16! at r5R and we then iterate with a different
n(0). This search can be easily optimized; the procedure
usually converges very fast and yields the profiles ofn(r )
andu(r ) for r<R. From these we can obtainF(r ), wz(r),
wr(r) for a given external fieldE. In addition, we also find
the total current and the mean electron temperature over the
tube cross section~20!. The parts of theT(E) and I (E)
curves with negative derivatives are unstable and physically
nonaccessible,4,5 which also shows up in the computation
being extremely unstable there when we try to find the solu-
tions numerically. Thus, forE5E8 in Fig. 3 and any trial
temperature on the tube axis inside the gap region~0.046–
0.065 V!,T(r ) immediately jumps to a point corresponding
to T8 after a few steps of integration. This difficulty does not
occur when we keepT5const.

A qualitative description of the results is as follows.
~a! Here n(r ) always decreases monotonically. For

some range of parameters a kinetic transition takes place,
n(0) is then not a single-valued function of the external field
or the mean electron temperature. The decrease of the vol-
ume recombination ratec enhances the transition.

~b! The I –V characteristic for the total currentI (E) and
the mean electron temperature show transition-like behavior
for v.60. This is close to that obtained for the model
T5const.

~c! Here T(r ) is a smooth monotonically decreasing
curve whenE is large; for very smallE the electron tem-
perature passes a maximum at somer,R. This maximum is
caused by the electron heating in the ambipolar radial field
F, which is equal to zero on the tube axis. At stronger fields

E this effect is disguised by the external field producing
more heat near the axis, where the electron density is higher.

~d! The radial drift of electrons and ions as well as the
ambipolar electric fieldF(r ) rise strongly near the tube
walls, the latter even goes to infinity in this model, but the
wall potential with respect to the tube axis is finite, as one
can see from Eq.~8!.

We present a few curves forv590 in Figs. 3 and 4,
which illustrate the transition, the temperature profiles across

FIG. 2. The electron temperatureT and total currentI •R ~in mA cm! versus
the electric fieldE•R ~in V! whenT is assumed constant in the tube cross
section,Ti5300°, andv590.

FIG. 3. Plots of the mean electron temperature and total current when
TÓconst andv590 ~the same units as in Fig. 2!. The hysteresis loop is
indicated by arrows. At values of the field between the end points of the
loop, like E8, the computation leads to values on the lower or upper
branches of the loop, determined by how close the starting point is to one of
them.

FIG. 4. The radial profiles of the mean electron speed and ambipolar electric
field F(r )•R ~in V! whenv590 for two regimes: the solid lines correspond
to a small field~E•R'0.04 V, T̄/Ti'2.5!, the dotted lines to a larger field
~E•R'0.07 V, T̄/Ti'8!.
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the tube cross section, and the radial dependence of the trans-
verse electric fieldF(r ). As E is varied we expect jumps in
T(E) and I (E) at the arrows in Fig. 3.

IV. DISCUSSION

In this work we investigated properties of the stationary
state of a partially ionized plasma in a cylindrical tube main-
tained by a source of ionization and subjected to an external
axial electric fieldE. Our calculations were done in a colli-
sional two-fluid scheme. The neutrals are treated as a given
background with fixed densityN and temperatureTi while
the ions were assumed to have the same uniform temperature
Ti and a densityn(r ) equal to that of the electrons, i.e.,
charge neutrality in the interior of the tube.

The assumption that the heating of the electrons by the
external and ambipolar fields, together with the injection of
relatively warm electrons in the process of ionization, does
not heat the neutrals and ions very much seems reasonable
when one takes into account the density and heat conductiv-
ity of the neutrals and the strong coupling between them and
the ions. To see this in a semiquantitative way, we note that
the temperature distribution for the neutrals is governed by
the equation

1

r

d

dr S r dTdr D52
P~r !

l
, ~23!

whereP(r ) describes the heating sources andl is the ther-
mal conductivity, which can be taken to be constant. By
keeping the walls of tube at a given temperatureT0 , we
impose the boundary conditionT(R)5T0 , which gives

T~r !5T01
1

l E
r

R dx

x E
0

x

yP~y!dy. ~24!

Let us consider three cases:~1! P(r ) is a constant,~2! lin-
early falls to zero, and~3! approaches zero parabolically.
Then letting

P̄5
2

R2 E
0

R

P~r !r dr

be the average intensity of the heat source, Eq.~24! yields,
on the tube axis,

T1~0!5T01
1

4

P̄R2

l
, T2~0!5T01

5

12

P̄R2

l
,

T3~0!5T01
3

8

P̄R2

l
,

respectively. The condition

P̄!2lT0 /R
2 ~25!

then guarantees an approximately uniform temperature of the
neutrals. In fact, we takeT05Ti , and Eq.~25! can be rewrit-
ten in the form

E j̄!
1

sR2 A 3

M
~kTi !

3/2,

if, for simplicity, we neglect the effects of the neutral gas
nonideality and only take into account the heating by the
external field,P5E j . For a typical example of the situation
considered in this paper, which will be described later in this
section,E j̄ is four orders of magnitude smaller than the
right-hand side of~25!.

The assumption of a constant ion temperature will hold
only approximately. We expect that away from the tube axis
the ion temperature will become somewhat larger than the
temperature of neutrals but not significantly so, except per-
haps in close vicinity of the wall.6–8 Since the transition we
are studying here takes place whenT is only a few times
higher than that of the neutrals, we may assume a constant
ion temperatureTi , at least for the majority of ions.

The kinetic model on which the hydrodynamic equations
~6!–~10! are based is the nonlinear Boltzmann equation~2!
for the electron distribution functionf (r ,v,t). To obtain the
fluid equations, we have used the approximation of replacing
f byM f in evaluating the integrals for the time derivatives of
the hydrodynamic variables. The justification given in Sec.
III is the dominant effect ofe–e collisions. But, as is clear
from the behavior of thee–e collision cross section, which
decreases for large speeds asv24, f (v) will not be uniformly
close toM f(v) for all v. For large speeds, the behavior off
in the stationary state will be dominated, foruEu not very
small, by collisions with neutrals that lead to a Dryuvesteyn-
type tail of the form14 f ; e2Lv4/E2. Very slow electrons, on
the other hand, are strongly influenced by thee– i interac-
tions and their distribution is distorted nearv50 also. How-
ever, since we are only interested in the evaluation of aver-
ages of quantities that are not too peaked at very slow or very
high speeds, the main contribution will come from typical
values ofv, v ; u 5 A3kT/m, where the bulk of electrons
are. In this region of velocity spacef will be close toM f

whenever the ‘‘relaxation time’’tee associated withe–e
collisions is small compared with other relaxation times in
the problem, which would try to drive the electron distribu-
tion away from a local Maxwellian. We now evaluate the
different relaxation times for typical electrons in the spirit of
plasma kinetic theory.11,12

The frequency ofe–e collisions1 is bn/u3, so tee, the
time of energy and momentum relaxation in such collisions,
can be approximated as

tee'
u3

bn
. ~26!

The relaxation time of the newly created electrons, whose
mean speedv0 is higher thanu, can be obtained from~26!by
replacingu with v05u1/2u. On the other hand, an electron
with speedv loses, in a collision with a slow ion having
velocity ui , a fraction 2m/M of its energy. Such collisions
take place with frequency,nei5bn/u35tee

21, so thee– i en-
ergy relaxation time is

tei;
M

m
tee. ~27!

By the same reasoning, the energy relaxation time with neu-
trals, where the collision frequencynen is v/ l , is
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ten'M /mnen5Ml /mu. ~28!

We thus always havetee/tei5m/M!1 and the require-
ment thattee/ten!1 is just the left side inequality in~1a!.
This assures thate–e collisions will play a dominant role in
determining the energy distribution of the electrons, at least
for the case of a uniform plasma with fixed electron density
n, considered in Refs. 3–5. In the present case we also have
to consider the electron lifetimes relative to recombination in
the bulk,tB , and on the walltW . A simple calculation yields

tB5
u3

cn
5
b

c
tee'104tee. ~29!

To estimatetW we compare the flux of neutralizing ions to
the walls,uin(R)•2pR, and the total number of electrons in
the tube cross sectionn̄pR2: tW'Rn̄/2uin(R). Taking
roughlyn(R)/n̄;1/20 we obtain, after some substitutions,

tW'10R/ui'10~R/ l !~MT/mTi !
1/2ten . ~30!

Thus, for R/ l>100, tW>ten and the arguments used for
fixed n should apply.

We note here, however, that in order to getM;M f with
both T andw determined by the hydrodynamic equations,
one actually needs to assume also thattee is small compared
to the momentum relaxation times, i.e., that (teenei) and
(teenen) are small. This was assumed for the simplified
model equations5 but clearly does not hold in the plasma. A
better approximation scheme for solving~2! would therefore
be, to takef;M f

0, a local Maxwellian with mean driftw50.
The leading corrections to this Maxwellian would be of order
Am/M , and would have to be computed from a linearization
of ~2! aboutM f

0. The result would then be the input for the
self-consistent evaluation ofT. This is what was essentially
done heuristically and approximately in Ref. 4. To make the
scheme work rigorously, the effective strength ofE and
hencew must also be of this order. This is indeed what we
find here, for the range ofE in Figs. 1–3, with w/u
; Am/M . In fact, the results obtained in Ref. 4 are qualita-
tively similar to those obtained with the present approxima-
tion scheme for uniform systems, which facilitates computa-
tion ~see also the Appendix!.

We shall consider now, within the scheme of Sec. III and
the even simpler relaxation time estimates discussed above,
the physical conditions necessary for observing the kinetic
transition manifested in the S-shaped curves in Figs. 1–3.
Since the origin of this behavior is a changeover frome– i to
e–n collisions as the dominant mechanism for the dissipa-
tion of the energy that electrons gain from the external field,
it is necessary that at the initiation of the transition, i.e., at
the bottom part of the S curve, the electron temperature,Tb ,
should be low enough fornei/nen to be large. The require-
ment that this ratio, which can be written as
(4pnL/9N)(e4/s)/(kTb)

2, be large compared to one, and
that we still haven/N!1, imposes a strong constraint on the
temperature of the electronsTb . Assuming a helium plasma
with the neutrals and ions at room temperature,Ti5300 K,
R51 cm, u5(v0

2/v i
2)510, corresponding to an energy of

1
4 eV for newly created electrons,s55310216 cm2 ~see Ref.
17!, the ionization fraction at the center of the tube, corre-

sponding to the bottom in Fig. 3, isn/N;431025. We took
l /R50.2, which impliesN'1016 cm23, corresponding to
NkTi51021 Torr and n(0);431011 cm23. The electric
field in Fig. 3 goes from zero to about 0.2 V/cm and the total
current does not exceed 4 mA. For a neon plasma,s is
smaller by a factor of 9 and so is the requirement on the
ionization fraction.

Whether conditions like these can be achieved experi-
mentally is, at the moment, an open question. What is clear,
however, is that if we have to rely on ionization caused by
the external fieldE then Tb will be about 1 eV and the
electrons will never be coupled strongly to the ions for
n/N!1. To have a chance of seeing a transition correspond-
ing to a crossover frome– i to e–n coupling we would have
to consider an almost fully ionized plasma in which the re-
maining neutrals would prevent the runaway effect caused
by the external fieldE when onlye–e ande– i collisions are
considered~see Ref. 11!.

To gain a better understanding of the dynamics involved
in this nonequilibrium kinetic transition, let us analyze, in
simple physical terms, the stationary state of our system in
the presence of the electric fieldE. We assume as before that
in eache– i or e–n collision the fraction of energy lost is
2m/M and the direction of motion of the colliding electron is
randomized. Under the action of the force2eE an electron
between two successive collisions changes its velocity from
v to v2eEt/m, where the mean time of the free flight is

t5S bnv3 1
v
l D

21

. ~31!

Whenv corresponds to the thermal velocityu the drift ve-
locity of electrons obtained from~31! is

w'2
eE

2m S bnu3 1
u

l D
21

. ~32!

@This almost coincides with Eq.~13! for wz .# In the station-
ary state the average energy gain between two collisions,

DW5
~eEt!2

2m
,

should be equal to the average energy loss
(m/M )m(u22v i

2),

S eEm D 252m

M
~u22v i

2!S bnu3 1
u

l D
2

. ~33!

We see from~33! thatu(E) is not a monotone function when
q5bnl/v i

4 is larger than about 12. This gives in a simplified
form the origin of the kinetic transition. For this analysis to
be reasonable the energies of the electrons must not be
spread out too much, i.e., the bulk of electrons must have
their speeds close tou. Thee–e collisions provide the non-
linear cooperative coupling that brings about this condition.
In the cylindrical plasma confined in a tube that was studied
here the critical value ofq is found very close to 10 for
plasma parameters used in Figs. 1–3.
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An S-shapedT(E), or in other words, a nonmonotone
behavior of the functionE(u), is caused by the decreasing
termbn/u3 in ~33!. The recombination of electrons near the
tube walls makes the densityn a decreasing function ofu,
due to the growth of the charged particle mobility with tem-
perature, and therefore enhances the observation of our tran-
sition. The opposite role is played by the volume recombi-
nation whose rate decreases with the electron temperature~u
here!and leads to a rise of density withu. We thus have a
competition between these processes in the cylindrical geom-
etry and may anticipate that the smaller is the bulk recombi-
nation the easier would be an experiment.
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APPENDIX: NATURE OF APPROXIMATIONS

We rewrite now Eq.~2! in a dimensionless form in order
to better see the mathematical nature of the approximations
made in our work. Settinge 5 Am/M , t85etv i / l , v85v/v i ,
r 85r/R, ew85w/v i , d5 l /R, E85(el/emv i

2)E,
F85(el/emv i

2)F, l 5 lAac/v i5, n8(r 8)5n(r)Ac/av i3, and
dropping primes we obtain

e
] f ~r, v,t !

]t
2e~E1F!–“vf1d~v–“r f !

5lS c2
n

x3
f D 1e2

1

v2
]

]v F S 4vn

9
1v4D S f̄1 1

3v
] f̄

]v D G
1
4vn

9v3
L̂ f1v~ f̄2 f !1Q@ f #, ~A1!

wherev is defined in~21!, and we have

E c d3v51, E vc d3v50, E v2c d3v5u,

E f d3v5n~r !, E vf d3v5en~r !w~r !,

E v2f d3v5n~r !@x2~r !1e2w2~r !#.

We restrict ourselves now to the homogeneous case (R
5`) with a fixed electron density,n, without ionization–
recombination. Eq.~A1! then takes the form

] f

]t
2E–“vf5

e

v2
]

]v F ~q1v4!S f̄1 1

3v
] f̄

]v D G
1
1

e S qv3 L̂ f1v~ f̄2 f !1Q@ f # D . ~A2!

In the stationary state the equations for the moments
have the form

E1
1

e E vS 2qv3 1v DF~v!d3v50, ~A3!

Ew1
4pq

3
F~0!2E S qv 1v32

4v
3 DF~v!d3v50, ~A4!

whereq5bnl/v i
4 as before and we have setF5 f /n so that

E vF d3v5ew, E v2F d3v5x21e2w2.

If one uses the substitution~4!, which now has the form

F~v!→S 3

2p D 3/2x23 expS 2
3

2x2
~v2ew!2D , ~A5!

and neglectse2(w/x)2 compared to unity Eqs.~A3! and~A4!
transform into the set

E5
2w

x3
A6

p S q1
4x4

9 D50, ~A6!

Ew5A6

p

x221

x3 S q1
8x4

9 D50. ~A7!

In the stationary case~A6! and~A7! can be solved forw(E)
and x(E) yielding nonunique solutions, whenq.7.6 ~see
Ref. 4!. The solution of~A6! and ~A7! for x can be found
from the relation

E25
12

p

x221

x6 S q1
4x4

9 D S q1
8x4

9 D . ~A8!

Equation~A8! is close to Eq.~33!, which was obtained in a
rough approximation without referring to the kinetic equa-
tion.

It is natural to expandf ~v,t! for the spatially homoge-
neous case in a series ine,

f ~v,t !5(
j50

f j~v,t !e
j . ~A9!

Substituting~A9! into ~A2! gives a set of coupled equations
for f j , where higher components can be expressed through
lower ones. We do not use this method in the present work,
instead we have solved Eq.~A1! using the method of mo-
ments withe51.431024, d50.2,l'0.1, andu510. In order
to have a closed set of differential equations we have taken

f 15S 3v–wx2 D f̄ ,
which comes from the shifted Maxwellian. We expect the
effect of our additional approximation to be small.
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