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is then the grand canonical partition function and its zeros are
the Lee—Yang zeros.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In this note we investigate the asymptotic normalcy of the number X of elements in
a random set M when the expected size of M is very large. We shall be concerned in
particular with the case in which M is a random set of edges, called occupied edges, in
some large graph G, under certain rules which constrain the admissible configurations of
occupied edges. Our analysis is however not restricted to such examples; in particular,
it includes many cases of interest in statistical mechanics, for which X is the number of
occupied sites in some region A C Z? (or the number of particles in A C R?).

The probability that X = m is written as

Pm2("
Prob{X =m} := , 1.1
(X =m} = 70 (1.1)
where
N
P(z) := Z P z™ (1.2)
m=0

is a polynomial of degree N and zg is a strictly positive parameter; we will often take
zo = 1. The coefficient p,, will be, in the graph counting case, the number of admissible
configurations of occupied edges of size m. By convention we take p,, = 0 if m > N or
m < 0. In some cases we will consider P as the fundamental object of study and will
then write Xp and Np for X and N.

A simple example is that in which a configuration is admissible if the number of occu-
pied edges attached to each vertex v, dps(v), is zero or one. In this case the polynomial
P(z) coincides with one of several definitions of the matching polynomial of the graph,
properties of which have been studied extensively in the graph theory literature. In par-
ticular, a local central limit theorem (see below) for X has been proved in the case zp = 1
[15]. Our primary examples in this paper will be graph-counting polynomials, which arise
when the restriction ds(v) € {0,1} discussed above is generalized to dps(v) € C(v) for
some set C'(v); we will obtain a local central limit theorem for X when C(v) = {0, 1,2}
for all v.

The above examples are also natural objects of study in equilibrium statistical me-
chanics; there one refers to the case with dy(v) € {0,1} as a system of monomers and
dimers, and to that with das(v) € {0, 1,2} as a system of monomers and unbranched poly-
mers. In this setting one thinks of the edges belonging to M as occupied by particles, and
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the parameter zy is then the fugacity of these particles. The restriction dys(v) € C(v)
with C(v) = {0,1,...,¢,} corresponds to hard core interactions between the particles,
and is a special or limiting case of a more general model for which a configuration M
is assigned a Gibbs weight wy; = e VM) with U(M) the interaction energy of M
and [ the inverse of the temperature, and p,, := Z{M | [M|=m} WM- Pm is then called
the canonical partition function for m particles and P(z) the grand canonical partition
function of the system.

In this statistical mechanics setting the graph G is usually a subset of a regular lattice.
For example, the vertices may be the sites of the lattice Z?¢ which belong to some cubical
box B = {1,...,L}¥ C Z%, with edges, usually called bonds, joining nearest-neighbor
sites; one also considers such a box with periodic boundary conditions, in which an addi-
tional bond joins any pair of sites whose coordinate vectors differ in only one component,
in which the values for the two sites are 1 and L. Such a box contains | B| vertices and
~ d| B edges. The particles are most often thought of as occupying the sites of the lattice,
that is, the vertices of the graph, but for our examples they occupy the bonds, as noted
above. For the monomer—dimer problem on such a box B one would have N ~ |B|/2.
Considering potentials U for the periodic box which are translation invariant and suffi-
ciently regular we are then in the usual situation for equilibrium statistical mechanics,
see e.g. [32,13].

In the statistical mechanics setting there are many cases in which one can prove that
E[X] ~ 1N and Var(X) ~ coN for some ¢1,c2 > 0 and that X satisfies a central limit
theorem (CLT), that is, that

Prob{X < E[X] + z\/Var(X) } ~ G(x) (1.3)

when N — oo, where G(z) is the cumulative distribution function of the standard normal
random variable. A discussion of different proofs is given in [13, p. 469]; most of these
make use of the approximate independence of distant regions of Z¢ to write X as a sum
of many approximately independent variables, and do not extend directly to general
graphs without any spatial structure. See also [7] for a broad review of proof methods in
the context of combinatorial enumeration. Here, inspired by a proof due to Iagolnitzer
and Souillard [19] in a statistical mechanics context, we prove a CLT that requires only
that for large N there be no zeros of P(z) in some disc of uniform size around zg, and
that Var(X) grow faster than N2/3 as N — oo. We describe the method in Section 2
and in Section 6 verify the variance condition, and thus obtain a CLT, for the random
variables associated with a certain class of graph-counting polynomials; in Section 7 we
discuss applications to statistical mechanical systems. We note here and will show later
that when the zeros of P(z) lie in the left half plane it is sufficient for the CLT that
Var(X) — oo as N — oo.

Once one has a CLT for X, in the usual sense (1.3) of convergence of distributions,
one would like also a local CLT (LCLT), that is, one would like to show that for large N,
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Prob{X =m} ~ ;e_m_E[X])?/Q Var(X) (1.4)
27 Var(X)

If (1.4) holds for m belonging to some set S of integers then one speaks of an LCLT on S,
but in the cases we will consider we will prove an LCLT on all of Z. In the statistical me-
chanics setting such a result was established for certain systems in [9]; see also [8,13]. An
LCLT for dimers on general graphs was given by Godsil [15], with a very different proof.
Earlier Heilmann and Lieb [18] proved that all the zeros of the attendant matching poly-
nomial P(z), whose coefficients p,, enumerate incomplete matchings (monomer—dimer
configurations) by the number m of edges (dimers), lie on the negative real axis. Harper
[17] was the first to recognize—in a particular case of Stirling numbers—that such a
property of a generating function P(z) meant that the distribution of the attendant
random variable is one of a sum of independent, (0, 1)-valued, random variables; it in-
stantly opened the door for his proof of asymptotic normality of those numbers. Godsil
used Heilmann—Lieb’s result and Harper’s method to prove a CLT for {p,,}, under a
constraint on the ground graph guaranteeing that the variance tends to infinity. Signifi-
cantly, since Heilmann-Lieb’s result and Menon’s theorem [26] implied log-concavity of
{pm}, Godsil was able to prove the stronger LCLT by using the quantified version of
Bender’s LCLT for log-concave distributions [3] due to Canfield [6]. We refer the reader
to Kahn [20] for several necessary and sufficient conditions under which the variance of
the random matching size tends to infinity, and to Pitman [28] for a broad range survey
of the probabilistic bounds when the generating function has real roots only.

Years later Ruelle [33] found that the polynomial P(z) whose coefficients enumerate
the unbranched subgraphs (2-matchings) of a general graph G has roots in the left half
of the z-plane, but not necessarily on the negative real line. This result followed from
a general localization theorem based on a classic Grace’s Theorem, the notion of Asano
contraction and the Asano—Ruelle Lemma. (Later Wagner [37] proved counterparts of
Ruelle’s results for a more general case of subgraphs with weighted edges by using the
Grace-Szego—Walsh Coincidence Theorem.) Our key observation is that here again the
related random variable X is, in distribution, a sum of independent random variables, this
time each having a 3-element range {0,1,2}. Since the range remains bounded, a CLT
for unbranched polymers follows whenever Var(X) goes to infinity with the degree of P.
However, only when the roots are within a certain wedge enclosing the negative real axis
can we prove log-concavity of the distribution of X. Still we are able to prove an LCLT,
with an explicit error term, under certain mild conditions on G.

We now summarize briefly some of our results. Assuming that the mean E[X] and
variance Var(X) go to infinity as N — oo, then:

1. For all zg > 0 the random variable X satisfies an LCLT, with additive error
O(1/ Var(X)), when all roots ¢ of P lie in a wedge of opening angle 2c, o < 7/2,
centered on the negative real axis. For example, if zyp = 1 then the error is at most
25/(mVar(X)) when Var(X) is large enough so that



J.L. Lebowitz et al. / Journal of Combinatorial Theory, Series A 141 (2016) 147-183 151

Var(X) < 2576
log® Var(X) ~— 33

(14 seca)?;

the inequality is satisfied if Var(X) > 5.5x 107 for a = 0 and if Var(X) > 2.2x 108 for
a = 27/3. (We single out 27/3 since for oo < 27/3 the distribution of X is provably
log-concave, an extension of the classic result for the case of negative roots.)

2. For all zg > 0 the random variable X satisfies a CLT, with additive error
O(1/4/Var(X)), when all roots ¢ satisfy Re( < 0.

3. The random variable X satisfies a CLT if there are no zeros of P in a disc of radius
§ > 0 around zp and Var(X) grows faster than N?/3; the additive error is then
O(N'/3/Var(X)'/2). This extends and makes completely rigorous results of [19].

4. Finally, certain of the above conditions are satisfied by many graph-counting polyno-
mials and statistical mechanical systems—for example, unbranched polymers—and
we give an explicit LCLT or CLT in some of these cases.

The result mentioned in 1 above has also been used in [12] to establish an LCLT for
determinantal point processes.

We should mention here the papers by Borcea and Briandén [4,5]. Though disjoint
in content from the present paper, they contain an elegant characterization of lin-
ear operators on multivariate polynomials that preserve the property of non-vanishing
on a prescribed open circular domain, which is the paradigm at the core of [28].
In a broader context our paper is not far from the field of algebraic combinatorics;
see, for instance, Bender [3], Canfield [6] and Flajolet and Soria [11]. A key differ-
ence is that while we deal with spanning subgraphs of general graphs, the setup in
these papers is based on the notion of a component structure having lots of symme-
try, with the focus on deriving asymptotic distributions from the analytical properties
of a single generating function, whose coefficients enumerate the components by their
sizes.

The outline of the rest of the paper is as follows. In Section 2 we apply the method
of [19] to derive a CLT for the random variable X from rather weak hypotheses on the
location of the zeros of P(z), and in Section 3 we obtain an LCLT under the stronger
hypothesis that the zeros lie in the left half plane. In Section 4 we describe more precisely
the class of graph-counting polynomials and what can be said about the location of
their zeros. In Section 5 we obtain central limit theorems and, in some cases, local
central limit theorems for graph-counting polynomials from the results of Section 3, and
in Section 6 obtain, from the results of Section 2, central limit theorems for further
graph-counting examples. In Section 7 we discuss briefly the applications to statistical
mechanics. Throughout our discussions we will, rather than considering sequences of
polynomials, say that a family P of polynomials, of unbounded degrees, satisfies a CLT
or an LCLT when one can give estimates for the errors in the approximations (1.3) and
(1.4), respectively, which are valid for all polynomials in P and which vanish as the
degree N of the polynomial goes to infinity.
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2. A central limit theorem

In this section we first consider a fixed polynomial P(z) = Zan:o Pm2™, as in (1.2),
and assume throughout that p,, > 0 and that py > 0, i.e., that P is in fact of degree N.
We fix also a number zy > 0 (a fugacity, in the language of statistical mechanics) and
let X be a random variable with probability distribution given by (1.1). We will let (j,
j=1,..., N, denote the roots of P.

Our first result is an estimate corresponding to an (integrated) central limit theorem.
To state it we define, for z € R,

1 X — FE|X
Fp(z) := Pl Z Pmzy" = Prob {Vi([X)} < x} , (2.1)
0 < BIX |42y Var(X) ar
G(z) := (2m)~ /2 / /2 du. (2.2)

Theorem 2.1. Suppose that there exists a 6 > 0 such that zg > ¢ and |29 — ;| > 0 for
all j, 7 = 1,...,N. Then there exist constants Ny, B1, Bs > 0, depending only on ¢
and zy, such that for N > Ny,

BN ByN1/3
sup [Fp(z) — G(x) - :

< . 2.
ek | < Var(X)3/2 " Var(X)1/2 (2.3)

Remark 2.2. We record here some standard results, adopting the notation of Theorem 2.1.
For z in the disk D := {z € C | |z — 29| < 6} we will fix a canonical branch of log P(z)
by defining

N
log P(z) := logpy + Zlog(z - ¢), (2.4)
j=1
with logpy real and
_ zZ—G
log(z — ¢;) :=log(zo — ¢;) + log - (2.5)
20 — Gy
where
Imlog(zo — ¢;) € (—m,7m) and Imlog 26 € (—n/2,7/2). (2.6)
20 — G4

In (2.6) the first specification is possible since (; cannot be a positive real number and
the second since |(z —(;)/(z0 — (;) — 1| < 1 for z € D; in particular, log(z — ¢;)/(z0 — ;)
is analytic for z € D. Moreover, log P(z) is real for real z, because non-real roots occur
in complex conjugate pairs, and furthermore
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log P(z) — log P(zo) Zlog Zo_—%" z€D. (2.7)
Y

Then for all z in D,
Zm mpm 2™

d
— log P(2) =
2 log P(2) Py
d\? S mZp, 2™ > mpy 2™ 2
— | log P(z) = &= - m .
(53;) woste) = =g - (Bmpt ) (28)
and so
d d\’
zglogP(z) _ =E[X], S log P(2) = Var(X), (2.9)
which can be restated as
d 2
— log P(e" %) = E[X], W]ogp(e“zo) 70:Var(X). (2.10)

du u=0
To state the next lemma we observe that there exists an € > 0, depending only on §

and zg, such that if |u| < e then |e"zo — zo| < min{d/2,|zo|}, so that for |u| < € we may
define, as in Remark 2.2,

f(u) :=log E[e*X] = log P(e"zp) —log P(zp)

_Zl ZO_C]

€(z0,0) be as above. Then for

(2.11)

Lemma 2.3. Let 6 be as in Theorem 2.1 and let € =

K =2log2/ée?,
f(u) = uB[X] + U;Var(X) +u?R(u), with |R(u)| < NK. (2.12)

Proof. Suppose that |u| < e/2. Then we have, by Cauchy’s integral formula and (2.10)

) = £(0) +up (0) + % /(0) + ' R(w)

uE[X] + %2 Var(X) + uR(u), (2.13)

where

R(u) := % 7{ % dv. (2.14)

[v|=e
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Then from (2.11),

; Z0 — G5
j=1 |v|=¢e ’
N
2 v 0 C 2
< =) sup |log 1l < = Nlog?2. 2.15
< ; o= 20—GG | € (215)

Here we have used |(e"zo — (j)/(z0 — ()| < (6/2)/6 = 1/2 for |v| = € and [log(1 —t)| <
—log(1 — |t|) for |t| < 1; the latter is easily verified for example from the expansion
log(1—1t) = =345, t*/k. O

Proof of Theorem 2.1. The proof follows closely the proof of the Berry—Esseen Theorem
given in Feller [10, Section XVI.5] and in particular is based on the “smoothing inequali-
ty” [10, Section XVI.4, Lemma 2]. If we specialize to the particular application we need,
then the latter implies that for any 7" > 0,

T 2
1 P(t) —e V2 24
Fp(z) - Gx) < = | |l dt + ——, 2.16
g (o)~ Glol < - [ |55 T (216
-T

where ¢ (t) = E[e?*Y] is the characteristic function of Y = (X — E[X])/o, with 0 =
\/Var(X). We will apply this inequality with T = o/N'/3. For |t| < T, then, |t/o| <
N=1/3 50 that for N > Ny := 8/¢* we have t/o < ¢/2 and, from Lemma 2.3,

W(t) = e HEX/ o f(it/o) _ o=t*/2-it*R(it/0) /0" (2.17)

with |R(it/o)| < NK and hence |it*R(it/o)/0?| < K. Now let K, = max, <k |(e"™ —
1)/ul, so that

e R(it/0)/7* _ 1| < |t/oPSNKK, for N >8/c and t <T. (2.18)
Then
i —t*/2 NKK, [
/ Y(t) _te dt < s /t26—t2/2 dt
g
-T -T

IN

NEKK. [ 2,3, NEK.V2m (2.19)
o3 o3
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Inserting this estimate into (2.16) we obtain (2.3) with

24
By = \/7KK*, By = . O (220)
T 2w

In Section 6 we will apply Theorem 2.1 to obtain central limit theorems for families

of graph-counting polynomials and for families of polynomials arising from statistical
mechanics. To do so we must establish that, for P in the family under consideration,
Var(Xp) grows faster than NIQD/ %, Our tool for this will be a result due to Ginibre [14],
which we recall as Theorem 6.2 below; our next result, which is similar to Theorem 2.1,
will be needed in the application of Ginibre’s result to graph-counting polynomials.

Proposition 2.4. Suppose that pg and p; are nonzero and that ¢y and 01 are positive
constants such that (i) pr > cipoN and (1) |(j| > 61, j =1,...,N. Then there exists a
constant M > 0, depending only on c1, §1, and zg, such that E[X] > MN.

Proof. For z real and nonnegative, log P(z) is well defined by the requirement that it be
real; further,

EMj:z%kgP@ﬂ (2.21)

Z=Zz0
and
d
zo—F[X] = Var(X) > 0, (2.22)
dZ()

so that E[X] is an increasing function of zg. Thus it suffices to verify the conclusion for
sufficiently small zo. Now we allow z to be complex, and for |z| < §; define as in (2.7)

N
g(z) :=log P(z) — log P(0) = Zlog %, (2.23)

where again Imlog(({; — 2)/{;) € (—n/2,7/2). Now for |z| < 61/4 we have

22
(D) =g |90+ 20O+ 2§ W),

dz 2mi 2 (y — 2)
ly|=61/2

=y 22Ry(2), (2.24)

Po
with
1 2y —2) 9(y)
= — —————dy. 2.2

Rl(z) i yg(y — 2)2 dy ( 5)
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Since for |y| = §1/2 and |z| < §1/4 we have 1/]y|*> = 4/6%2, 1/|y — 2| < 4/61, |2y — 2| <
51/4, and |g(y)| < log2 (see (2.15)), we find that

40
|R1(2)] < Fi Nlog?2. (2.26)

Let z, = min{8; /4, ¢167/(801log2)}; then for 0 < zy < 2,

4022 N
EX]=24(z)] >z - =50 Nlog2 > 202, (2.27)
z=20 Po 51 2

Thus E[X] > MN holds with M = zyc1/2 for zp < z, and with M = z.¢1/2 other-
wise. O

3. Polynomials with zeros in the left half plane

In this section we again consider a polynomial P(z) as in (1.2), and continue to
assume that P is of degree N and that all the coefficients p,, are nonnegative. Moreover,
we assume that all roots of P lie in the closed left-half plane, and no root is zero, i.e.,
po > 0. For convenience we now write these roots as —7;, so that

N
Re(n;) >0 (j=1,...,N), and P(z Hz—knj (3.1)

We will take the fugacity zo to be 1, but our results extend easily to any zy > 0.
3.1. A central limit theorem

Under the assumption (3.1) the derivation of a CLT given in Section 2 can be sim-
plified; moreover, the result is strengthened since we require only that Var(Xp) — oo
as Np — 00, in contrast to the power growth condition needed to apply Theorem 2.1.
The key idea is to write Xp as a sum of independent random variables; the central limit
theorem then follows, for example from the Berry—Esseen theorem. In the case in which
all the n; are nonnegative the method goes back to Harper [17].

To decompose X p as such a sum, we partition {1,..., N} as JyUJoUJ}, where j € J;
iff n; is real and j € Jy (respectively j € J3) iff Im(n;) > 0 (respectively Im(n;) < 0);
the corresponding factorization of P(z) is

P(z) =pn [ G+my) [ (Z*+2Re(my)z + s ). (3:2)
JEJ1 JEJ2

We then introduce independent random variables X;, j € J; U Ja, where if j € J;
(respectively j € Ji) then X; takes values 0 and 1 (respectively 0, 1, and 2). With
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Pj(z) = z +n; for j € Jy and Pj(z) = 2% + 2z Re(n;) + |n;|? for j € Jo, the individual
distribution of these random variables is

Pr{X, =0} = le(l), Pr{X, =1} = Pj(jl) (j e Ji);
PriX; =0} = 1|’7]7](|1) Pr{X; =1} = 226((1";), e
1 2
Pr{X; =2} = 50
Then E[2%i] = P;(2)/P;(1) and so
ZZjeJlng X — }DJ—(Z) = P(Z) = ZXP
E| ] jeywz B~ P~ 2 (3.3)

for all z. Thus Xp and 3.5 7,
these two random variables.

X; have the same distribution, and we may identify

Theorem 3.1. Let P be a family of polynomials as in (1.2), of unbounded degrees, all of
which satisfy (3.1). Then for each P € P,

12
sup [Fp(z) — G(z)| < () (3.4)

Consequently, if Var(Xp) — 0o as Np — 0o in P then P satisfies a CLT in the sense
described in Section 1.

Proof. From [10, Section XVI.5, Theorem 2] and |X;| < 2 we have immediately that the
left hand side of (3.4) is bounded by

6
Var(X)3/2 Z E(|X; - E(Xj)‘3) Var 3/2 Z Var(X o (3.5)
jeJ1UJ2 JETIUT

This theorem calls for explicit bounds for Var(Xp). From Remark 2.2,

Var(Xp) = <zd%>2 pNﬁ(Z+ﬂj)

7=l z=1
N N
I B Re(n;) (1 + [1;]*) + 2[ms|* (3.6)
= M+ = [T+ ny*
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Then since |1 +1;* =1+ 2Re(n;) + [n[* = 1+ [n;]* and |n;|/(1 + |n;[?) < 1/2,

N
Var(Xp) <Y (M + 1) <N. (3.7)
S\ 2 2
On the other hand, (3.6) also yields
N

1 Re(n;
Var(Xp) = W(Xp) = 13 - +(|nJ'T2 (3.8)

j

In our proof of the general case of the LCLT we will need Var(Xp) (respectively W(Xp))

to bound |E[e“XP]| for “small” |t| (respectively for “large” |¢|). Here is a useful upper

bound for Var(Xp). Introduce ap = max; |arg(n;)| (ap € [0,7/2]). If o < /2, then
Var(Xp) < 4(1 +secap)W(Xp). (3.9

Indeed, denoting r; = Re(n;), a; = |arg(n;)|, we bound the j-th term in (3.6) by

T 2r? sec? a - T 2r? sec® a; /(2r; sec a)
1+ 77 sec? + (14 72sec?a;)? = 1417 sec? oy 1+ 7%sec? a;
Re(1;)
< —% (1 +secaq;
=Ty (e

and (3.9) follows. Thus, as Np — oo, Var(Xp) and W(Xp) are of the same order of
magnitude if ap is bounded away from /2.

We will need a lower bound for W(Xp) that can make it easier to prove that W (Xp)
diverges. To this end we define, for P € P,

A(=Ap)i= min [ f(=fp)= 0t (3.10)

1<G<N

Let 6; :=1/n;, j =1,..., N, be the roots of 2V P(1/z). It is easy to establish that

N N

p

F=2=Y"0,=> Re®). (3.11)

Po — —

j=1 j=1
Then the inequality
1 1 . _9
16,2 = 5 minmin{l, |6;]77}

yields
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Re(n;) Re 1
AW (Xp) = =
0= 2 TP Z1+|9|2 > g

gmin{l,|9j|_2} = gmin{l,A}. (3.12)

>

Thus we have proved

Lemma 3.2.
N
1 Re(n;)
Var(Xp) > W(Xp) =4 y

W(Xp) > g min{1, A},
with A = Ap and f = fp as defined in (3.10).
3.2. A local central limit theorem: log-concavity case
Let us show that the CLT proved in Section 3.1 implies an LCLT when the locations
of the roots (; of the polynomials P (see (3.1)) are further confined to a sharp wedge

enclosing the negative axis in the complex plane.

Definition 3.3. A sequence a,,, n > 0, of nonnegative real numbers is log-concave if for
alln > 1, a2 > ay_10n11-

In the factorization (3.2) of P the coefficients 7; and 1 of each linear factor, augmented
from the right with an infinite tail of zeros, obviously form a log-concave sequence, and
so do the coefficients |n;|, 2Re(n;), and 1 of each quadratic factor, provided that

4(Re(n;))® = > & Jarg(n;)] < 7/3. (3.13)
In terms of the roots (; = —n;, the last condition is equivalent to
larg(¢;)| € [27/3, 7], (3.14)

for all non-zero roots (;. Since the convolution of log-concave sequences is log-concave
(Menon [26]), we see that, under the condition (3.13), the coefficients of P are also
log-concave. This result appears as a special case in Karlin [21] (Theorem 7.1, p. 415).
(See Stanley [36] for a more recent, comprehensive, survey of log-concave sequences.)
We say that a random variable X taking nonnegative integer values is log-concave
distributed if the sequence {Pr{X = n}} is log-concave. Bender [3] discovered that
an LCLT holds for a sequence {X,} of log-concave distributed random variables if
limy, o0 SUP,cr | Fx, (£) — G(x)| = 0 (where here Fx (x) corresponds to Fp(x) in (2.1));
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remarkably, X, does not have to be a sum of independent random variables. Later
Canfield [6] quantified Bender’s theorem. For this he needed a stronger notion of log-
concavity.

Definition 3.4. A sequence a,, n > 0, of nonnegative real numbers is properly log-concave
if

(a) there exist integers L and U such that a,, = 0 iff n < L or n > U (in the terminology
of [36], {an} has no internal zeros);
(b) for all n. > 1, a2 > a,_1an+1, with equality iff a,, = 0.

Canfield showed that the convolution of properly log-concave sequences is also prop-
erly log-concave. Observe that the linear and quadratic factors of our polynomial P(z)
are properly log-concave iff |arg({;)| € (2m/3, 7. Subject to this stronger condition, the
coefficients of P(z) form therefore a properly log-concave sequence.

Here is a slightly simplified formulation of Canfield’s result.

Theorem 3.5 (Canfield). Suppose that X has a properly log-concave distribution and that

sup |Fx (z) — G(z)] < ——t

z€R a \/Var(X)'

IfK > 7, K/ Var(X)'/? <1077, K/ Var(X)'/* < 1072, then

1
sup |Pr(X =m) - —————ex —
7np ( ) 2T Var(X) P <

(m — E[X])? c
2 Var(X) >‘ = Var(X)3/4’

with ¢ := 14.5K + 4.87.

This theorem and Theorem 3.1 imply an LCLT for Xp with the roots (; satisfying
the condition |arg({;)| € (27/3, 7.

Corollary 3.6. If the roots (; of P(z) satisfy |arg((;)| € (2m/3, 7], and Var(Xp) > 144 x
107, then

1 ox (_(m—E[Xp])2> _ 180
Vo var(xp) P\T 2Var(Xp) )| = Var(Xp)i/-

3.8. A local central limit theorem: the general case

sup |Pr(Xp =m) —

While we proved the LCLT for the roots (; in the wedge |arg(¢;)| > 27/3 under
a single condition, Var(Xp) — oo, we cannot expect this condition to be sufficient
in general. A trivial example is P(z) with purely imaginary, non-zero roots, in which
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case the distribution of Xp is supported by the positive even integers only. We will see
shortly, however, that a stronger condition, fp min{l, Ap} — oo fast enough, does the
job perfectly.

We first state the fundamental estimate, in terms of the variance Var(Xp) and its
lower bound W (Xp) defined in (3.8).

Theorem 3.7. Suppose Var(Xp) > 1. Then setting X := Xp,

L m—BIX]?
sip Pr(X =m) 5 Var (X) p( 2 Var(X) )
7 Var(X)/3 4173 W(X) 24
=23 W(X) ( 72 Var(X )2/3) 7 Var(X)’ (3.15)
Corollary 3.8. If
W(Xp) > e L Var(Xp)2/3 log(Var(Xp)), (3.16)
then for X := Xp,
o o _ (m— E[X])? 25
Sup Pr(X =m) 27 Var(X) p< 2 Var(X) >| = 7 Var(X)’

Remark 3.9. (a) For |arg((;)| = m, we have W (Xp) > (1/8)Var(Xp), see (3.9). Therefore
the condition (3.16) is satisfied for Var(Xp) > 5.5 x 107, the last number being a close
upper bound for the larger root of

87T2 2/3
3.213 "

v =

logv.

An LCLT with the error term C/ Var(X), C left unspecified, was proved by Platonov
[29] back in 1980.

(b) For |arg(¢;)| € (27/3, 7], we have W (Xp) > (1/12)Var(Xp), see (3.9). Therefore the
condition (3.16) is satisfied for Var(Xp) > 2.2 x 108, an upper bound for the larger root
of

127'(' 2/3
3213 "

v= log v.

The resulting error estimate, 25/(wVar(Xp)), is noticeably better than the estimate
180/Var(Xp)?/* in Corollary 3.6.

(c) In general, by (3.7) and Lemma 3.2,

Var(Xp) < Np, W(Xp)> é)?lmin{l,Ap} (Ap := min |n;]?).
0 J
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So the condition (3.16) is certainly met if

8 2
P oin{1, Ap) > 32%/3 NZ310g Np. (3.17)

Po

For the proof of Theorem 3.7 we introduce the characteristic functions ¢(t) of X and
¢*(t) of X* = X — E[X]: ¢(t) := E[e'*X] and ¢*(t) := E[e™X ] = e "EXlp(t). The
next two lemmas give estimates for these functions. In Lemma 3.10 we use crucially the
fact that all roots of P(z) lie in the left hand plane; this is also used in the proof of
Lemma 3.11, although some version of this result could be obtained as in Section 2,
using only the fact that a neighborhood of zg = 1 is free from zeros of P(z).

Lemma 3.10. For all t € [—7, 7],

4¢2
lo(t)| < exp (—ﬁW(Xp)> . (3.18)
Proof. First of all,
it
o(t) = H ”ﬂ + ¢ (3.19)
J

So, using 1 +u < e for u real, 1 — cost = 2sin?(¢/2) > 2t2/7% for t € [—7, 7], and
1+ n1? < 201+ [ns ),

H ‘77] +€7't|2
Inj + 12

B H (1 . 2 Renj(cost — 1)+ 2 Immn; sint)
n; + 112

< exp Z Re(n;)(cost — 1)

L+ |n;]2

< 212 Re(n;)
<o | =2 N e
=P T L+ [n;[?

Invoking the definition of W(Xp) in (3.8) then yields the bound (3.18) immediately. O

Unlike Lemma 3.10, the next claim and its proof are more or less standard; we give
the argument to make the presentation more self-contained.
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Lemma 3.11. If |t| < 1 then

2
@*(t) = exp (—% Var(X) + D(t)) with | D(t)] < 3|t Var(X). (3.20)

Proof. We write X = Z]EJlUJ X, as in Section 3.1. It is easy to check that Var(X;) <1,
and Var(X;) = 1iff Pr(X; = 0) = Pr(X; = 2) = 1/2. Introducing X = X; — E[X}],
j € J1 U Jy, we write

II @, ¢@ =B (3.21)

jeJ1UJ2
here, see Feller [10, Section XVI.5],

2 |t\3 . t®
60 =1~ Svar(x) + B0, 1801 < D7) < Pvar(xy),
as | X7| < 2. Denoting u; := %Var(Xj) — R;(t), and using Var(X;) < 1, we see that, for
it <1,

t? It 5 5 5
luj| < —Var(X;) + —Var(X;) < —t* Var(X;) < —.
2 3 6 6
So, using log(1 —u) = — 37,/ /j, we obtain
d)}f(t) = exp [log(l — uj)] = exp [—uj + Sj(t)]7
where
|“J| u? 2 _ 25 4
)] < < 3u? < 22 ¢ Var(X;).
; 2(1 — |uy) J =12 J
Therefore
t2
65(0) = exp |~ S var(x) + D300
where

[D;(0)] = |R;(t) + 55 ()]
[t

§%V (X)+2—Var( X;) < 3t Var(X;).
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Consequently, for [t| < 1,

t2

o (1) = ][ () = exp | =5 D Var(X;) + D(t)
2
— exp (—%Var(X) + D(t)) , (3.22)
with D(t) == 3, D;(t), and
ID(t)] < |D;(t)] < 3|t Var(X). O (3.23)

J

Proof of Theorem 3.7. For any T € [0, 7] we write

! (m — E[X])?
Pr(X =m)— ex
( ) 27 Var(X) P 2 Var(X)
77 %)
= L/(ﬁ(t)e_ltm dt—l / €_t2 Var(X)/Qe—it(m—E'[X]) dt
2 ot
g o
27 €
T<|t|<m
—i—i / et Var(X)/2 ,—it(m—E[X]) 34
2w
[t|>T
1
[t|I<T

Let us denote the three terms in the final expression in (3.24) by Iy, I, and I3, respec-
tively. Then from Lemma 3.10 and the inequality

/ eV /2 gy < 3e_‘“”z/z (3.25)
azx
ly|=2=
we have, for any T € (0, 7],
T 412
I < ——W(X
L= 8w(x)T eXp( = W( )>’

I, < TVar(X)T exp (—% Var(X)) . (3.26)
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We now turn to I3. Let us pick T = (4 Var(X))~'/3; then T < 1 since Var(X) > 1.
Also, for [t| < T, |D(t)] in Lemma 3.11 is at most 3/4 < 1. So using that lemma and the
inequality

" ||

we have that for |¢| < T,
v 2V D(t)
gb*(t) _ et Var(X)/2 <e t= Var(X)/2
| 1= 1D()|
< 24Var(X)|t[Pe~t" Var(X)/2,

Therefore

12 Var(X) i 3 2V, 24
< 12Var(X) a(X)/2 g _ 24 .
Is < 27 / [t dt 7 Var(X) (3:27)

For this choice of T, the bounds (3.26) become

74'/3 Var(X)/3 < 413 W(X) )
1> T v - ;

8 W(X) 72 Var(X)?/3

41/3 41/3
Iy < — Var(X) 3 exp (—7 Var(X)l/B) . (3.28)
™

We notice that the bound on I; exceeds the one on I since Var(X) > W(X) and
72 > 8. Adding the bound (3.27) and twice the bound (3.28), we get the bound claimed
in Theorem 3.7. O

4. Graph-counting polynomials

Let G be a finite graph with vertex set V and edge set E; each edge e € F connects
distinct vertices vi(e) and va(e) (i.e., G contains no loops) and different edges may
connect the same two vertices. We identify the (spanning) subgraphs of G with the
subsets M C E. For v € V we let d, be the degree of v in G and dj;(v) be the degree of
v in the subgraph M; to avoid trivialities we assume that d,, > 0 for all v.

Now suppose that for each v € V' we choose a finite nonempty subset C(v) of non-
negative integers and define a set (C') of subgraphs of G, associated with the family
(C(v))vev, by

M e (C) & dy(v) € C(v) for all v € V. (4.1)
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We assume throughout that (C) # (. Then the graph-counting polynomial associated
with (C) is

P(c)(z)z Z Z‘Ml. (4.2)

Me(C)

For example, as discussed in Section 1, if C(v) = {0,1} for each v € V then (C) cor-
responds to the set of matchings in G or, in the language of statistical mechanics, to
the set of monomer—dimer configurations on G, while if C(v) = {0, 1,2} for all v then
(C) is the set of unbranched polymer configurations. If C(v) = {0,2} for all v then the
subgraphs in (C') are unions of disjoint circuits.

The proofs of the CLT and LCLT given in later sections depend on information
about the locations of the zeros of the polynomials Py, and this can be obtained
from corresponding information for certain subsidiary polynomials associated with the
vertices. Given a nonempty finite set C' of nonnegative integers and a positive integer d
we define

peat =3 (1) (43)

keC

we will often write p, = pc(y),q,- The next two results control respectively the mag-
nitudes and arguments of the roots of Py in terms of corresponding information for
the roots of the p,; the proofs rely on known results, some of which are reported in
Appendix A.

Theorem 4.1. Suppose that, for each v € V', there is a constant r, > 0 such that |(| > 1,
for each root ¢ of p,. Then every root & of Py satisfies || > R, where

R = Ie%ig Tv1(e)Tva(e)- (44)

Notice that pc,q¢(0) = 0 if and only if 0 ¢ C, so that the hypotheses of Theorem 4.1
imply that 0 € C(v) for each v € V.

Proof of Theorem 4.1. The proof uses Grace’s Theorem, the notion of Asano contraction,
and the Asano—Ruelle Lemma; these topics are reviewed in Appendix A. Let F, C E be
the set of edges of G incident on the vertex v. To each polynomial p, there corresponds
a unique symmetric multi-affine polynomial ¢, in the d, variables (zy.¢)eck, such that
Gv(2,...,2) = py(2). Since p,(z) # 0 for |z| < r,, Grace’s Theorem implies that ¢, # 0
if |2y.¢| < 70, Ve € E,. Now we define a multi-affine polynomial

Q(O)((Zv,e)ve\/, eEEU) = H QU((Zv,e)eeEv) (45)

veV
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and generate, by repeated Asano contractions (Zvl(e),evzvg(e),e) — Ze, a sequence of
polynomials Q@, QW . ... QUED where Q) depends on k variables z, and (|E| — k)
pairs of uncontracted variables ze ., (¢); Ze,v5(e)- From the Asano—Ruelle Lemma and an
inductive argument, Q) ((z), (2,.¢)) # 0 when the variables satisfy |ze| < 7y, (e)7vy(
|Ze.o| < 7p. In particular, QUED((2.)cer) # 0 when |z.| < R for all e € E. But Py (2)
QUED (2, 2,..., 2), completing the proof. O

e)s

Theorem 4.2. (a) Suppose that there is an angle ¢ € [0,7/2] such that, for each v € V,
each nonzero root ¢ of p, satisfies |arg(¢)| € [r — ¢, w|. Then every nonzero root & of
Py satisfies |arg(§)| € [6o, 7], where 6y = 7 — 2¢.

(b) Suppose that the graph G is bipartite, so that V may be partitioned as V =V U V3
with each e € E satisfying vi(e) € V1, va(e) € Va. Suppose further that there are angles
o1, P2 € [0,7/2] such that, for each v € V;, each nonzero root ¢ of p, satisfies |arg(()| €
[ — ¢i, 7] for i = 1,2. Then every nonzero root § of Py satisfies |arg(&)| € [6o, 7],
where 0y =7 — ¢1 — ¢a.

Proof. We adopt the notations ¢, and Q) from the proof of Theorem 4.1, and for € > 0
define also py(2) = pu(z + ¢€) and que((zv.e)ecr,) = @w((2v.e + €)ecr, ); then g, is

the unique symmetric multi-affine polynomial such that ¢, (..., 2) = py (). We also
define
ng) ((z'u,e)UEV, eEEu) = H Qu,e ((Zv,e)eeEv)v (46)
veV

and let ng), Qél), ey QQED be obtained by Asano—Ruelle contractions, as in the proof
of Theorem 4.1. Finally, we define P. by P-(z) = S;'El)(z, Zyoooy2).

We assume that 6y > 0, since otherwise the conclusion is trivial, and fix § with
|0] < 6y. We claim that if, for each e € E, 2, belongs to the ray ps = {e?z | x > 0},
then leEl)((ze)eeE) # 0. It follows then that P.(z) # 0 for z € py, so that P. does not
vanish on the open set

G:={z€C|z+#0, |arg(z)| < max S }. (4.7)

But lim. ¢ P = P(¢) uniformly on compacts, and Py does not vanish identically since
(C) # 0. So, by an application on G of the theorem of Hurwitz, Picy(z) # 0 if z € G.
This is the desired conclusion.

We now prove the claim. For each vertex v we define angles ¢, and 6, by ¢, = ¢ for
part (a) and ¢, = ¢, if v € V;, for part (b), and then 0, = (7/2 — ¢;)(6/6p). Clearly
0] < 7/2 = ¢y and O = 0, (¢) + by, () for each edge e.

Now let H and H denote respectively the open and closed right half planes, and for
€ >0 and v € V define

K (v) = —(e+ 7). (4.8)
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No root ¢ of p,(2) can belong to e?*#; for ¢ = 0 this is trivial and for ¢ # 0 follows
from |arg(¢)| € [ — ¢u, 7] and |0,| < 7/2 — ¢y,. Thus p, (2) # 0 if 2 + ¢ € e H, that
is, if z +e ¢ —e"%H or equivalently if z ¢ K.(v). Grace’s Theorem then implies that
Qu,e((Zve)ecr,) # 0 if 2, . ¢ K.(v) for all e € E,. Repeatedly using the Asano-Ruelle
Lemma, as in the proof of Theorem 4.1, we then conclude that Q(‘E‘)((ze)eeE) # 0 if
ze & —K(v1(e)) x Kc(va(e)) for all e € E.

Now, the set —K.(vi(e)) x Kc(vz2(e)) and the ray pg, . +0,,., = po do not intersect.
Otherwise there would exist (s1 > 0,t1), (s2 > 0,t2) and = > 0 such that

—( + €01 (51 4 it1)) (€ 4 €972 (55 + ity)) = ze!Or1@F0v2))
or equivalently
Y1Yy2 = peiﬂ-7 Y; = e_ievj<e)€ + (Sj + itj)’ j =1, 2. (49)

But Re(y;) > 0, since s; > 0 and |#;]| < 7/2, and hence |arg(y;)| < m/2; this is inconsis-
tent with the first equation in (4.9). This completes the proof of the claim. O

Remark 4.3. If G is disconnected and has one or more bipartite components then the
zero-free region for Py obtained by applying Theorem 4.2 to each component, and using
the fact that P(¢) is the product of the polynomials for the components, may be larger
than that obtained by applying the theorem to G as a whole.

5. Local central limit theorems for graph-counting polynomials

In this section we consider various infinite families of graphs, each with an associated
assignment (C(v))yev of finite sets to vertices; we let G denote such a family and P =
P(G) denote the class of associated graph polynomials, which we now denote by Pg.
We will measure the size of a graph G by the size of its edge set E = E(G) and let
dmax = dmax(G) denote the maximum degree of any vertex of G; for convenience we
assume that dpax > 2 (the case dmax = 1 is trivial to analyze).

For simplicity we restrict our attention to the two cases implicit in Theorem 4.2, and
thus assume that either (a) there is a fixed angle ¢ € [0,7/2] such that for each graph
in G € G and each v € V(G), every nonzero root ¢ of p, satisfies |arg({)| € [ — ¢, 7],
or (b) each graph in G is bipartite, with V(G) partitioned as V4 (G) U V2(G), and there
are fixed angles ¢1, ¢o € [0,7/2] such that for each G and each v € V;(G), i = 1,2, every
nonzero root ¢ of p, satisfies |arg(¢)| € [ — ¢;, w]. We will give examples in which the
results of Section 4 imply that the roots of each P € P lie in the left half plane, and
then apply the results of Section 3 to obtain a CLT or LCLT for P.

Note that the proofs of CLT and LCLT in Section 3 require two sorts of hypotheses:
on the one hand, the roots of the polynomials must lie in the left hand plane, or in
some more restricted region; on the other, the variance of the random variable Xp, or
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more precisely the related quantity W(Xp), must grow sufficiently fast with Np (see,
for example, Remark 3.9). When the graphs in the family under consideration have
bounded vertex degree the latter condition is, in our examples, automatically satisfied.
For the more general situation with unbounded degrees one must impose conditions on
their growth to obtain the result; we will work this out in detail only for some of our
examples.

Example 5.1. When C'(v) = C = {0,1} for each vertex v the admissible edge configura-
tions are matchings or monomer—dimer configurations, as discussed in the introduction.
It is well known [18] that in this case all roots of P(z) lie on the negative real axis. This
follows also from Theorem 4.2(a); one may take ¢ = 0 there, using the fact that for
any vertex v the vertex polynomial p,(z) = 1 + d,z has negative real root —1/d,. To
obtain an LCLT from Corollary 3.6 we need to find the quantities A and f defined in
(3.10). Theorem 4.2 implies that the roots —n; of Pg are negative real numbers satisfy-
ing n; > 1/d2,,,, so that A = minj<j<py |n;|> > 1/d2 ..
since any subgraph with exactly one edge is admissible, so that f = p;/po = |E|. Then
from Lemma 3.2 we have Var(X) > 8‘05‘ . In fact Godsil [16] (Lemma 3.5) had used
a powerful result of Heilmann and Liebmaﬁ 8] to obtain a qualitatively stronger bound
Var(Xp) > erﬂ%' So, using Godsil’s bound, an LCLT follows immediately from
Corollary 3.8 and Remark 3.9(i), whenever d,nq.(G) grows slower than |E(G)['/2 in the
class of graphs G:

Further, pop = 1 and p; = |E|,

Theorem 5.1. If for each G € G, C(v) = {0,1} for each vertex v, and |E(G)| > 2.2 x
107 d2 . (G), then

max

_ (m—E[Xp])?
e 2Var(Xp) 25 42 (G)
< max

27 Var(Xp)| m|E(G)|

sup |[Pr(Xp =m) —

We note that Godsil [16] used his bound for Var(X) in conjunction with Canfield’s
theorem for log-concave distributions to get his LCLT for Xp with the error bound
O(dﬁ{fx/|E|3/4), weaker than the bound in Theorem 5.1.

Example 5.2. When C(v) = {0, 1,2} for each vertex v the admissible edge configurations
are unbranched subgraphs, as discussed in the introduction. In this case the vertex
polynomial is

dy(dy — 1
po(2) =1+dyz+ %22.

If d, = 1 then p, has root (, = —1, while if d,, > 2 the roots are

—d, +i/d2 - 2d,
= Vo . (5.2)

v dy(dy, — 1)
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From [(E|? = 2/(d,(d, — 1)) we see that each root ¢ of p, satisfies

2

2 > - .
|C| o dmax(dmax - 1)7

(5.3)

note that when d,, = 1 this follows from our convention dy,x > 2. Thus from Theorem 4.1
each root —7; of Py satisfies

2

> 5.4

|77]| - dmax(dmax o 1) ( )
Similarly, each root ¢ of p, satisfies |arg(¢)| = 7 — ¢, with
Amax — 2

v < max -— in~! L; 5.5

¢o < ¢ VT a— (5.5)

when d,, = 1 this is trivial and for d,, > 2 follows immediately from (5.2). Thus Theo-
rem 4.2(a) gives |arg(—n;)| > T — 2Pmax. Since

1

cos(2¢max) =1 — 2 Sin? Gpas = R
max ~

>0, (5.6)

all the roots —n; lie in the open left-half plane; moreover, from (3.10), (5.4)

4

A=minn|*?> —— . 7
mjlnmjl = d?nax(dmax — 1)2 (5 )
As in Example 5.1, f = p1/po = |E|, so that from Lemma 3.2,
E
Var(X) 2] (5.8)

> .
B 2d12nax(dmax - 1)2

An LCLT then follows from Corollary 3.8 and Remark 3.9(iii) when dq.(G) grows

logarithmically slower than |E(G)|'/1?

is (5.9)).

in the class of graphs G (the precise condition

Theorem 5.2. Suppose that for each G € G and vertex v of G, C(v) is {0,1} or {0, 1,2}.
If |[E(G)] is large enough so that

92/3.:2
>

E(G)] 2 =5 dnax(GING)**og A(G)

(MG) :==min{|E(G)|, V(G)[}) (5.9)
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(for instance, if |E(G)| > 150d'2,.(G)log® |V (G)|), then
_ (m=B[X,))?
e 2Var(Xp) 50 dr;llax(G)

2n Var(Xp)| ~  7E(G)]

sup |Pr(Xp =m) — (5.10)

Proof. By Lemma 3.2 and Var(Xp) < Np (see (3.7)), the condition of Corollary 3.8 is
met if

P 87 a3
ZTOmln{l,AP} Z 3271/3]\713/ IOgNP

By p1/po = |E(G)| and (5.7), this inequality is satisfied if

4EG)] 872

2/3
70 2 3.21/3Npg log Np,,. (5.11)

Now Np, < AG) = min{|E(G)|, |V(G)|}, since 2Np, < > ¢, < 2|V(G)|. Therefore
(5.11) follows from the condition (5.9). Thus when (5.9) is satisfied the condition of
Corollary 3.8 holds, and with (5.8) this implies (5.10). O

Remark 5.3. If d;,ax(G) < 3 for all G € G, for example if the graphs in G are all finite
subgraphs of the planar hexagonal lattice, then ¢,.x = 7/6 in the above analysis and all
roots —n; of Pg satisfy the condition (3.14) that |arg(—n;)| € [27/3, 7]. (It follows from
(3.13) and (3.14) in Section 3.2 that the distribution {Pr(X = m)},,>¢ is log-concave.)
Then from Corollary 3.8, Remark 3.9(ii), and (5.8) we obtain an LCLT with the error
bound %, provided that |E| > 1.6 - 101°.

In the next four examples we consider families of bipartite graphs, assuming, as
discussed above, that the vertex set V(G) of each graph G is partitioned as V(G) =
Vi(G) U Va(G). We assume that C, = C) v € C) where C(Y) may differ from C(?),
We also assume that there is a uniform bound on the vertex degrees; specifically, d, < d;
for v € V;(G), i = 1,2, G € G. In some cases this assumption is made for simplicity
and one could, in principle, dispense partially or completely with it, but in others it is
strictly necessary, at least for our methods.

Example 5.3. Here we take C, = {0,1} for v € Vi(G) and, for v € V(G), C, =
{0,1,...,co} with cq either 2, 3, or 4. For v € Vi, p,(2) = 1+ d,z as in Example 5.1,
with a single negative real root. Moreover, for v € Va, each root ¢ of p,(z) satisfies
larg(¢)| € [r — ¢, 7], where ¢, < Pmax < 7/2 for some angle ¢ which depends on
¢o and dy; for co = 2 this was shown in Example 5.2 above (with ¢max = 7/4) and for
¢o = 3 or 4 was shown in [23] (see Theorem 5.1 there). Thus taking ¢1 = 0 and ¢2 = dmax
in Theorem 4.2(b) we see that the roots —n; of Pg satisfy |arg(—n;)| € [T — dmax, T
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On the other hand, each root ¢ of any p, will satisfy |(| > r¢ for some ¢ > 0, so that
A = minj<;j<n [nj|* > A¢ > 0 uniformly for all graphs in G; for notational simplicity we
may assume that Ag < 1. We still have f = p;/py = |E(G)|, so that Var(Xp,) > Ag|E|/8
from Lemma 3.2. Furthermore, by (3.9),

Var(Xp,) < (1 + sec pmax) W(Xp,),

and therefore the condition (3.16) of Corollary 3.8 is satisfied if Var(Xp,) > v*, where
v* is the larger root of

/3 72 (1 + sec Gmax)

3. 91/3 Inwv.

So for Var(Xp,) > v* from Corollary 3.8 we obtain an LCLT in the form

_ (m—E[Xp])?
e 2Var(Xp) C

27 Var(Xp) = [E(G)|’

sup |Pr(Xp =m) — (5.12)

with C' = 200/7A.

With more precise information on the location of the roots of p, for v € V2(G) one
could extend this result to families in which the vertex degrees are not bounded, in the
style of Theorem 5.2. For ¢o = 2 the necessary information was obtained in the discussion
of Example 5.2; for ¢o = 3,4 one would have to determine the locations of roots of cubic
and quartic polynomials, respectively.

Example 5.4. Here C, = {0, 1,2} for v € V1(G) and C, = {0,1,2,3} for v € V5(G), with
dy arbitrary and da < 4 (the cases Cy = {0,...,¢co} with ¢ = 1 or 2 are covered by
earlier examples). For v € V1(G) a root ¢ of p,(z) satisfies |arg(¢)| < w/4; for v € Va(Q)
all roots of p,(z) are { = —1 when d, < 3, while when d, = 4 the roots of p,(z) =
1+4z + 622 4+ 423 are —1/2 and (—1 £1)/2, so that all roots ( satisfy |arg(¢)| < 7 /4.
Thus from Theorem 4.2(b) the roots —n; of Pg satisfy |arg(—n;)| € [T — ¢max, 7] for
some Pmax < 7/2. As in Example 5.3 we find again A > A for some dj-dependent Ay,
leading to an LCLT of the form (5.12). Again, one may also find as in Example 5.2 an
LCLT for a family of graphs in which d;(G) can increase with |E(G)|.

Example 5.5. This example relies on numerical computations, although one could prob-
ably justify these by obtaining rigorous bounds. We take C, = {0,1,2} for v € V1(G)
and, for v € V5(G), C, = {0,1,...,c2} with cg either 3 or 4. The possible values of d;
and dy are shown in Table 1; for example, one may take dy = 3, co = 3, and ds = 5, 6,
or 7. There are a total of five possible examples. Also shown are angles ¢1, ¢2, obtained
by computation with Maple, such that for v € V; (i = 1,2), each root ¢ of p,(z) lies in
[ — ¢, w]. Since in each case ¢ + ¢2 < 7/2 we obtain an LCLT of the form (5.12) as in
the two previous examples.
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Table 1
Possible values of di and ds with corresponding values of ¢1 and ¢s.
Co2 = 3 Co = 4
dq b1 d2 P2 da P2
3 0.1666666666 - - - T 5,6,7 0.3276761158 - - - 5 0.307
4 0.1959132762 - - - 7 5 0.2932617986 - - - 7

Example 5.6. In the examples considered above, each C, has been of the form {0, 1,..., k}
for some k. Now we take C,, = {0,1} for v € V1(G), but for v € Vo(G) take C, to be
either {0,2} or {0,2,4}. To avoid vertices which are effectively disconnected from the
rest of the graph we assume that d, > 2 for v € V5(G), and again assume that d, < d;
for v € V;(G), i = 1,2, with d; and ds fixed. Again p,(z), v € V1, has a single negative
real root, while for v € Va(G), pu(2) = py(2?2), and one finds easily that H(w), which is
either linear or quadratic, has only negative real roots, so that p, has purely imaginary
roots. Thus taking ¢1 = 0 and ¢2 = m/2 in Theorem 4.2(b) we see that the roots —n;
of Pg satisfy Re(—n;) < 0, so that a CLT will follow from Theorem 3.1 once we verify
that Var(Xp) — oo as Np — oo in the family P under consideration.

Since in this case the roots —n; of P may lie on the imaginary axis, the estimates that
we have been using for the variance, which begin with (3.8), are no longer effective. On
the other hand, from (3.6) we have

Np

1 |773 NP . 2 —2

Since d; and dy are fixed we have upper and lower bounds 0 < r < |¢| < R on the
magnitudes of the roots ¢ of the p,(z), and Theorem 4.1, together with a corresponding
result, with a similar proof, for upper bounds, implies that r? < |n;|?> < R%. Np is the
size of the largest admissible configuration of occupied edges in G; let M C E be an
admissible configuration with |M| = Np. Each edge of M is incident on a unique vertex
of V1, and every vertex of V5 must be joined by an edge of E to one of these vertices,
since if v € V5 were not so joined then two edges incident on v could be added to M.
Thus |V2| < d; Np, and since |E| < da|Va|, Np > |E|/d1dz2. From (5.13) we thus have

Var(Xp) > d‘EjJ min {r*, R?}. (5.14)
Remark 5.4. Families of graphs described in Examples 5.3 and 5.6 may be used to
model the absorption of dimers, trimers, or certain more complicated molecules on the
two-dimensional square lattice (see, e.g., [27]) and thus obtain LCLTSs for the associated
graph counting polynomials. For example, let G5 be the graph whose vertices are the
points of a rectangle A € Z2, with edges connecting nearest-neighbor vertices; G is
bipartite with partition determined by vertex parity. Subgraphs obtained from C'(!) =
{0,1} and C® = {0,1,2} may be interpreted as configurations of absorbed dimers
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and trimers, with the trimers centered on vertices of V5; the trimers, in contrast to those
considered in [27], may be either straight or bent. Taking C(?) = {0, 2} as in Example 5.6
gives configurations involving trimers only. Other molecular shapes may be included by
enlarging C'?).

6. A central limit theorem for graph-counting polynomials

To obtain the LCLTs proved in Section 5 we had to assume conditions guaranteeing
that the zeros of a graph-counting polynomial P all lie in the open left half-plane. As
an application of Theorem 2.1 we will here show that a CLT holds under a much less
stringent condition, satisfied by a broad class of graph-counting polynomials P: that the
zeros of P avoid a neighborhood of the point zy on the positive real line. To obtain a
CLT from Theorem 2.1 we need also the condition that Var(Xp) > N123/ %, We will show
that this latter condition holds, with room to spare, when, as we assume throughout this
section, P(z) is the graph-counting polynomial for a graph G such that for each vertex

v of G,
C,={0,1,...,¢,} (6.1)
for some ¢, > 1.

Theorem 6.1. Fiz zg > 0 and suppose that for some § with 0 < § < zy, P(z) :=
van’;opmzm satisfies P(z) # 0 if |z] < & or |z — 29| < 8. Then with Fp(x), G(x) as in

(2.1), (2.2),

sup |Fp(z) — G(z)| < BN, (6.2)
xe

where the constant B depends only on 2y, 0, and dmax(G).

Proof. From the given hypotheses and the fact that pg = 1 and p; = |E(G)| > Np we can
apply Proposition 2.4 (with ¢; = 1) to conclude that F[X] > By N, where B; depends
on J. Then we obtain (6.2) from Theorem 2.1 once we show that Var(Xp) > By E[Xp],
where By may depend on dpax(G). For this we use

Lemma 6.2. (See Ginibre [1]].) Let X be a random variable taking nonnegative integer
values and let Ty, := m!Pr(X =m). If for some A > —1 and allm, 0 <m < N — 2,

Tm+2 Tm+1
> — .
Tm+1 B Tm A, (6 3)
then
E
Var(X) > Ex] (6.4)
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Proof. We give the proof for completeness. Observe first that

E {T;f:} = mzm(m +1)Pr(X =m+1) = E[X]. (6.5)

So

(1+A)E[X]? = <E [T;; + XAD2 <E

Txi1)
Tx

=: Ry + Ry + Rs. (66)

Tx 11 2
( Tx +XA)

=F

T
+2AE {X X“} + A’E[X?]
Tx

Here, since mTy11/Tm = (m 4+ 1)mPr(X =m+ 1)/ Pr(X,,),
Ry =2AY (m+1)mPr(X =m+1) =24 E[X(X - 1)]. (6.7)
m>0
Furthermore, using (6.3) and (6.5),

Txy1 <TX+2 )]
R < B |2XHL . (2X22 4y
b= {TX Tx 11

= > (m+2)(m+1)Pr(X =m+2) + AE[X]

m>0
= E[X(X - 1)] + AE[X]. (6.8)
Combining (6.6), (6.7) and (6.8), we conclude that
(1+A)?E[X]? < (1+A)? E[X?] - (1+ A)E[X],
which is equivalent to (6.4). O

Naturally our next step is to prove that the distribution of Xp meets the condition
of (6.3) of Lemma 6.2.

Proposition 6.3. For all zg > 0 the quantities T, = mipm 2"/ P(z0) satisfy (6.3) with
A= (2a+ 1)z, where @ := max,ecv [dy — ]+

To prove Proposition 6.3 we first establish a lemma relating p,,+1 and pp42 to pm,.
Let M,, be the set of admissible subgraphs with m edges, so that p,, = |M,,|, and
for each M € M,, let K;(M) and Ko(M) be the numbers of subgraphs in M,,; and
M2, respectively, which contain M; equivalently, we may introduce
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Ei(M)={e|leec E\M,{e} UM € My,1+1},

EQ(M) = {{61,62} | e1,ea € B \ M, {61762} UM € Mm+2},
with e; # ey in the second line, and define K3 (M) = |Eq(M)|, K2(M) = |E2(M)]. We
will regard K7 and Ko as random variables, furnishing M,, with the uniform proba-

bility measure Prob(M) = 1/p,,. It turns out that the ratios pm+1/Pm, Pm+2/Pm are
proportional to the expectations E[K;] and E[K>] respectively.

Lemma 6.4.

Pmir=——= D K Bl (6.9)

MCMm m+1

-2 __ 2B[Ky]
Pt = 0 m 1 1) MCZM M) = Gy mr ) P (6.10)

Proof. Let 51 = {(M,e) | M € M,, e € Ey(M)} and notice that |S;| =
Y onmrenm, K1(M). S1 may be put in bijective correspondence with S = {(M',e) |
M’ € My,41, e € M'}, via the correspondence (M, e) «» (M’ ,e) with M’ = M U {e};
here we use the fact that each C(v) has the form (6.1), which implies that the sub-
graph obtained by deleting an edge from an admissible subgraph is admissible. Clearly
|S1] = (m + 1)pm+1, and (6.9) follows from |Sy| = |S7]. Similarly, (6.10) is obtained
from the correspondence of Sy = {(M,{e1,e2}) | M € M,,, {e1,ea} € Ea(M)} with
Sh={(M' {e1,ea}) | M' € My, e1,e2 € M' 1 #£ex}. O

Proof of Proposition 6.3. By Lemma 6.4 and the definition of T}, in Proposition 6.3,

T, T, 2F|K.
m+2 . m—+1 _ < [ 2] _ E[K1]> )
To+1 T E[K4]

Let us bound E[K3] from below. To this end notice that we may obtain Eo(M) by
choosing a pair {ej,es} of distinct edges from FE;(M) and then rejecting this pair if
{e1,e2} UM is not admissible, which can happen only if e; and ey share a vertex v with
dyr(v) > ¢, — 1. Thus if we first choose e; with endvertices v, v' we will reject at most
dy — ¢y + dy — ¢ ordered edge pairs (e, e2); this counts unordered edge pairs twice,
and so we find that

| V

( > —aK (M), a:= r&a&c[dy—cv}

Consequently, as E[K?] > E[K1]?,

2B[Ky] — BKJ? > Bl(K)s] - 20E[K] - BIK)? > — (20 + 1) B[],
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and thus
Tm+2 Tm+1
- > —(2 1
Tm+1 Tm = ( o+ )Zo,
proving Proposition 6.3. 0O
By Ginibre’s result, we then have
E[Xp]

Xp)> —————————.
Var(Xp) = 1+ (2a+1)2

This completes the proof of Theorem 6.1. O

Corollary 6.5. Suppose that G is a family of graphs such that for each vertex v of a graph
G € G, dy < dmax for some fixed dpmax and C, has the form (6.1) with ¢, < 4. Then for
Gegand P = Pg,

sup |Fp(z) — G(z)| < BoNp'/°, (6.11)
TE

where the constant By depends only on zy and dyax-

Proof. We must verify that the hypotheses of Theorem 6.1 are satisfied with some uni-
form choice of §. First, as discussed in Example 5.3, it follows from ¢, < 4 that there is
then an angle ¢pax (which may depend on dpax), with 0 < ¢ax < 7/2, such that, for
any v, each root ¢ of p,(z) satisfies |arg(¢)| € [7 — Gmax, 7]. Thus taking ¢ = @pax in
Theorem 4.2(a) we see that the roots ¢; of P satisty |arg((;)| € [7 — 2@max, 7], and so
for any zg > 0 there will be a neighborhood of zy, which can be chosen uniformly in G,
which is free from zeros of P. Moreover, the condition d, < dp.x implies that the roots
of p,(z) are uniformly bounded away from zero, and then by Theorem 4.1 so are the
roots of P. O

7. Applications to statistical mechanics

In this section we discuss briefly some applications of the results of Section 2 to
the statistical mechanics of classical lattice systems; we refer the reader to [32] for the
necessary background. For a system in a finite subset A of the lattice Z?, at inverse
temperature 3, the partition function P(3,z;A), a polynomial in z of degree |A], is a
generating function which may, for example, count the number of particles present. One
also is interested in the pressure

M3, 2) = lim 22PB 5N, (7.1)

AT [A]



178 J.L. Lebowitz et al. / Journal of Combinatorial Theory, Series A 141 (2016) 147-183

the existence of the limit in (7.1) can be proved in many cases. In the limit the zeros
of P(pB,z;A), called Lee—Yang zeros, can approach the positive z-axis and thus cause
singularities in the pressure at these physically relevant values of z. However, if the
positive fugacity zp is not an accumulation point of such zeros, or equivalently if II((, z)
is analytic at zg, and we assume for the moment that

. 2/3 _
Ah/‘nzld Var(X,)/|Al7° = oo, (7.2)

where X, is the random variable obtained from P(f,z;A) via (1.1) and (1.2), then
Theorem 2.1 shows that the family {X4}, as A increases, satisfies a CLT.

Remark 7.1. This approach to obtaining a CLT in statistical mechanics originated in [19],
which considers only translation invariant systems with nearest-neighbor interactions.
Theorem 2.1 strengthens and gives a complete proof of the result there. In contrast to
other ways of proving such a CLT (see the discussion in Section 1), the method here
applies even when the interactions are not translation invariant, although this was not
noted in [19]. We also observe here that Dobrushin and Shlosman [8] proved a local “large
and moderate deviation” result for X which implies a LCLT under a further locality
condition, which rules out situations in which all the zeros are close to the imaginary
axis.

Various cases are known in which there exist fugacities zg > 0 with a neighborhood
free of Lee—Yang zeros; we briefly describe some of these.

e In a seminal paper [24], see also [38], Lee and Yang proved that, for Ising spin
systems with ferromagnetic interactions, all the zeros of P(z,3;A) lie on the unit
circle, |z| = 1. Thus the family X, where in this case X is the number of up spins
in A, satisfies a CLT for zg # 1. More recent references about Lee—Yang zeros can
be found in [35,34].

e In general, one can show [32] that (i) TI(3, 2) is analytic on the positive real z-axis, if
0 is sufficiently small (no phase transitions at high temperature), and (ii) P(S, z; A)
is nonzero, and hence II(3, z; A) is analytic, in a disc |z| < R(B;A), with R(8) :=
infa R(8;A) > 0, for all 8 > 0, so that II(3, z) is analytic for |z| < R(5). Each of
these results yields a CLT for the corresponding real fugacities zg.

e The behavior of the zeros for other interactions has been investigated extensively,
both analytically and numerically (see [22,23] and references therein). One can show
[23], for certain classes of interactions U(g), that for some § > 0 each zero of
P(B,z;A) satisfies Re( < —§; for these systems, Xpg o satisfies the conditions of
Corollary 3.8 and thus an LCLT. In other cases one can prove [22,23] that for
large the zeros stay away from the positive z-axis and X A thus satisfies a CLT by
Theorem 3.1. Such CLT have been obtained by other methods; see for example [9]
and the discussion in [13].
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In some cases in which the zeros do approach the real z-axis at some zg in the A 7 Z¢
limit, it is known that the fluctuations in Xz .,.a are in fact not Gaussian in the A 74
limit [25,1].

We finally want to indicate how the assumption (7.2) may be justified. From Propo-
sition 2.4 we can conclude that E[X] > M|A| for some M > 0, once we verify the
hypotheses of that result. Condition (i), that p; > ci1po|A|, follows easily from the def-
inition of P(f,z;A) (see [32]). Condition (ii) follows from the fact, mentioned above,
that no zeros of P(B,z; A) lie in the disc |z| < R(8). With this, Ginibre’s result Theo-
rem 6.2 gives Var(Xg ) > M|A|/(1 + A). We need to know, of course, that (6.3) holds
for the systems under consideration here. In fact this is true more generally, as we show
in Appendix B (a weaker version of this result is quoted from a “private communication”
mentioned in [14], but no proof is given).
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Appendix A. Grace’s Theorem and Asano contractions

Theorem A.1 (Grace’s Theorem). Let P(z) be a complex polynomial in one variable of
degree at most n, and let Q(z1,...,z,) be the unique multi-affine symmetric polynomial
in n variables such that Q(z,...,z) = P(z). If the n roots of P are contained in a closed
circular region K and z1,...,2z, ¢ K, then Q(21,...,2,) # 0.

Here a closed circular region is a closed subset K of C bounded by a circle or a
straight line. If P is in fact of degree k with k < n then we say that n — k roots of P
lie at oo and take K noncompact. For a proof of the result see Polya and Szegé [30, V,
Exercise 145]. (We remark that one should perhaps use the Riemann sphere here instead
of the complex plane, but for notational simplicity it is convenient to work with C. We
leave to the reader the task of compactifying C by a point at infinity whenever useful.)

Lemma A.2 (Asano-Ruelle Lemma). (See [2,51].) Let K1, Ko be closed subsets of C,
with K1, Ky % 0. If ® is separately affine in z1 and z2, and if

O(z1,22) = A+ Bz + Czo + Dz120 #0
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whenever z1 ¢ Ky and zo ¢ Ko, then
P(z)=A+Dz#0
whenever z ¢ —Kq + K.

Here we have written —K; - Ko = {—uv | u € K1, v € K3}. The map ¢ — ® is called
Asano contraction; we denote it by (z1, 22) — 2.

Appendix B. Ginibre’s theorem for particle systems

We consider a set A of NV sites and populate these with a random configuration Y, of
distinguishable (but identical) particles, at most one particle per site, in such a way that
the probability of having exactly m sites occupied is given as in (1.1) by pm2§*/P(20),
where P(z) = Zg:o Pmz™ and

1 _
P = D e, (B.1)

In (B.1) the sum is over ordered m-tuples Y,, = (y1,...,ym) € A™ with y; # y; for
i # j, and U(Yy,) = Uy, ...,ym) is the potential energy of the system when site y;
is occupied by particle ¢, + = 1,...,m, and the remaining N — m sites are empty. The
energy U is invariant under permutation of its arguments. It will be convenient to allow
sums such as that of (B.1) to run over all Y;,, € A™, so we define U(y1,...,ym) = +00
whenever y; = y; for any 4, j. Then the factor m! in (6.3) accounts for the possible
orderings, and

To= o0 Y e V0w, (B.2)

Let us define functions V (Y, |@m+1) and W (Yo, |m41, Zm2) by the requirement that
they be +o0o when any two arguments, among ,,+1, Tm+2, and the y;’s, coincide, and
otherwise satisfy

U(Ym—i-l) = U(Ym) + V(Ym|ym+1), (B3)
U(Ym+2) = U(Ym) + V(Ym|ym+1) + V(Ym|ym+2)
+ W(Ym|ym+1> ym+2)- (B4)

Note that

V(Ym+1|ym+2) = V(Ym|ym+2) + W(Ym|ym+1a Ym2)- (B'5)



J.L. Lebowitz et al. / Journal of Combinatorial Theory, Series A 141 (2016) 147-183 181

For any function F' we define Fy = max{F,0} and F_ = min{F,0}. With this notation
the two key hypotheses needed for the result are

D:= sup sup (1 — e_BWJr(Y""Iy"”+17y"”+2)) dy < o0, (B.6)

_ m+1
0<m<|A[=2 Yinq1€A Yma2 EA

and

—B:= inf inf  V(Yin|yma1) > —o0. B.7
oy, 0 (Yonulym1) > —o00 (B.7)

Note that it follows from (B.7) that for any m and Y,, o € A2,

V(Ym\ymH) + W—(Ym|ym+1aym+2) > —B, (B-S)

since if W (Y |Ym+1,Ym+2) > 0 then this comes directly from (B.7), while otherwise,
with (B.5), it comes from (B.7) with m replaced by m + 1.

Remark B.1. These conditions look somewhat artificial for the general potentials we
are considering here, but more natural in the case of pair interactions, when U(Y,,) =

2i<izj<m P(iryj). Then

D= ZERZ(I - eiﬁ‘z’(m’y)) and —B= ;ilelf\/\i'%fA Z o(x,y). (B.9)
TEA yeN, y#x

The next result was stated in [14] but only for the pair potentials of Remark B.1; the
proof was not given but was attributed to a private communication and a preprint.

Theorem B.2. Suppose that (B.6) and (B.7) hold. Then for m < N — 2,
T2, — TTmio < 2e"PD T, Tri1. (B.10)

Proof. We make a preliminary calculation:
BV (Vo 2} £ W (Y l2)] = =BV (Vo) [ (=W (Vo) _ 1) 4 1]
Z e_B[V(Ym‘x) I:e_ﬁwf(ymlxvy)] (6—6W+(Ym|x,y) _ 1) + 1}

> eBB (675W+(Ym\zﬁy) _ 1) + e*ﬁV(lem), (B.11)

where we have used (B.8). Now with this,

22m+2

P(z0)?

T¢2n+1 — T Thsn = Z Z Z e BlUXm)+U(Ym)+V (Y |y)]
XmCAY,,CAz,yeA

X [e—ﬁv(xmlm) _ e_ﬁ[V(Ym‘z)“"W(Yvay)]]
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2m+2

g Z Z Z e BIUXm)+U (Vi) +V (Yin|y)]

X CAY, CAz,yeEA
» [(e—ﬂv<xm|m> BV mle)) BB (o BWs (Ymlew) _ )]

Ry + Ry, (B.12)

where R; arises from the term (e*BV(X’"‘””) — e*BV(Ymm) and Ry from the term
—ePB(e=AW+(Ymlzw) — 1) We may average the formula for Ry given in (B.12) with
the equivalent formula obtained by interchanging the X, and Y,, summation variables
to obtain

2m+2
_ —BlU(Xm)+U(Y,
Ry = — 2Pz2z Ze[( (Yom)]
0) X CA Y, CA
2
% Z(e_ﬁv(xmk”) _ e_BV(Y7n|w))
TEA
<. (B.13)

For Ry we can use (B.6) to estimate the sum over z and thus obtain

Ry <eﬂBD v Z 3 Y e AUV Yl
X CA Y CAyeA

= zeBBDTme+1. (B.14)
Now (B.10) follows from (B.13) and (B.14). O
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