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Recent Applications of Toeplitz Determinant

Toeplitz Matrix

@ Entries of n x n matrix T depends on the difference:
Tig = Tk

Constant along diagonal.

@ Convenient parametrisation: generating function g(6),
can have zeros and phase jumps.

1 27

Tk_j - %

g(0)e'k1dg

@ Asymptotic of detT for large n is described by
Fisher-Hartwig formula.

V. E. Korepin F-H Formula



Recent Applications of Toeplitz Determinant

Fisher-Hartwig Formula: Conditions

@ Generating function g(6):

R
9(8) = ¢(8) [ ta (6 — 6r)ua, (6 — 6;)

r=1

¥(0) is a smooth non-vanishing function with zero winding
number. Each function tg, and u,, can be represented as:

t3(6) = exp{iB(0 — wsignd)}, =>RE>—2

Uo(0) = [2—2cos(h)]”,
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Recent Applications of Toeplitz Determinant

Fisher-Hartwig Formula

@ The following limit exists :

im det(T)

n—oo rn [nZL(a?—ﬁ?)] =

n is the dimension of the matrix

1 27
F = exp (ﬂ A d9|n{¢(9)}>

V. E. Korepin F-H Formula



Recent Applications of Toeplitz Determinant

the coefficient

Consider Weiner-Hopf factorization of

Y = Fy (exp{id}) ¢ (exp{—i6})

The coefficient E is

1+ar+ﬁr G(l4ar—0r
E=¢ [Hr -1 S )] x

Ty (4 (exp{ife}) ™ (- (exp{-i0}) "] x

[iciz<r [1—exp(i{fc —6}] (aw+5)(euc+6;)
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Recent Applications of Toeplitz Determinant
Barnes

E=exp (Z ksks_k>

k=1

sk is Fourier coefficient of In ().

G is Barnes function: G(1+z) = G(z)l'(z), G(1)=1.

0 k
_ Z o {—(z+1)z/2—e22/2} Z\" af{-z+2%/2k}
G(1+2) = (2n)2e kl:[1(1+k> e

ve ~ 0.5772156649 ... is Euler constant.
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Recent Applications of Toeplitz Determinant

Brief History

@ Discovery:
M E Fisher, R E & Hartwig Adv. Chem. Phys. 15 333, 1968
@ Proof:
G. Szeg6, H.Widom, E. Basor, A. Béttcher, B Silbermann
@ Extensive research: P. Deift, A. Its, C. Tracy, P. Bleher
@ Toeplitz determinants have multiple applications :
Ising correlations E.W. Montroll, R.B. Potts, J.C. Ward,
L.P.Kadanoff, B.McCoy, T.T. Wu ...

approximation of determinant of Fredholm integral
operators with sin kernel by F.Dyson.
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Recent Applications of Toeplitz Determinant

example important for spin chains

generating function g(¢) is equal to A — 1 on interval
—kr < 8 < kg and A + 1 on the compliment. Factorization:

g(0) = v(O)t_pn) (0 — ke )tsny (0 + ke)

has two jumps at § = +kg = E.L. Basor

A1\ T B0y = L pAtl
’ 27 o A-1

w0) =0+ 1) (357
Here )\ is a spectral parameter of XY spin chain.

detT = (2 — 2cos(2kg )™ x
{G(L+BONG( — AN (A -+ DRy He/m) n20)
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Recent Applications of Toeplitz Determinant
Application to XX Model

@ Spin chain

Hyx = — Z aéaﬁﬂ—i-a%aﬁﬂ—khaﬁ, lh| <2
nN=-—o0
@ Lieb, Schultz & Mattis 1961
@ The |gs) is unique
@ Entanglement of a block of L sequential spins with the rest
of the ground state [environment].
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Entanglement

® |gs) = [BUE)
@ density matrix of the ground state state

p = |gs)(gs|

@ Density matrix of the block

ps = Trep
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Quantum Entanglement

Measures of entanglement
@ Von Neumann Entropy

S(pe) = —Trg (ps Inps)
@ Rényi Entropy

In(Trgpg
S(p,a) = 2TTe0E)

«v is a paramer.
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Recent Applications of Toeplitz Determinant

Calculation of Entropy

@ Contour integral representation: Jin, Korepin 2004:

: . 1
S(pg) = lim_lim —— ) e(1+¢,A)dInDL())

A A - A - A
e(x,)\):—XjZL In<Xj2L >—X2 In(x2 >

@ D =detT is a Toeplitz determinant. Dimension of the
matrix is n is the same as the size of the block L.
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contour

R=gn A=Xx+iy

A& >\
H
l-¢ \// = (:(\1/‘ 1+

()
A

A 4
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Von Neumann Entropy

@ Asymptotic L — oo from Fisher-Hartwig formula:

1 1 h 2

InL term agrees with Holzhey, Larsen, Wilczek 1994 and
Cardy, Calabrese 2004

@ Sub-leading terms B.-Q. Jin, V.E. Korepin 2004

00 —t
le_/ a1 cosh(t/2) L g
0 3t tsinh*(t/2) 2sinh®(t/2)

1
+§In2+T1
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Recent Applications of Toeplitz Determinant

Rényi Entropy

Asymptotic of Rényi entropy is

S(pa.a) — (1 _6a_1> In (ZL 1-— (2)2) 4 i

Constant T{*} was evaluated by B.-Q. Jin, V.E. Korepin 2004
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Recent Applications of Toeplitz Determinant
XY model

+0o0o
Hxy = — Z (L+y)ononia + (L —y)onon, + hof
Nn=—o0
@ Lieb, Schultz & Mattis 1961
@ Abraham, Barouch, Gallavotti and Martin-Lof, 1970

@ Phases
la. Moderate field: 2y/1 -2 <h<?2
1b. Weak field: 0<h<2y1-12
2.  Strong field: h>2
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Phase diagram

Case 1A

‘ Case 2
O
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Boundary between la and 1b

Barouch-McCoy circle h = 2,/1 — 42

|GS) = |GS;y) + |GSy)

GS1) = [ [cos(8)] Tn) +sin(8)] Ln)]
nelattice

GSz) = ] [cos(8)] Tn) —sin(8)] In)]
nelattice

cos?(20) = (1 —~)/(1 +7)
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Recent Applications of Toeplitz Determinant

Von Neumann Entropy

@ Entropy of a large block has a limit: Its, Jin, Korepin 2004.
Result of calculations for weak magnetic field [case 1b]:

-1 [ (BLOD 05

2 03 (F)
1 A+1 LK) 1 (h/2)? — 42
AN =551 TNk k= 1 (h/2)?
@ 03 the Jacobi theta-function; (k)2 +k?=1

@ Entropy is constant on the ellipsis:  k = const
@ Complete elliptic integral of the first kind

e dx
I(k) - fO (1—x2)(1—x2k2)
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Plot of Entropy at Constant Anisotropy v = 3
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Recent Applications of Toeplitz Determinant

3-D Plot of Entropy
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Rényi Entropy

@ Limiting entropy intheregion0 < h < 2is:
05(0,4%)04(0,g®
S(pB,OZ) 61 aln( >+§n|n(%>+%ln2
(k) _
)~

@ Dependence on h and ~ similar to von Neumann.
It is a modular function of a.

= i, q=¢€""

T—T+2, T—=1/7
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Recent Applications of Toeplitz Determinant

Spectrum of the density matrix of very large block

pm are eigenvalues of the limiting density matrix. They form
exact geometric sequence converging to zero:

—7TTom (k")
Pm=po€ ", mMm=0,1,2,...00, 1= >0
(k)
The maximum eigenvalue
_ / 1/6 m . .
po = (kk'/4)™"" exp [1270] is unique

Degeneracy — (192‘1/4) (m_3/4) V3 m— oo
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Toeplitz determinants vs Fredholm determinants

@ Toeplitz determinants were used for evaluation of
correlation functions in Ising model: E.W. Montroll, R.B.
Potts, J.C. Ward, L.P.Kadanoff, B.McCoy, T.T. Wu.

@ Toeplitz determinants were used for approximation of
Fredholm determinants: F. Dyson

det(l +K),  K(\p)= %;u)])

@ Another relation of Toeplitz — Fredholm: P.Deift .
Integrable integral operators:

> & (MEj(w)

DL(A\) =det(1 +V),  V(\p)= -

@ Correlation functions — Fredholm determinant det(l + V)
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XX Correlation are Fredholm determinants of
integrable integral operators

_ o] X X y .y z .
Hyxx = =D e oo Ononp1 + oo+ hof ;

_ Hxx _
Tr{e o (t)om, () }
g(n,t) = , N=mp—n, t=tH-t

Hxx.
h—2cosp

Tr{e ™7}
As space and time separation n — oo and t — oo correlation
function g exponentially decay. Its, Izergin, Korepin. Slavnov,
PRL, 1993

1 /7 .
g(n,t)aexp{z dp|n — 4tsinp|In

—T
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XXZ Model challenge for the future

@ More complicated spin chains:

Hyxz = — Z OnOny1 + O‘nUn+1 + Aogon g
nN=—o0
@ Phases
A > 1 ferromagnetic
—1<A<1: critical
A< -1 gapped & anti-ferromagnetic
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Open Problems

Open Problems

@ Calculation of von Neumann entropy & Rényi entropy of
large block of spins for anti-ferromagnetic case with a gap.
Dependence of limiting entropy on A.

@ Calculation of space-time-temperature dependent
correlation functions in critical region |A| < 1. The rate of
exponential decay for large time intervals.

@ Determinant representation — ER3ler , Frahm , Izergin ,
Korepin,1995 CMP .
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Open Problems

Conclusion

Toeplitz determinants

were used since 1960s for calculations of Ising
correlations;

now they are used for evaluation of entropy;

further research will reveal closer relation of Toeplitz
matrices to the theory of quantum completely integrable
models
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